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Abstract

Level set solutions are an important class of weak solutions to the mean
curvature flow which allow the flow to be extended past singularities. Un-
fortunately, when singularities do develop it is possible for the Hausdorff
dimension of the level set solution to increase. This behaviour is referred to
as the fattening phenomenon. The purpose of this thesis is to discuss this
phenomenon and to provide concrete examples, focusing especially on its re-
lation to the uniqueness of smooth solutions. We first discuss the definition
of level set solutions in arbitrary codimension, due to Ambrosio and Soner.
We then prove some technical results about distance solutions, a type of
set-theoretic subsolution to level set solutions. These include a new method
of gluing together distance solutions. Next, we present several known results
on the fattening phenomenon in the context of distance solutions. Finally,
we provide a new example by proving that fattening occurs when immersed

curves in R3 develop self-intersections.
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Preface

The topic of this thesis was chosen in collaboration with the author’s su-
pervisor, Dr. Jingyi Chen. A large portion of this thesis surveys existing
results. The organization and presentation of these results is unique to this
work. Portions of Sections [3.3] and present original results obtained
independently by the author.
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Chapter 1

Introduction

The mean curvature flow is a well studied geometric evolution equation for
immersed submanifolds of a Riemannian manifold. Briefly, it is a system
of parabolic PDE which moves an immersion in the direction of its mean
curvature vector H (see Section for a full definition). This process is of
interest because it can be used to simplify the geometry of a submanifold,
and also to find special submanifolds such as minimal surfaces (where H =
0). Unfortunately, such applications are often impeded by the development
of singularities which prevent flows from being extended for long times.

In order to apply the mean curvature flow in cases when such singu-
larities develop, there have been several attempts to define classes of weak
solutions. Broadly, there have been two major types of weak solutionsE] In
1978, Bakke defined a generalized mean curvature flow in the language of
geometric measure theory, which has become known as the Brakke flow [7].
This flow has the advantage of being defined for a very broad class of initial
data (a large class of rectifiable varifolds). Furthermore, the well-developed
regularity theory of geometric measure theory can be applied in this setting.
However, Brakke’s definition allows for a great deal of non-uniqueness, and

there were certain gaps between the existence and regularity results that

!There have also been several less well known formulations, such as the representation
of mean curvature flow as a singular limit of Ginzberg-Landau type equations [8] or the
method of “ramps” applied in [1].



have proven difficult to address [15].

The next wave of development in weak solutions of the mean curvature
flow occurred in the early 1990s. Two groups independently defined notions
of a weak mean curvature flow for codimension-1 surfaces represented by
level sets of a scalar function, using the theory of viscosity solutions to
analyze the singular parabolic equation that defined the motion of these
level sets [9)|12]. Critically, such level set flows can be defined for any closed
initial set and are unique. Subsequently, Ambrosio and Soner extended this
definition to higher codimension, and proved that Brakke flows are always
contained in the corresponding level set flow [2]. At nearly the same time,
di Giorgi developed a purely geometric definition of weak solutions, based
on the use of classical solutions as barriers [4]. It was later shown that this
definition was, in fact, equivalent to the level set flows [5].

In this thesis, we focus on the level set flow of Ambrosio and Soner
in arbitrary codimension. In contrast to Brakke flows, the uniqueness of
level set flow is desirable, but also leads to some difficulties. In particular,
when there is non-uniqueness among smooth mean curvature flows or Brakke
flows, the level set flow tends to develop a particular type of singularity called
“fattening” in which the Hausdorff dimension of the solution can increase.
For geometric applications, this can be quite undesirable unless fattening
is well understood. Our goal is to contribute to the understanding of this
phenomenon by summarizing some of the known results in the context of
Ambrosio and Soner’s work, and also providing a new example of fattening
for immersed curves in R3.

We begin by introducing the precise definition of the mean curvature
flow in Section [2.1] and summarizing the basics of viscosity solution the-
ory necessary to understand Ambrosio and Soner’s work in Section In
Chapter [3], we introduce level set flows and prove that they are well-defined
and share some basic properties of smooth solutions of the mean curvature
flow. We then discuss equivalence of the level set flow with smooth solu-
tions when the later exist, and present a recent result of Hershkovitz which
is stronger than that obtained in [2]. Next, we focus our attention on dis-

tance solutions, a kind of “set-theoretic subsolution” to level set flows. A



highlight of this section is Theorem [3.16] which establishes a new technique
to produce distance solutions by a gluing procedure. In Chapter [4 we in-
troduce the fattening phenomenon and explain some existing results using
the framework of distance solutions. Finally, we prove Theorem which
establishes the occurrence of fattening when curves evolving in R? develop
transverse self-intersections. The proof of this theorem makes crucial use
of the gluing result for distance solutions, as well as a construction of such

solutions satisfying a degenerate Dirichlet problem.



