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Chapter 1

INTRODUCTION

Let (X, ||-]]) be a normed linear space and K be subset of X. For each x € X,

Wwe deﬁne the distance fI'Om x to K by
K) = inf ||z — y]|. 1.1
d(z, K) = inf [z —y| (1.1)

If there exist a yo € K such that (1.1) holds, then ¥ is called a best

approximation to x in K. Denote by
P(x) :={y € K | o —yll = d(z, K) (1.2)

the set of all best approximations to z in K.

The map Pk : X — 2% defined above is called the metric projection of X
onto K or the proximity map.

The problem of best approximation investigates, among others, the follow-

Ing questions:

1. Existence of best approximations: What conditions on X and/or K

ensure that the set Pk (x) is nonempty for each x € X7

2. Uniqueness of best approximations: If there exists an element of

best approximation, is it unique?



3. Characterization of best approximations: Given an element g, of
a subset K of X, and x € X how does one recognize whether or not vy

is a best approximation to x in K7

In this thesis we consider the problem of simultaneously approximating
elements of a set B C X by a single element of a set K C X. This type of a
problem arises when the element to be approximated is not known precisely but
is known to belong to a set. Thus, best simultaneous approximation is a natural
generalization of best approximation which has been studied extensively. The
theory of best simultaneous approximation has been studied by many authors,
see for example [4], [8], [25], [28], [26] and [12] to name but a few.

Analogous to the theory of best simultaneous approximation is the theory of
relative Chebyshev Centres introduced by Garkavi [13], which has also been
researched by several Mathematicians e.g., [1], [18] and [12]. In the theory
of relative Chebyshev centres, d(B, K) is denoted as radg(K) and it is called
the restricted radius of B in K, the set of best simultaneous approximation
Sk (B) is denoted as Centx(B) and it is called the restricted centre of B in
K. While the notations and definitions of the relative Chebyshev centre and
the best simultaneous approximation of elements are different, the ultimate
aim and the general concept are the same. In this thesis, we shall study best
simultaneous approximation in a Real normed space. Hence (X, | - |) will

always be real.

1.1 Statement of the Problem

Let (X, ||-||) be a normed linear space and K be subset of X. Denote by C(X)
a collection of subsets of X. Given a B € C(X), denote by

d(B,K) = sup |s — k| (1.3)

inf
keK scp

the distance from B to a subset K of X.



An element yy € K is called a best simultaneous approximation (b.s.a)

to aset B € C(X) in the set K if
sup [|s — woll = d(B, K).
seB

The set of all best simultaneous approximations to B € C(X) in K is denoted
by Sk (B). That is,

Sk(B) ={ye K| sup Is = yll = d(B, K)}. (1.4)

Equation (1.4) defines a set-valued map from C(X) into the set of subsets of
K. The map

defined by equation (1.4) is called the best simultaneous approximation
operator.

Note that if B = {x}, a singleton, then

A(B, K) = d({a}, K) = inf |}z = yl| = d(z, K) and

Sk({x}) = P (x),

the metric projection.

Thus, if the set B consists of a single element {x} C X then the best simultane-
ous approximation to the set B from K is the same as the best approximation
to x from K and the simultaneous proximity map Sk (B) is called the metric

projection Pk ().

Definition 1.1. Let K € X be nonempty and C(X) be a collection of subsets
of X. Then K is said to be:

(i) simultaneous proximinal relative to C(X) if for each B € C(X), the
set Sk (B) is nonempty; i.e., each B € C(X) has at least one best simul-

taneous approximation.



(ii) simultaneous semi-Chebyshev relative to C(X) if for each B € C(X),

the set Sk (B) is at most singleton; i.e., each B € C(X) has at most one

best simultaneous approximation.

(iii) simultaneous Chebyshev relative to C(X) if for each B € C(X), the

set Sk (B) is a singleton; i.e., each B € C(X) has exactly one best simul-

taneous approximation.

It is clear from Definition 1.1 that a simultaneous Chebyshev set is one

which is both simultaneous proximinal and simultaneous semi-Chebyshev.

The problem of simultaneous best approximation is concerned with the

following questions:

1.

Existence of best simultaneous approximations: i.e., given any
B € C(X), what conditions on X and/or K will ensure that Sk (B) is

nonempty?

Uniqueness of best simultaneous approximations: Given any
B € C(X), under what conditions on X and/or K is the set Sx(B) a

singleton?

Characterization of best simultaneous approximations: given an ele-
ment y, of a subset K of X, and a B € C(X) how does one recognize

whether or not ¥, is a best simultaneous approximation to B in K7

Computation of best simultaneous approximation: are there algorithms

for constructing a best simultaneous approximation to a B € C(X)?

Degree, or Error of best simultaneous approximation: can one com-
pute the error d(B, K), or at least get a good upper and/or lower bounds

for it?

Continuity of best simultaneous approximation: how does the set of

best simultaneous approximations to B, Sk(B), depend on B € C(X)?
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In this thesis we will seek to address the questions of existence, uniqueness,

and characterization of best simultaneous approximations.

1.1.1 Some Properties of the distance functional and

the simultaneous proximity map

In this subsection we look at some properties of the distance functional defined

by equation (1.3) and the simultaneous proximity map given by equation (1.4).

Lemma 1.2. Let K be a non-empty subset of a normed linear space (X, |- ||)
and B € C(X) be non-empty and bounded. Then the functional ¢ : K — R
defined by

$(y) = sup ||s — y|
seB

is continuous on K. In fact, ¢ is Lipschitz continuous on K.

Proof. For any s € B and y, 2 € K, we have, by the triangle inequality, that
Is =yl < lls =zl + [ly — =l
Taking the supremum over all s € B, we have
sup [s = yll < sup ls = = + fly = 2ll, ie.

P(y) —o(2) < ly — 2| (1.2.1)

Interchanging the roles of y and z in equation (1.2.1), we get
¢(z) = oY) < lly — 2| (1.2.2)
From equations (1.2.1) and (1.2.2), we have that

9(y) — ¢(2)| < lly — =],

which proves the result. |



Proposition 1.3. Let K be non-empty subset of a normed linear space X

and B € C(X) be non-empty. Then for every y € X and every A € R\ {0},
1. d(B+y, K +vy)=d(B,K).
2. d(AB,\K) = |\|d(B, K).
3. Sicry(B+y) = Sk(B) +u.
4. Sxk(AB) = ASk(B).
Proof.

1. From equation (1.3), we have

dB+y,K+vy) = infsup|s+y—(k+y)
keK seB
= ,gg[f;itelg Is — kil
— d(B,K)
2.
dA(AB,AK) = inf sup ||As — k||
k€K ¢cB
inf sup [A(s = k)l
= (Al é2;f<§22 |s — K|l
= |[Ald(B, K)
3.
ko € Sk1y(B+y) <= supls+y—ko| = infsup|(s+y)—(k+y]
s€B keK secp
< supl|s— (ko —y)|| = inf sup||s — k||
s€B keK scp
— ky—y € Sk(B)
—

ko € SK(B) +vy



4. Now

ko € Ssk(AB) <= sup ||As — ko|| = inf sup ||As — Ak||
s€EB k€K seB
1 .
= [Alsupls — Sholl = [A] inf sup |ls — k|
1
— ~ko|| = inf —k
= suplls — vkl = inf sup s — k|
1
— X/Co S SK(B)
— ko € A\Sk(B). [ |

Proposition 1.4. Let K be a subset of a normed linear space X. If K is

simultaneous proximinal relative to C(X), then it is closed.

Proof. Assume that there is an # € K \ K. Then, for each y € K,
d({z}, K) = d(z, K) = 0 < [lz — .

Therefore, no element of K is a best simultaneous approximation to the set
{x}, contradicting that K is simultaneous proximinal. [

In the next Proposition we show that if C(X) is the collection of bounded
subsets of X, denoted by CB(X), then the set of best simultaneous approxi-

mations is closed and bounded.

Proposition 1.5. Let K be a closed subset of a normed linear space X and

B € CB(X) such that KN B = (). Then the set Si(B) is closed and bounded.

Proof. Closedness of Sg(B): Let y € Sk(B). Then there exists a sequence

(yn) in Sk(B) such that lim y, = y. Since the sequence (y,), is in K and K
n—o0

is closed, we have that y € K. By Lemma 1.2, we have that

sup ||[s —y|| = lim sup ||s — || = lim d(B, K) = d(B, K).
SGB n—0o0 SGB n—o0
Therefore y € Sk(B) and so Sk (B) is closed.

8



Boundedness of Sk (B): Since B is bounded, there is a constant C' such
that, for each s € B, we have ||s| < C. Now, for each y € Sig(B) and each

s € B, we have

Iyl < ls =yl + sll-

Taking supremum over all s € B, we have
lyll < sup |[s = yll +sup [|s|| < d(B,K) +C = C".
seB seB
Hence, Sk (B) is bounded. [

Recall that a set A C X is said to be convex if Az + (1 — Ay € A for every
x,y € Aand X € [0, 1].
It is well known, see for example [18], that for a convex subset of K of X,
Pk (x), the set of all best approximations to x € X in K, is convex. In the
next proposition we extend this result to best simultaneous approximation and
show that the set of best simultaneous approximations to B € C(X) in K, a

convex subset of X, is also convex.

Proposition 1.6. Let K be a convex subset of a normed linear space (X, || -|)

and B € C(X). Then the set Sk(B) is convex.

Proof. If the set Sk (B) is empty or a singleton, then it is obviously convex.
Let y, 2z € Sk (B) and A € [0,1]. Since y, 2z € K and K is convex, we have that
Ay + (1 — A)z € K. Then, for any s € B,

Is = Ay + (1 =Nzl = JAs—y) + (1 = X)(s =2
< Als =yl + (1= A)ls = =].

Taking supremum over all s € B, we have

d(B,K) <suplls = Ay + (L =A)z[| < Asup|s—yl+(1—A)suplls—z|
seB SEB sEB

— M(B,K)+ (1= Nd(B,K)=d(B,K).



Therefore

sup ||[s — Ay + (1 = A)z|| = d(B, K)
seB

and so A\y + (1 — )z € Sg(B). [

It follows from Proposition 1.6 that if K is convex, then the set of best
simultaneous approximations to B in K, if it is nonempty, either contains one

element or infinitely many elements.

From the theory of best approximation we know that if we are approximat-
ing an element x € X from a set K C X and x ¢ K, then a best approximation
must lie in the boundary, 0K, of K. The next proposition is a natural exten-

sion of this result in the setting of best simultaneous approximation.

Proposition 1.7. Let K be a closed convex subset of a normed linear space

(X, |l-1I) and B € C(X) such that K N B = (). Then Sx(B) C K.

Proof. Let y € Sk(B) be arbitrary. Then sup|s — y|| = d(B,K). Let
seB

r = d(B,K). since KN B = ), we have r > 0. Assume if possible that

y ¢ OK. So y € int K (interior of K). Thus there exists ¢ > 0 such that

S={reXl||lr—y| <¢} CK.

Let e =¢(r+e)7!', s€ Band y, = y +eo(s —y) € X. Note that 0 < ¢ < 1.
Since

lys = yll = colls =yl < cor <c,

ys € S C K and for each s € B
r=d(B,K) <sup||t— ys- (1.7.1)
teB
Since equation (1.7.1) is true for all s € B, it follows that
r < inf sup ||t — ysl|.
< Infsuplt = .|

10



On the other hand, for each t, s € B we have

It =ysll = 1 = y) = cols = ).

This implies that

ﬁ
IA

inf sup ||t — ys|| = inf sup ||(t — y) — €(s —
Infsup [lt = gs[| = inf sup [t = y) = cols = 9)|

< sup [t —y) —eolt —y) = (1 —eo)sup It — y|| = (1 — eo) sup ||t — y]
teB teB teB
= (I—¢)r<r,
which is absurd. This completes the proof. [ |

11



Chapter 2

EXISTENCE OF ELEMENTS
OF BEST SIMULTANEOUS
APPROXIMATION

In this Chapter we address the question of existence of best simultaneous
approximations. That is, given a subset K of X and a non-empty B € C(X),
does there always exist an element of best simultaneous approximation to B
from K7 What conditions on K and/or X ensure the existence of an element

of best simultaneous approximation to a B € C(X)?

Definition 2.1. Let K be a subset of a normed linear space (X,| - |). A
sequence (yn),, C K is called a minimizing sequence for a set B € C(X) if
sup ||s — yu|| = d(B, K) as n — oo.

seB
Note that if B = {x} C X, a singleton set, then Definition 2.1 reduces to
the usual one [See, for example [18] Pg 376].

Definition 2.2. A non empty subset K of a normed linear space (X, || - |) is
said to be approximatively compact with respect to B € CB(X) if every
minimizing sequence for B in K has a subsequence which converges to a point

in K.

12



In the context of best approximations the concept of approximative com-
pactness was introduced by Efimov and Stechkin [11].

In the paper of Beer and Pai [2], “approximative compactness” is referred
to as “cent-compact’.

Singer [27] showed that an approximative compact subset of a normed linear
space is proximinal. The following Theorem shows that this result extends, in

a natural way, to the setting of best simultaneous approximations.

Theorem 2.3. An approximatively compact subset K of a normed linear

space (X, | - ||) is simultaneous proximinal relative to C(X).
Proof. Let B € C(X) and (y,),, a minimizing sequence for B; i.e.,
sup ||s — yn|| = d(B, K) as n — oo.
seB

Since K is approximatively compact, there is a subsequence (yy, ), of (yn),

which converges to some y € K. By Lemma 1.2, we have that

sup [|s — yl| = lim sup [[s — yn, || = d(B, K).
sEB k—oo sep
Therefore y is a simultaneous best approximation of B in K. [ |

Proposition 2.4. If K is an approximatively compact subset of a normed

linear space (X, || - ||) and B € CB(X), then the set Sk (B) is compact.

Proof. Let (y,), be a sequence in Sk (B). Then, for each n € N,
sup [|s — | = d(B, K),
seB

and so sup ||s — y,|| = d(B,K) as n — oo. That is, (y,), is a minimizing
sequencéefBor B. Since K is approximatively compact there is a subsequence
(Ui ) Of (yn),, which converges to some point y € K. Since an approximatively
compact subset of a normed linear space is closed and Sk (B) is closed when
K is closed [see Proposition 1.5], we have that y € Sk (B). Hence Si(B) is

compact. [}

13



Lemma 2.5. Let K be a non empty subset of a normed linear space (X, || - ||).

Every minimizing sequence for B € CB(X) in K is bounded.

Proof. Let B € CB(X) and (y,),, a minimizing sequence for B. Then

sup ||s — yu|| = d(B, K) as n — oo.
seB

Since the sequence <sup s — yn||> converges, it is bounded; i.e., there is a
s€B

n

constant €' > 0 such that
sup ||[s — yu|| < C forall neN.
seB
Also, since B is bounded, there is a constant C’ > 0 such that

sup ||s|| < C".
seB

Now, for each n € N, we have that
1yl < s = yull + sl < sup [|s — yull +sup ||s| < '+ C".
seB seB
Hence, the sequence (y,),, is bounded. [

Definition 2.6. A non empty subset K of a normed linear space (X, || - |)
is said to be boundedly compact if every bounded sequence in K has a

subsequence which converges to a point in K.

Proposition 2.7. A non empty subset K of a normed linear space (X, || - ||)
is boundedly compact if and only if for each closed ball S in X, the set KNS

is compact.

Proof. Assume that K is boundedly compact, and let S a closed ball in X
and (yn),, a sequence in K N S. Then the sequence (y,),, is bounded. Since
K is boundedly compact, the sequence (y,),, has a subsequence (yn, ), which
converges to some point y € K. Since S is closed, we have that y € S. That
is,y€ KNS, and so K NS is compact.