Chapter 2

Preliminaries

2.1 Mean Curvature Flow

In this thesis, we consider the evolution of immersed submanifolds M* < Rk
by the mean curvature flow. To define this process, first recall that if
F : M — R™* is an immersion, the Levi-Civita connection on M with

respect to the pullback g of the Euclidean metric is given by
VxY = (VgY)T

where V is the Euclidean connection on R"** and (-)T denotes projection
onto the tangent space of M. Then the difference between the Euclidean

connection and the induced connection
AX,Y)=VzgY —VxY

is a symmetric bilinear form with values in N, M called the second funda-
mental form. We can then define the shape operator A, : T, M — T, M for

a unit normal vector v € N, M by

Q(AV(X)7Y) = <A(X’Y)3V>'



For an orthonormal basis {e;} of T, M we define
H=trA= ZA(ei,ei)

to be the mean curvature vector of M at z. It can be verified that H is
independent of the choice of basis.

On the other hand, we can define the area of the immersion F' by

A(F) = /M dvol,

where, as above, g is the pullback metric by F. Then if X is a compactly
supported normal vector field on M, the first variation of A with respect to
X is given by

JA(F)X = —/M<H,X> dvol, .

From this formula, it is natural to consider the negative gradient flow of A
for immersions. This leads to the definition of the mean curvature flow for

immersions.

Definition 2.1. A family of smooth immersions F : M x I — R"t* on a
time interval I C R is a smooth mean curvature flow if

1
(%f) = H(x,t) for zeMtel (2.1)

where H(x,t) is the mean curvature vector of the immersion F at x.

Note that in the following, we will often refer a family of immersed
manifolds M; which are the images of some smooth mean curvature flow as
simply a smooth flow. Also, when M is a l-manifold, the mean curvature
flow is traditionally known as the curve shortening flow.

Classical solutions of have been studied extensively in both the
cases where the codimension £k = 1 and for higher codimension. Short
time existence and uniqueness of smooth flows is well known. Note that
by composing F' with a diffeomorphism of M it is possible to produce non-
identical solutions of which have the same image M; = F(M,t) ([21],

5



Proposition 3.1). Therefore, when discussing uniqueness of smooth solutions
to Equation (12.1]), we will always consider whether the images M, are unique,

rather than the immersions F' themselves.

Proposition 2.2 ([21], Propositions 3.2 and 3.11). Suppose that Fy : M —
R™"* is a smooth immersion of a compact manifold M. Then there exists a
smooth flow F : M x [0,T) — R""* satisfying such that F(-,0) = Fj.
The images My = F(M,t) are uniquely defined by Foy(M). Furthermore, for

the maximal such T, we have

lim sup max |A|* = oo
t—>T M

where |A]> = S |A(ei, €;)|? for an orthonormal basis {e;} of T M.

It is also well known that if M is compact the maximal time of existence
T to solutions of will be finite. Therefore, a major goal of research on
the mean curvature flow has been to understand the formation of singulari-
ties. In this area, codimension-1 flows are somewhat better understood, in
part due to the availability of stronger maximum principles in this setting.

For example, the following avoidance property applies.

Proposition 2.3 ([18], Theorem 2.2.1). Suppose that M; and N; are smooth
mean curvature flows of n-dimensional submanifolds of R*** on [0,T) such
that My and Ny are embedded and disjoint. Then M; and Ny will each

remain embedded and the pair will remain disjoint for allt < T.

When k > 1, Proposition [2.3] does not hold. This will become an impor-

tant issue when we discuss weak solutions to (2.1) in higher codimension.

2.2 Viscosity Methods

The class of weak solutions to the mean curvature flow that we consider are
based on the theory of viscosity solutions to second order nonlinear elliptic

and parabolic equations introduced by Crandall and Lions. In this section



we introduce this theory and prove some basic results about such solutions.
The main reference here is the “User’s Guide to Viscosity Solutions” [10].
Recall that a function u : Q@ ¢ R? — R is said to be upper (resp.
lower) semicontinuous if limsup,, _,, u(x) < u(zg) (vesp. liminf, ., u(z) >
u(zp)). Importantly, upper and lower semicontinuous function achieve their
suprema and infima on compact sets. If u is locally bounded we define the

upper semicontinuous envelope of u by

u*(xp) = limsup u(z),
T—T0
and define the lower semicontinuous envelope u, analogously. Clearly, the
upper semicontinuous envelope is an upper semicontinuous function satisfy-
ing u*(z) > u(x), and likewise for the lower semicontinuous envelope.
Our goal is to define a weak notion of sub- and supersolutions to equa-

tions of the form

ug + F(u, Vu, V2u) =0 (2.2)

which applies to functions u which are only semicontinuous. This will be
accomplished by requiring a local version of the maximum principle to hold

for such solutions. To this end, we make the following definition.