14



Conversely, assume that for each closed ball S in X, the set K NS is
compact. Let (y,), be a bounded sequence in K. Then, there is a constant

r > 0 such that ||y,| < r for each n € N. That is, for each n € N,
yn € B(0,r) =B, ={z€ X | ||z]| <r}.

Since, by our assumption, the set K N B, is compact, the sequence (y,),, has
a subsequence (yp, ), which converges to some point y € K N B,. So, starting
with a bounded sequence (y,),, in K, we have shown that it has a subsequence

which converges to a point in K. Hence K is boundedly compact. |

Theorem 2.8. Let K be a non empty subset of a normed linear space (X, | -

). Then K is boundedly compact if any of the following is true:
(i) K is compact;
(ii) K is a closed subset of a finite-dimensional subspace of X ;
(iii) K is a finite-dimensional subspace of X.

Proof.

(i) Assume K is compact and let (y,),, be a bounded sequence in K. Since K
is compact, the sequence (y,), has a subsequence (y, ), that converges

to a point in K. Hence K is boundedly compact.

(ii) Let K be a closed subset of a finite-dimensional subspace of (X, | - ).
Since the intersection of a norm-closed ball with a closed subset of a
finite-dimensional subspace is compact, it follows from Proposition 2.7

that K is boundedly compact.

(iii) Let K be a finite-dimensional subspace of (X, || - ). Since every finite-
dimensional subspace of (X, | -||) is closed, it follows from (ii) that K is
boundedly compact. |

15



Proposition 2.9. Every boundedly compact subset K of a normed linear

space (X, | - ||) is approximatively compact.

Proof Let B € CB(X) and (y,), a minimizing sequence for B. Then, by
Lemma 2.5, the sequence (y,),, is bounded. Since K is boundedly compact,
the sequence (y,,),, has a subsequence (y,, ), which converges to some element

y € K. Hence K is approximatively compact. |
Corollary 2.10. Let X be a normed linear space. Then
1. Every compact subset of X is simultaneous proximinal relative to CB(X).

2. Every closed subset of a finite-dimensional subspace of X is simultaneous

proximinal relative to CB(X).

3. Every finite-dimensional subspace of X is simultaneous proximinal rela-

tive to CB(X).

Theorem 2.11. For a Banach space (X, | - ||), the following statements are

equivalent:
(1) X is reflexive;

(2) Every closed convex subset of X is simultaneous proximinal relative to

CB(X);

(3) Every closed linear subspace of X is simultaneous proximinal relative to

CB(X);

(4) Every closed hyperplane in X is simultaneous proximinal relative to

CB(X).

Proof. (1) = (2): Let K be a closed convex subset of X and B € CB(X).

For each n € N let
1
Kn={y € K [ sup|ls -yl <d(B,K)+ —}.
s€B n

16



Then (K,,) is a decreasing sequence of nonempty, closed, convex and bounded
subsets of X. It follows that

Sk(B) = {y € K | supl|s —yll = d(B,K)} = () K # 0.

seB el

That is, K is simultaneous proximinal relative to CB(X).
(2) = (3): This is obvious since every closed linear subspace is a closed convex
set.
(3) = (4): This is obvious since every closed hyperplane is a closed linear
subspace.

(4) = (1): Let z* € S(X*) and
H={xe X : z"(x)=1}.

Then H is a closed hyperplane in X and so is simultaneous proximinal relative

to CB(X). It follows that

Su({0}) = Pu(0) # 0.

Let 2o € Sy({0}). Then
o] = d(0, H) =1

and z*(xp) = 1. That is, #* attains its norm at zo. By James’ Theorem [16],

X is reflexive. |

Sehgal V.M. and S.P. Singh [26] have proved that the distance functional
¢ : K — R defined by: ¢(y) = sup||s — y|| is weakly lower-semicontinuous.
Recall that a bounded closed andscezc])gnvex subset of a reflexive space is weakly-
compact. Using these facts we can prove that a reflexive subspace is simulta-

neous proximinal relative to CB(X).

Theorem 2.12. Let K be a reflexive subspace of a normed linear space
(X, []-11). Then for any non-empty B € CB(X), there exists a best simultaneous

approximation yy € K to B.

17



Proof: Since B is bounded, there exists an M € R such that ||s|| < M for
each s € B. Define a subset Y of K by

V={yeK:|y| < 2sup Isl}-
s€

We show that d(B,Y) = d(B, K).

Since 0 € Y, we have that

d(B,Y) = inf sup [|s — y|| <sup[|s — 0] = sup |[s]| < M.
yeY yeB s€B s€B

Now, if z € K\ 'Y, then ||z]| > 2sup|s| and
seB

sup [[s — z|| = |[z]| — sup [|s[| > sup [|s[| = d(B,Y). (2.12.1)
seB seB seB
If z€ Y, then
d(B,Y)=inf sup||s — y|| < sup||s — 2| (2.12.2)
veY sep s€B

From (2.12.1) and (2.12.2), we have that, for all z € K,
d(B,Y) <suplls— z|. (2.12.3)
s€B
From (2.12.3), we have that
d(B,Y) < d(B, K). (2.12.4)
But since Y C K, we must have that

d(B,K) < d(B,Y). (2.12.5)

We conclude from (2.12.4) and (2.12.5) that d(B, K) = d(B,Y) < M, and this
value cannot be assumed by a y € K \ 'Y, because of the strict inequality in
(2.12.1). Hence if a best simultaneous approximation to B exists, it must lie
in Y. By the reflexivity of K, the set Y is weakly-compact. Therefore, there

exists a yp € Y such that
sup ||s — yol| = d(B,Y) = d(B, K).
s€B
Hence 3 is a best simultaneous approximation to B from K. |

18



Chapter 3

UNIQUENESS OF ELEMENTS
OF BEST SIMULTANEOUS
APPROXIMATION

In Chapter 2 we found out that if the set K C X satisfies certain conditions,
then we can be sure to find an element say, y, € K that is a best simultane-
ous approximation to B € C(X). The natural question to ask is, is such an
element unique or can we find other elements in K that are also best simulta-
neous approximations to B € C(X)? Convexity of Sk (B) implies that if such
an element is not unique then there are infinitely many best simultaneous ap-

proximations to the set B. We will try to answer this question in this Chapter.

Definition 3.1. A normed linear space (X, ||-||) is said to be strictly convex
(or rotund) if for x,y in X, x # vy, ||z|| = |ly|| = 1, and 0 < XA < 1 imply that
Az + (1 = N)y| < L.

Geometrically, a strictly convex space is one in which the boundary of the

unit ball contains no line segments. There are useful alternate formulations of

19



strict convexity as shown in the next Lemma.

Lemma 3.2. Let (X,| - ||) be a normed linear space. Then the following

statements are equivalent:
(i) X is strictly convex;

(i) z,y € X \ {0} and ||x + y|| = ||z|| + ||y, imply that x = Ay for some
A>0;

(iii) [zl =yl = 521 = 1 implies = = y;
(iv) extU(X) = S(X).
Proof of Lemma 3.2 can be found in [18] pg 384.

Definition 3.3. Let (X, | - ||) be a normed linear space. A set B € CB(X) is
said to be remotal with respect to a subset K of X if for each y € K there is

an element sq in B such that

[so — yll = sup |[|s — .
seB

It is obvious that a compact subset of a normed linear space is remotal

with respect to any subset of X.

Theorem 3.4. If K is a closed convex subset of a strictly convex normed
linear space (X, | - ||) and B a subset of X which is remotal with respect to

K, then the set Sk (B) is at most a singleton.

Proof. If Sk(B) is empty or a singleton, then there is nothing to prove.
Assume that y,y2 € Sk(B). Then, since the set Sk (B) is convex, we have
that yo = 2(y1 + y2) € Sk(B). Since B is remotal with respect to K, there is

an sg € B such that

sup ||s — yoll = IIso — woll-
seB

20



Now, since

Iso = wll < suplls —wnll =0, llso — woll < suplls — g2 =6 and
seEB seEB

o So— U1 S0 — Y2

7))

[so =yl =6 and |[[so —yaf = 6.

1
s0 — = (Y1 + 12)

|50 — woll = 5

it follows that

Strict convexity of X implies that sg — 1, = so — y2 and so y; = ys. [ |

As noted above, a compact subset of a normed linear space X is remotal

with respect to any subset of X, and so the following result is obvious:

Corollary 3.5. If K is a closed convex subset of a strictly convex normed
linear space (X, || - ||), then for each B € K(X), where K(X) is the collection

of compact subsets of X, the set Sk (B) is at most a singleton.

Definition 3.6. [18] Let (X, | - ||) be a normed linear space and B € CB(X).
The set B is said to be sup-compact with respect to a subset K of X if for
each y € K each maximizing sequence (s,), C B, i.e., a sequence satisfying

ly — snll = sup ||s — y||, has a subsequence convergent in B.
seB

Lemma 3.7. If B € CB(X) is sup-compact with respect to K C X, then it is

remotal with respect to K.

Proof. Let B C X be sup-compact with respect to K C X, y € K and
(sn)n be a maximizing sequence in B. Then (s,), has a subsequence (s, )k

convergent to so € B. By continuity of the norm we have, for each y € K

ly = soll = lim [y = s, [| = sup f|s — ]|
—0 seB
Hence B is remotal with respect to K. |

Combining Theorem 3.4 and Lemma 3.7 we get the following Corollary.
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Corollary 3.8. Let K be a closed convex subset of a strictly convex normed
linear space (X, || - ||). If B € CB(X) is sup-compact with respect to K, then

the set Sk (B) is at most a singleton.

Definition 3.9. [1] A normed linear space (X, || - ||) is said to be strictly
convex with respect to its linear subspace K if its sphere contains no

line segment parallel to a line segment in K, ie., x,y € X,

Tty
{lell =t = 12 = 1=y e i f

It is clear that X is strictly convex if and only if it is strictly convex
with respect to itself and if X is strictly convex with respect to K, then it
is strictly convex with respect to every G C K. Furthermore, each subspace
Xo, K C Xy C X, is strictly convex with respect K, and in particular K itself

is a strictly convex subspace.

Theorem 3.10. [1] For a subspace K of a normed linear space (X, | - ||), the

following statements are equivalent.
(i) X is strictly convex with respect to K;

(ii) Sk (B) is at most a singleton for every subset B of X that is remotal
with respect to K;

(iii) Sk (B) is at most a singleton for every compact subset B of X;

(iv) For every set {x1,x2} C X of two elements, Sk ({x1,2}) is at most a

singleton;
(v) Every line segment in K is a Chebyshev set.

Proof. (i) = (ii). If Sx(B) is empty, then there is nothing to prove. Oth-
erwise, we may assume that d(B, K) = 1 and let y;,y2 € Sk(B). Then since
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Sk (B) is convex, we have that 22 € Sg(B). Using the fact that B is

remotal, it follows that there exists an sy € B such that

s

Now since ||so — 11| S d(B,K) =1, |lso— | <d(B,K)=1, and

_y1+y2
2

_y1+y2
2

=1.

sup || s
seB

0

[s0 — 22| = Llso — w1l + %150 — wll < 1, it follows that
[so — vl = Ilso — 22l = 1.

Since (so—y1) — (So—y2) = y2 —y1 € K, and X is strictly convex with respect
to K, it follows that vy, = y».

(ii) = (iii) = (iv): This is obvious.

(iv) = (i): Assume (i) is not satisfied. then there exist x,z € X such that

x+z

lz|l = |||l = = l,andx — z € K, butz # z. (3.10.1)

By homogeneity of the norm, we assume d{({#$%, —(Z£} K) = 1.

Let B = {&Z, — (k) }. We show that 5% € Sk(B) and 5~ € Sk(B).

r—z

Note that since K is a linear subspace and x — 2z € K, it follows that both %3

Z—X

2

are elements of K. Now, since

T+ z T — z

and




we have that

{xgz’zgx}CSK ({x;rz)—(x;z)}))

which contradicts (iv). Thus the statements (i)-(iv) are equivalent.

(i) = (v): If there is a line segment in K which is not Chebyshev, then
there are points yi,52 € K,y1 # y2 and a point x ¢ [y1,y2] such that
y1,92] = Bygo(®). Then |z —yill = [lv — gol| = [lv — 52| and since

(x —y1) — (x —y2) = yo — 1 € K, (i) is contradicted.

(v) = (i): Assume (i) is not satisfied. Then there are distinct points u,v € X

satisfying (3.10.1). By the Hahn-Banach theorem, there is an x* € S(X*) such

that
fUutv u—+v |
x = = 1.
3 3
Then
u+v 1 1
1: * — - k _ *
x( 5 > 2x(u)+2x(v)
= e 1 i) < St 1 L) <1
— 21’ U 21’ v 21’ U 21’ v <~ 1l
This shows that
| |
St )]+ gl (w)] = 1

Claim: x*(u) = 1 = z*(v). Note first that
o (u) < |t (u)| < 2t |[flull = 1.

Similarly, z*(v) < 1. If z*(u) < 1, then, since 1z*(u) + fz*(v) = 1, we must
have that xz*(v) > 1, which is impossible. Therefore, x*(u) = 1. Similarly,

x*(v) = 1.
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Each y in the line segment [0, — v] can be written as
y=A0+(1—-XN)(u—2)=(1—A)(u—v) for some X € [0,1].

Therefore
2 (y) = 2" (1 = N{u—v)) = (1 = A) (" (u) — 2" (v) = 0.

We have shown that there is an x* € S(X*) such that

x(y) =0 forall y€[0,u—v], and
¥ (u—0) = 2*(u) = 1 = [luf = u—0],

(= (u—wv)) =z*(v) =1 = vl = fu—(u—-20)].

This shows that 0 and ©w — v are both best approximations to u from the line
segment [0, u—wv]. This shows that the line segment [0, u—v]| is not Chebyshev,
which shows that (v) fails. |
Amir and Ziegler [1] have shown that if dimK = 1, then X is strictly convex
if and only if K is a Chebyshev set. They also gave some examples of spaces
which are not strictly convex with respect to any subspace of dimension greater

or equal to two:

1. Co(T), the space of continuous functions which “vanish at infinity” on a

topological space T';
2. Ly(u) for g any measure;

3. the space C|a,b] of continuous real-valued functions with the L;-norm.

Definition 3.11. A normed linear space (X, | - ||) is said to be uniformly
convex if, given any ¢ > 0, there is a 6(¢) > 0 such that whenever x,y € X,

ol =yl = 1 and o =yl > & hen | 2] < 1= 50

The concept of uniformly convex spaces was introduced by Clarkson[5] in

1936. It is easy to show that a normed linear space (X, | - ||) is a uniformly
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convex if and only if whenever (x,) and (y,) are sequences in X such that
n— o0 n—ro0 n—0o0 n—0o0

lznll — d, |lya]] — d and H%(anryn)H — d, then ||z, — y,| — 0.

The following are examples of uniformly convex spaces:

1. The L, spaces for 1 < p < co. The proof follows easily from the Clarkson

inequality.
2. The ¢, spaces for 1 < p < oo.

3. Every inner product space.

Note that L, and L are not uniformly convex.

It was shown by Milman|19] and Pettis [24] that every uniformly convex
space is reflexive.

It is well-known [See for example [15] pg.66] that a closed convex subset of

a uniformly convex Banach space is Chebyshev. We state this result formally:

Theorem 3.12. Let K be a closed convex subset of a uniformly convex Banach

space (X, | - ||). Then K is Chebyshev.

The following result is a natural extension of Theorem 3.12 to the setting

of simultaneous best approximations.

Theorem 3.13. Let K be a closed convex subset of a uniformly convex Banach
space (X, || - ||). Then for each B € CB(X), we have that the set S (B) is a

singleton.

Proof. Let B € CB(X). Then, by 1 = 2 of Theorem 2.11, we have that
Sk (B) is nonempty.

Let y1, y2 € Sk(B). Since the set Sk (B) is convex [see Proposition 1.6],
we have that yo = 5(y1 + 2) € Sk(B). That is,

sup [|s — yol = sup [|s — y1|| = sup||s — y2f| = d(B, K) := d.
seB seB seB
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By the characterisation of a supremum, there is a sequence (s,,) in B such that
I, — voll = d as n — oco. Now, since yo — s, = 3(v1 — $,) + 3(y2 — s,) and

for j=1,2and n € N,

195 = sull < sup|ly; — sll < d,
seB

we must have that, for each 7 =1, 2

lim ||y; — s,| = d.

n—r o0
That is, for each j =1, 2,
lyi=sall == d, llga=snll = d. and [[5(y1=sn)+5(g2=80)ll = [go—snll — d.
By uniform convexity of X, we have that

1 1 n—sco

Jon = all = I 0n = 50 = o — 5] 0.

It follows that y; = ys. |

If we wish to have uniqueness of the set of best approximations for an arbi-
trary bounded subset B of X it will be necessary to strengthen the convexity
hypothesis. More precisely, we need the following generalisation of uniform
convexity: the concept of uniform convexity in every direction whose ge-
ometrical significance is that the collection of all chords of the unit ball that are
parallel to a fixed direction and whose lengths are bounded below by a positive
number has the property that the midpoints of the chords lie uniformly deep
inside the unit ball. This notion of convexity was introduced by A.L Garkavi
[14] to characterize normed linear spaces for which every bounded subset has

at most one Chebyshev centre.

Definition 3.14. Let K be a convex subset of a normed linear space

(X, ] - II). The space X is said to be uniformly convex with respect to
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every direction in K (Uced-K) if for every k € K \ {0} and every ¢ > 0,
there exists a § = 6(k,¢) > 0 such that

r+vy

Izl =Nyl =1, = —y = Ak,

H>1—6:> Al <e.

Day, James and Swaminathan [6] have given the following equivalent defi-
nition for uniform convexity in every direction:
A normed linear space X is said to be uniformly convex with respect to every
direction in K C X if there are sequences (x,), and (y,), in X and a nonzero

member z of K for which
(@) [lznll = llynll = 1, for every n,
(b) @, — yn = Anz, for every n,
(©) llzn +ynll — 2,

then A, — 0.

Amir and Ziegler [1] have established that if K is a subspace of X, then uni-
form convexity of X with respect to every direction in K is both necessary as

well as sufficient in order that Si(B) be at most a singleton for every bounded

subset B of X.

Theorem 3.15. [1] The space X is Uced-K if and only if Sk (B) is at most a
singleton for every bounded B C X.

Proof. =: Assume Sk(B) is not a singleton, and let y;,y2 be two distinct
elements of Sk(B). Then by convexity of Si(B) we have that yo = 12 is
also in Sk (B). That is,

sup [|s — wol = sup [|s — y1|| = sup||s — vl = d(B, K) := d.
seB seB seB
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By the characterization of the supremum, we can choose a sequence (x,) C B

such that ||yo — .|| — d. Since

1 1
o —zall < Sllon = 2all + 5l — 2l

1 1
< ssup|ls —wll +5sup s — vl < d,
2 seB 2 seB

it follows that

1 . 1 ..
5 lim ||y, — 2,] + = lim |lye — || = d.
n—o0o 2 n—oo

Hence lim |ly; — x,|| = d, for each 7 = 1,2. We may assume that
n—o0
lyr — xnll > |ly2 — x| and take z, = y1 + tu(y2 — y1) with ¢, > 1 chosen
so that ||z, — x,| = |ly1 — zall. Let w, = (41 — x)/|ly1 — x| and v, =

Then

1
1
= vty ey —y1) — 22,

since z, = y1 + tn(y2 — y1)

1
= 20+ (v — y1) — 2,

> ————|2u1 +yo — y1 — 2x,|| since t, > 1
_ 1 H <y1 + Yo > H
D) —z,
1
= T 12(y0 — z)|
. . 1
Then 2 > lim ||u, + v,| > lim ———||2(yo — @) || = 2
oo n=oo [|y1 — X

S|t + vs]| — 2 while w, — v, € K and it does not tend to 0, so that the

Uced-K condition is not satisfied.

«: Assume that X is not Uced-K. Then there exists z € K \ {0} and two
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sequences (Tn)n, (Yn)n in K satisfying ||z, || = |yall = 1, 2n — yn = Anz,
Al > A > 0 and H%H — 1. Let u, = %, B = {fu,;n = 1,2,...}.
Since ||u,| — 1, it follows that d(B, K) = 1 and 0 € Sk(B). However, we also

have %2 € Sk(B) since

Az

n n )\
uni? Ty + Y

> oy (@)
Hl A 1A

(5 + E)% + (5 F m)yn

and since |=2-| < 1 we have
2 2

Az

n:l:_
tn =75

1A 1A
< _ - _ R —
= <2i2)\n> +<2$2)\n> !

and so 2 is also in Sk (B) which is therefore not a singleton. [

By looking at the previous Chapter and what we have done in this Chap-
ter, it is evident that for a set K subset of X to be simultaneous Chebyshev
with respect to CB(X), we need to impose certain conditions on B € C(X), K
and the unit ball of the underlying space X. It is important also to note the
balance that exists among these conditions; by strengthening some of them,

we are allowed to weaken others.
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Chapter 4

CHARACTERIZATION OF
BEST SIMULTANEOUS
APPROXIMATIONS

In this Chapter we consider the problem of characterization of elements of best
simultaneous approximation, i.e., the problem of finding necessary and suffi-
cient conditions in order that an element yy € K, K a subset of a normed linear
space (X, ||-]|), be an element of best simultaneous approximation to a bounded
subset B of X, and some consequences of these characterizations. Most of the
work in the sequel is adapted from [20], [21] and [22] where similar characteri-
zation results are shown for elements of best simultaneous approximation from
a closed convex set to a bounded subset of a conditionally complete Lattice
Banach space. Our results are shown for best simultaneous approximations
from a closed convex set to a remotal subset of a normed linear space X.

We start by stating the following theorems which are the main tools that will

be used in the Chapter.

Theorem 4.1. (Basic Separation Theorem). Let A and B be disjoint convex

subsets of X. Assume A has an interior point. Then there exists non-zero
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linear functional ¢ € X* and ¢ € R such that ¢(x) > ¢ for all x € A and
o(y) < cforallye B.

Theorem 4.2. (Krein-Milman Theorem). Let X be a locally convex Hausdorff

space, and K C X a convex, compact subset. Then

1. The extremal set of K is nonempty.

2. K = co(ext(K)) (i.e., K is the closure of the convex hull of the extremal
points of K).

Recall that a closed bounded subset B of a normed linear space (X, || - )

is said to be remotal if for each x € X there is an element sy € B such that

[so — x|l = sup [[s — z||.
seB

Note that every compact subset of a normed linear space (X, || - ||) is remotal.

Deutsch and Maserick [7], gave the following main characterization Theo-

rem for elements of best approximation.

Theorem 4.3. Let K be a convex subset of a normed linear space (X, | - ||)
and x € X \ K. An element yy € K is a best approximation to x if and only

if there exists an x* € X* such that
(i) lz*[| = 1;
(ii)) x*(yo —y) > 0 for each y € K;

(iii) x*(x = yo) = [z — wol|

The next Theorem is a natural extension of Theorem 4.3 to the setting of

best simultaneous approximation.

Theorem 4.4. Let B be a remotal subset of a normed linear space, K a closed
convex subset of X such that BN K = () and yo € K.Then yg € Si(B) if and

only if there is an x* € X* and an sy € B such that
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(i) [l = 1;
(i) @*(so — yo) = sup ||s — wol| and
s€B
(iii) x*(yo —y) > 0 fory € K.
Proof. = Assume that yy € Sg(B). Then
sup [|s — yoll = inf sup |[s — yl| = d(B, K).
s€B yeK sep
Since B is remotal, there is an element sy € B such that
150 = woll = sup [|s — yol| == 0.
s€B
Since BN K = () and K is closed, it follows that § > 0. Let
S={re X ||s—x|] <d}

Then the sets S and K satisfy the conditions of the Separation Theorem (The-
orem 4.1). Therefore there is a ¢ € X* \ {0} and a k& € R such that

¢(x) > kforall x €S and ¢(y) <k forall ye K.

By continuity of ¢, we have that ¢(x) > k for all x € S. It follows that

P(yo) = k.
Now, there is a ¢ € R (viz. ¢ = ¢(sg) — k) such that

d(sg—a) <cforall x€S and ¢(so—y) >c forall ye K.  (4.4.1)

It follows from the above that 0 # ¢(sp — yo) = ¢. Since S is a ball of positive

) _
radius, we have that ¢ > 0. Set x* = —¢ Then x* € X* and, for any x € S,

c
¥ (sp — ) = Mc_x) < (4.4.2)

and, for all y € K,
x*(sp —y) = Mc_y) > 0. (4.4.3)
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From equations (4.4.2) and (4.4.3), we have that

x*(so—yo) = 0 = sup||s — woll, (4.4.4)
seB

which establishes (ii).

From equation (4.4.4), we have that

50 = woll < sup s = goll = 2750 = o) = " (50 = o) < |2 [lll50 = ol

It follows that ||x*|| > 1.
Claim: |jz*|| = 1. If not, then there is a z € X with ||z]] = 1 such that
x*(2) > 1. Let wo = so — 0z € X. Then ||so — wo|| = 0 and so wy € S. But
then
x*(s0 — wo) = x*(0z) = 0x*(z) > 0,

which contradicts equation (4.4.2). It now follows that ||x*|| = 1, which estab-
lishes (i).

Noting that ¢(ys — sg) = —c and that ¢(sg—y) > cfor all y € K, it follows
that, for all y € K,

&y —y) = ¢(yo — so + 50 —y) = ¢(yo — s0) + P(so —y) = —c+c=0.

Since 6 > 0 and ¢ > 0, we have that, for all y € K,

o (yo —y) = Mc_y) > 0,

which establishes (iii).
<: Assume that there is an x* € X* and an sy € B satisfying (i), (ii), and
(iii) and let y € K. Then

itelgHs—yoll = x(s0o—y) =2 (So— Yy +¥— )
= x(so—y) + 2" (y — )
< 2*(s0 —y)
< lso =yl
< itelgHs—yll-
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Hence yy € Sk (B). [ |

Remark 4.5. Note that if K is a closed linear subspace of X, then condition
(iii) of Theorem 4.4 reduces to “x*(y) = 0” for each y € K.

Corollary 4.6. Let B be a compact subset of a normed linear space, K a
closed convex subset of X such that BNK = () and yo € K. Then yy € Sk (B)

if and only if there is an x* € X* and an sy € B such that
) " =1;
(i) 2*(s0 — yo) = sup |[s — yo| and
seB
(iii) x*(yo —y) > 0 fory € K.

A natural generalization of the problem of characterization of elements of
best simultaneous approximation is the problem of simultaneous characteriza-
tion of a set of elements of best simultaneous approximation: given X, K a
closed convex subset of X and B € CB(X) and a subset M of K, what are the
necessary and sufficient conditions in order that every element my € M be an
element of best simultaneous approximation of B by the elements of K7 We

get the following as a Corollary of Theorem 4.4.

Corollary 4.7. Let B be a remotal subset of a normed linear space X, K a
closed convex subset of X such that BOK = () and M C K. Then M C Sk (B)

if and only if there exists x* € X* and sy € B such that
(i) [le*ll = 15
(i) x*(sg — m) = SIGIB |s —m)| for allm € M; and
(iii) x*(m —y) > 0 fory € K, and all m € M.

Proof. =: Assume that M C Sk(B). Choose and fix mg € M. Then, by

Theorem 4.4 there exists ¥* € X* and sy € B such that
¥ = 1;
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x*(so—mo):sug |s —mo| = d(B, K); (4.7.1)
s€

and
x*(mo —y) >0 for y € K. (4.7.2)
Let m € M be arbitrary. Then from (4.7.1)
x*(so — mp) = sup ||s — mo|| = d(B, K) = sup ||s — m)|. (4.7.3)
s€B s€B
Now,
2 (so—m) < |[lz"|[llso —mll < sup s —ml| = sup [[s — mol
seB seB
= x"(sp —mo) = x (so —m) + x*(m — myp)
< x*(sg —m)since, by (4.7.2), x*(m — mq) < 0.
Thus, for each m € M,
x*(so —m) =sup||s — m| = d(B, K), which proves (ii).
seB
Finally, for each y € K and each m € M, we have by (4.7.3),
'(m—y) = x"(m—so)+ 2" (s0 —mo) + " (mo — y)
= —d(B,K)+d(B,K)+ x"(my—y) =x"(mg—y) > 0.
That is, for all y € K and all m € M,

x*(m—1y) > 0.
«: This is an immediate consequence of Theorem 4.4. |

4.1 Characterization of elements of best si-
multaneous approximations in terms of the
extremal points of U(X")

In this section we introduce the concept of extreme points of a set and char-

acterize elements of best simultaneous approximation in terms of extremal
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subsets of a normed linear space.

Definition 4.8. Let A be a closed convex subset of a topological linear space
X. A non-empty subset M C A is said to be an extremal subset of A, if a
proper convex combination Ax + (1 — Ay, 0 < A < 1, of two points x and y of

A lies in M only if both x and y are in M.

An extremal subset of A consisting of just one point is called an extremal
point of A. We shall denote by ext(A) the set of all extremal points of A.
Using Theorem 4.4, we shall prove the following property of best simultaneous

approximations.

Theorem 4.9. Let B be a remotal subset of a normed linear space, K a closed
convex subset of X such that BOK = () and yo € K. Then yy € Sk (B) if and
only if there an sy € B and for each y € K there is an x*(= x7) € X* (which

depends on y) such that
(i) =* € ext(U(X™));

(i) x*(so — yo) = sup||s — vol| and
seB

(iii) *(yo — ) > 0.

Proof. = Assume that yy € Sk(B). Since B is remotal, there is an element

sp € B such that |[sp — wl| = 8161]1:3) s — yol|. Set
E={e" e UXT | 2™(s0 = o) = sup s = goll},
and for each y € K, set
Ey={x" €& x"(yo —y) =sup(yo — y)}-
Ype&

By Theorem 4.4, the set £ is nonempty. The set £ is a weak®-compact subset
of U(X™*). We show that £ is an extremal subset of U(X™*). To that end, let
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pe &, Ne(0,1)and ¢ = Az} + (1 — A}, where x7, x5 € U(X*). Then, since
¢ € £, we have that

50 — yoll = Sujlf; s — yoll = ¢(s0 — yo) = )\ﬂ(so — o) + (1 — )\)$§(50 — Yo)-
s&

Note that |2](so—v0)| < ||so—oll(= sup s —woll) and |25 (so—yo)| < [[so—oll-
s&
Claim: z3(so — o) = sup ||s — wo| and x5(so — yo) = sup ||s — yo|-
seB seB

If x5(so — yo) < sup ||s — yol|, then, since 0 < A < 1, we have that
seB

sup s =yl = é(s0—yo) = Az} (s0 — yo) + (1 — A)x3(s0 — wo)
s&
< Asup|ls —yol + (1 = A)sup||s — yoll = sup ||s — woll,
seB seB seB

which is absurd.

A similar conclusion results if one assumes that x3(so — yo) < sup ||s — voll-

It is obvious that ||z}]| = 1 = ||«3||. It now follows that z], 3 SEG?' and so & is
an extremal subset of U(X™).

For each y € K, the linear functional m on X* given by

yo—y@) =2 (yw —y), =" eX
is weak*-continuous and therefore must attain its supremum on &. It thus
follows that for each y € K, the set &, is nonempty. Furthermore, &, is a
weak*-compact extremal subset of £. By Theorem 4.2, £, has an extremal
point * which must also be an extremal point of € and also of U(X*). That

is, x* € ext(U(X™*)). By Theorem 4.4, there is a ¢ € £ such that ¢(yo—y) > 0.

Since z* € &,, we have that

" (yo —y) = ilélgw(yo —y) > oy —y) >0,

which establishes (iii).
<: Let y € K. Then there is an z* € X" such that (i), (ii) and (iii) hold.
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Therefore

SugHs—yoll = x(so—y) =, (s0 —y) + 2. (y — Yo)
se
<z (s0o—y) < |} |lllso — yll
= l[so —yll < sup|ls —yl|-
sEB

Hence, yo € Sk (B). [ |

Corollary 4.10. Let B be a remotal subset of a normed linear space (X, |-|),
K a closed convex subset of X with BNK = () and yo € K. Then the following

statements are equivalent:

1. Yo € SK(B)

2. There exists x* € ext(U(X™)) and sy € B such that

2" (s0 — yo)| = sup[|s — ol (4.10.1)
seB
and
lz*(s0 — y0)| < |z (so — y)| for each y € K. (4.10.2)

3. There exists x* € ext(U(X*)) and sy € B, satisfying (4.10.2) and

" (y — yo)x* (so — yo) <0 for each y € K.

Proof. 1 = 2: Assume that statement 1 holds. Then conditions (i), (ii)
and (iii) of Theorem 4.9 hold. Hence (4.10.1) holds. On the other hand, by

conditions (ii) and (iii) of Theorem 4.9 we get

7% (s0 —yo)l = " (s0 —w0) = 2" (50 — y) + 2" (y — wo)

< x*(sg—y) < |x*(sg —y)| foreach ye€ K.

Hence 1=2.
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2 = 1: If we have statement 2, then for each y € K, we have
Sup Is = woll = [2"(s0 — 50)| < [2"(s50 — y)|
ELS
< 2" lllso =yl < suplls — yl|.
s€B
It follows that
sup [|s — yol| = d(B, K).
s€B

ie., yo € Sk(B). Thus, 2 = 1.

1 = 3: Assume now that statement 1 holds. Then, by Theorem 4.9, we

conclude that
(Yo —y) >0 foreach ye K, and x*(sg—yo) = SIGlE |s — ol > 0.
Thus we have
2 (y — yo)x* (so —yo) <0 for each y € K.

Therefore 1 = 3.

3 = 1: If statement 3 holds, then there exists x* € ext(U(X*)) such that
|z*|| = 1 and satisfying (4.10.2) and

x(y — yo)x* (so —yo) < 0 for each y € K.

Put
¢ = sgnfz*(so — yo)la".
Then, by hypothesis we have ¢ € ext(U(X*)),

x*(s0 — Yo)

- x(y —yo) <0 foreach ye€ K,
|z* (50 — yo)|

Py —yo) =

and

P(so — ) = sgulr*(so — yo)lx*(s0 — yo)
x*(So ?Jo) * _
0wl W
= [2"(s0 — w)| = Sup s — woll-
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Hence, the functional ¢ satisfies conditions (i), (ii) and (iii) of Theorem 4.9.

Therefore, yg € Sk (B). Thus, 3 = 1, which completes the proof. [ |
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4.2 Characterizations of best simultaneous ap-
proximation by elements of Hyperplanes

In this section we shall give various characterization results for elements of

best simultaneous approximations from hyperplanes.

Definition 4.11. A hyperplane in a normed linear space (X, |- ||) is any set
of the form
H =z ={x € X|z*(x) = ¢}

where x* is a non-zero functional on X and ¢ is a scalar.

Definition 4.12. Let B be a remotal set in a normed linear space X and
r > 0. The set A C X is said to support the ball

S(B,r) ={y € X|sup|ls —y|| < r}, or that A is a support set for the ball
S(B,r), if =

D(A,S(B,r)) = inf inf)||y—s||:0 and  ANIntS(B,r) = 0.

y€EA seS(B,r

Proposition 4.13. Let X be a normed linear space, A a subset of X, B be a
remotal subset of X and r > 0. Then A supports the ball S(B,r), if and only
ifd(B,A)=r.

Proof. Assume that d(B, A) # r. Assume that d(B, A) = a and a < r. Let
e > 0 be given such that a + € < r. Then by characterization of the infimum,

there exists y € A such that
sup||s—yl| < d(B,A) te=a+ec<r.
seB

This implies that y € AN IntS(B,r), and consequently A does not support
the ball S(B,r). If @« > r, let ¢ > 0 be such that &« > r + ¢. Then, by

characterization of the infimum, there exists x € A such that
D(x,S(B,r)) < D(A,S(B,r)) +¢ (4.13.1)
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where D(z,S(B,r)) = inf |z —y|. Now, we show that
yeS(B,r)

sup ||[s — x| — r < D(x, S(B,r)). (4.13.2)
seB

To see this, let s € B be arbitrary. Then, for every y € S(B,r) we get
Is — x| < [ls = yll + ly — =|.

This implies that for all y € S(B,r)

sup [|s — x| < sup|ls —yl| + ly — 2] < 7+ |y — =]

seB seB
Thus, we conclude that, for each y € S(B,r),

sup [|s — x| = r < |ly — z|.
s€B

It follows that
sup [[s — x| —r < D(x, S(B,r)),
seB

and hence we obtain (4.13.2).
From inequalities (4.13.1) and (4.13.2), we have that

D(A,S(B,r)) > D(x,S(B,r))—c¢>supl|s—x|]|—r—c¢
seB

> dB,A)—r—c=a—r—c>0.

Consequently, A does not support the ball S(B,r).
Conversely, assume that d(B, A) = r and let ¢ > 0 be arbitrary. Then, by

characterization of the infimum, there exists z € A such that sup ||s—z| < r+e.

seB
Put
€ T
z= s x.
r4e r+e

Then we have

sup ||s — z|| = sup ||s — x| < 7.

s€B ' 1 € seB

Hence z € S(B,r) and

€ €
|s — x| <
r+e€

D(A,5(B,r) < |l — 2| = — sup [|s — x| < e.

+e€
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Since € > 0, was arbitrary, it follows that D(A, S(B,r)) = 0.
On the other hand, if there exists a y € AN IntS(B, r), then

d(B,A) <sup|s—yll <r
seB
This contradicts the fact that d(B, A) = r. Hence AN IntS(B,r) = (. [

Lemma 4.14. Let K be a closed convex subset of X, B be a remotal set in
X with KNB =0,y € K and r = sup ||s — yol||- Then there exists sg € B
s€B

such that the following assertions are equivalent:

(1) There exists x* € X* such that |z*|| = 1, 2*(yo —y) = 0 for ally € K

and x*(sp — yo) = r;

(2) There exists x* € X* such that ||z*|| = 1 and the hyperplane
H={y € X :x*(so —y) = r} passes through K (that is K C H) and
d(B,H)=r.

Proof. (1)= (2) Assume that (1) holds. Then there exists sp € B and x* € X*
such that [|z*]| = 1, x*(so —y) = 0 (y € K) and z*(sp — yo) = r. Then

H={ye X :x*(sp—y)=r}
is a hyperplane and yo € H. Thus, we conclude that

d(B,H) < sup Is = woll = r = 2" (s0 — y) = ["(s0 — y)|
s€

< ||x*||||So—y||SsugHs—yH for all y € H.
s€

This means that d(B, H) = r.
Assume now that y € K is arbitrary. Because x*(yo — y) = 0 for all y € K, it
follows that

e (so—y) = x(so—y) +2(yo—y)

= 2" (s0o — yo) = sup|ls — yol = 1.
seB
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this implies that K C H. That is H passes through K.

(2) = (1) If (2) holds, then there exists z* € X* and sy € B such that
|x*|| = 1, K C H and, in particular we have yy € H. Thus we get

x*(so — yo) = r, and

2 (yo—vy) = x*(so—y) —x*(so—yo) = r—r = 0 for all y € K, which completes
the proof. ]

Lemma 4.15. Let K be a closed convex subset of X, B be a remotal set in
X with KN B =10,y € K, andr = sup ||s — yl|. Then there exists s, € B
s€B

such that the following assertions are equivalent:

(1) There exists x* € X* such that ||z*|| = 1, x*(y) = 0 for all y € K and

x*(so—yo) = 1.

(2) There exists x* € X* such that ||z*|| = 1 and the hyperplane
H={ye X :x*(y) = 0} passes through K and d(B,H) =r.

Proof. (1)=-(2) Assume (1) holds. Then there exists sy € B and x* € X such
that [|z*]| = 1, 2*(y) =0 (y € K) and 2*(sp — y) = r. Then

H—{ye X a'(y) — 0}
is a hyperplane and yg € H. Thus, for all y € H

d(B, 1) < suplls —yol| =1 = 2"(s0 = y0) = (50 — )
s€

= 2" (so = yo)| < llz*[[l[s0 — yll < Sup Is = yll-
s€

This means that d(B, H) = r.

(2)=-(1) If (2) holds, then there exists sy € B and z* € X* such that

|x*| = 1 and the hyperplane H = {y € X : x*(y) = 0} passes through

K and d(B, H) = r = sup ||s — yo||. This means that yy € Sk(B). Hence, by
seB
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Theorem 4.4, there exists x* € X* such that ||z*|| =1, *(y) =0 for all y € H
and x*(sp — yo) = sup [|s — wl| = .
seB

Therefore, the functional z* € X* satisfies the condition (i), which completes

the proof. ]

4.2.1 Separating Hyperplanes

Definition 4.16. Let S and T be non-empty sets in a normed linear space
X, x* € X*, and ¢ € R. The hyperplane H = {x € X : x*(x) = ¢} is said to

separate S and T if:

1. x*(x) < c for every x € S
2. x*(y) > ctoreveryy €T

If both inequalities are strict we say that H strictly separates the sets, S and
T.

The following results extends similar results in the theory of best approxi-

mation to the setting of best simultaneous approximation.

Theorem 4.17. Let K be a closed convex subset of X, B be a remotal set in
X with KNB =0,y € K, andr = sup||s—yo|| Then yy € Sk (B) if and
only if there exists so € B and x* € X* such that ||x*|| = 1 and the hyperplane
H={ye X :x*(y) = x*(so) — r} passes through yo, and separates K and the
ball S(B,r) = {y € X| sup Is =yl < r}.

Proof. =: Assume yy € Sk(B). Then by Theorem 4.4, there exists sy € B
and x* € X* such that

|z*|| =1, (4.17.1)
x(yo—y) > 0, forall y € K (4.17.2)

and
x*(s0 — ) = 2161]1:3) s — ol = 7 (4.17.3)
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Let H={y € X : 2*(so —y) = r}. Then H is a hyperplane, and by (4.17.3)
we have yy € H, that is, H passes through .
Also, by (4.17.1) we have that for all z € S(B,r),

' (so—2) < [x7(so — 2)| < [le"lflso — =]

< suplls—z|| <.
seB

This means that for all y € S(B,r),

x*(y) > x*(so) — 1. (4.17.4)
Similarly, using equations (4.17.2) and (4.17.3), we have that, for all y € K,

(s —y) = x(s0 — yo) + 27 (Wo —y) = 27 (s0 — o) = 1

This means that, for all z € K,

x*(z) < x*(sg) — 1. (4.17.5)
In view of (4.17.4) and (4.17.5), it follows that H separates K and the ball

S(B,r).

<: Let sp € B and z* € X* such that ||x*|] = 1 and the hyperplane

H ={y € X : x*(so — y) = r} passes through 7, and separates K and
the ball S(B,r). Then

x*(so — yo) =7 =sup s — yol|.
s€B
Since, for each z € S(B,r), we have that

2 (so — 2) < |27 (so — 2)| < [[2*[[|[so — =[] < suplls — 2| <,
seB

ie., x*(so) — r < x*(2) and H separates K and S(B,r), it follows that, for

eachy € K, z*(y) < a*(so) —r, i.e. x*(sp —y) > r. Therefore, for each y € K,

2 (yo —y) = (s —y) —x (so—yo) > — 7 = 0.
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Hence, by Theorem 4.4, we conclude that yo € Sk (B). |

The following Theorem is an immediate consequence of Theorems 4.9 and

4.17.

Theorem 4.18. Let K be a closed convex subset of X, B be a remotal set in
X with KNB =10,y € K, and r = sup ||s — yo||. Then yo € Sk(B) if and
only if there exists sp € B and x* € )S(G*Bsuch that x* € ext(U(X™")) and the
hyperplane H = {y € X : x*(y) = x*(s¢) — r} passes through y, and separates
K from the ball S(B,r).

Proof. =: Assume y; € Sk(B). Then by Theorem 4.9 | there exists sy € B
and x* € X* such that

(i) x* € ext(U(X™"));
(i) x*(so — yo) = sup ||s — gol| = r and
seB
(i) (40 — ) > 0.

Then H = {y € X : 2*(sp — y) = r} is a hyperplane and y, € H. That is H
passes through .
The rest of the proof follows from the proof of Theorem 4.17. |

4.3 Characterization of best simultaneous ap-
proximations in finite-dimensional subspaces

In this section we give a proof of a version of Theorem 4.4 for the case when
both K and B are subsets of finite-dimensional subspaces of the normed linear

space (X, | - ||). To achieve this we shall need the following Lemma.

Lemma 4.19. Let Y be an n-dimensional subspace of the normed linear space

X and let f € Y*\ {0}. Then there exists m < n linearly independent
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functionals x} € ext(U(X*)) and m scalars \; > 0 such that Z Ai = || f|| and

i=1

=1 i=1

Proof of Lemma 4.19 can be found in H. N. Mhasker and D. V. Pai [18]

page 418.

Theorem 4.20. Let K be a closed convex subset of an m-dimensional sub-
space of a normed linear space (X, || - ||), B a bounded remotal subset of an n-

dimensional subspace of X such that BNK = (), and yo € K. Then yy € Si(B)

if and only if there exist ¢ linearly independent functionals x}, x5, ..., x} in
ext(U(X™)), so € B and ¢ positive scalars Ay, Az, ..., Ay with1 </{<m-+mn
such that
(i) xi(so—yo) =sup|ls —wol foralli=1, 2, ..., ¢
s€B

¢
(ii) Z)\ix;‘(yo —y)>0foralyecK.
i1

Proof. =: Let Y denote an m-dimensional subspace of X containing K, Z an
n-dimensional subspace of X containing B and let Xy := span(Y U 7). Then
dim(Xy) < m + n. By Theorem 4.4 applied to Xy, yo € Sk (B) if and only if

there exists x* € X and sy € B such that
l* [} =1,
x(yo —y) > 0 for all y € K, and
(50 = yo) = supls = goll,

Now by applying Lemma 4.19, there exist ¢ < m + n linearly independent
‘

functionals z} € ext(U(X™)) and ¢ scalars A; > 0 such that Z A=t =1
i=1
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and r* fZ)\x|X0 ThenZ)\x (yo—vy) = x*(yo —y) > 0 for each y € K.
Then (ii )holds Also

SUBHS—QOH = x"(s0 — %) Z)\$ S0 — Yo)
s€
= Yo) SZM@(SO—QOH
=1

4
< D dsuplls = goll = sup [|s — ol
i—1 seB seB

Hence, equality holds throughout, which gives (i)

!

«: Without loss of generality we may assume that Z)‘i =1. Let y € K.
i=1

Now,

sup ||s — = Aisup ||s — y
wpls = wll = 3o Asupils - wl
l

= Z Aie; (80 — Yo)

= Z)\x So— Y +Z)\x Y —Yo)
Z A (so — y)
i=1

! l

D hixi(so—y)| <Y Milai(s0 — )
i=1 i=1

!
< Aisup |[(s — )| = sup ||(s —y)||-
> xsuplis =)l = splis — o)l

IA

IA

It follows that yy € Sk (B). [ |

Note that in the case where B is a singleton that the above result reduces to

the characterization of best approximation from finite dimensional subspaces.
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