Definition 2.4. A function F : R x R? x S¢ = R (where S? is the set of

symmetric d X d matrices) is called degenerate elliptic if
F(r,p,X) < F(r,p,Y) for Y <X

where Y < X if and only if X — Y is a positive semidefinite matriz. Fur-

thermore, we say that F' is proper if it is increasing in its first argument.

If F is proper and degenerate elliptic, the problem ({2.2]) will be called de-
generate parabolic. Now we can define our notion of sub- and supersolutions

to problems involving such operators.

Definition 2.5. Suppose that F : R x R? x S* — R is proper, degenerate
elliptic, and locally bounded. Let Q C R? be a locally compact, open set. We



say that an upper semicontinuous function u : Q x (0,7) — R is a viscosity

subsolution of if we have
di(x0, o) + F*(u(zo, o), Vo (xo,t0), V(0 o)) < 0 (2.3)

for all ¢ € C?(2 x (0,T)) and (xo,to) which are local mazima of u — ¢.
Likewise, we say a lower semicontinuous function u is a viscosity super-
solution of (2.2)) if the reverse inequality holds for F at local minima of

U — .

We will call u a viscosity solution of ([2.2)) if it is both a viscosity subsolu-
tion and a viscosity supersolution, and when it is clear, the term *
will be omitted. Note that this definition is justified in that if u is a C?

solution of u; = F(u, Vu, V2u), it is easy to check by the weak maximum

‘viscosity”

principle that u is a viscosity solution.

We say that ¢ € C? touches u from above at (wg,tg) if ¢(wo,ty) =
u(xg,tp) and ¢ > u on an open neighborhood of (xg,ty). Correspondingly,
¢ touches u from below at (zg,to) if the opposite inequality holds. The
following lemma gives a characterization of viscosity sub- and supersolutions
using these conditions, which is often easier to use in practice than the

original definition.

Lemma 2.6. A function u is a viscosity subsolution of (2.2)) if and only
if for every (wo,to) € Q x (0,T) and ¢ € C? touching u from above at
(xo,t0), (2.3) holds. Likewise, u is a viscosity supersolution if and only if

the corresponding condition holds for ¢ touching u from below.

Proof. Suppose that (2.3]) holds for test functions touching u above at (g, to).
Let ¢ € C? be such that u — ¢ has a local maximum at (xg,tp). Then
gg = ¢ — ¢(xo,to) + u(xg, to) touches u from above at (xg,ty). Thus we have

di(0, to) + F*(u(zo, to), Vo (xo, o), V2(x0, o)) < 0.

Since the derivatives of 5 are equal to those of ¢, this implies that u is a
viscosity subsolution of ([2.2]).



On the other hand, suppose that u is a viscosity subsolution of (2.2)). If

that ¢ touches u from above at (ug,to), then u — ¢ has a local maximum at

(x0,t0), so (2.3)) holds. O

We now prove two important lemmas which allow us to construct new
viscosity solutions from existing ones. First, we define the following weak

limit operations.

Definition 2.7. Suppose that (u,)S%; : Q C RY — R, we define

n—o0

limsup® u(z) = sup {lim Sup tn () | (zn)py — x}

and

liminf, u(z) = inf {lin_1)inf Un(zn) | (Tn)p) — x} .

These limits are called, respectively, the upper and lower half-relaxed limits
of Uy,

Note that it is easy to check that the upper (resp. lower) half-relaxed
limit of upper (resp.) semicontinuous functions is upper (resp. lower) semi-

continuous. It turns out that these operations are the correct limit under

which viscosity sub- and supersolutions are preserved.

Lemma 2.8 ([10|, Lemma 6.1). If u, is a sequence of viscosity subsolu-
tions of (2.2), and if the upper half-relazed limit u = lim sup* w,, is bounded
above, it is also a wviscosity subsolution. The same holds for sequences of

supersolutions and their lower half-relazed limit.

Next, we consider a convolution-type operation which also preserves vis-

cosity solutions.

Definition 2.9. Let f,g : R — R and define the supremal convolution of
f and g by
f"Pg=sup{f(y) +g(x—y) |y eR"}.

Likewise, define the infimal convolution of f and g by
F"g=if{f(y) +9(x-y) |y eR"}.

9



As with the half-relaxed limits, these operations preserve upper and lower

semicontinuity respectively.

Lemma 2.10. Suppose that u : Q x (0,T) — R is a viscosity subsolution of
ug + G(Vu,V2u) =0, and g : Q — R is an upper semicontinuous function
satisfying g < c. Let

u(-,t) =u(-,t) P g.

Then u is also a viscosity subsolution. The same holds for viscosity super-

solutions and infimal convolution with g > c.

Proof. (Following |20, Lemma 4.2.) Suppose that ¢ touches u from above
at (xo,tp). Because g is upper-semicontinuous and bounded above, there
exists yo € Q such that u(zo,to) = u(yo,to) + g(zo — yo). Let g(x,t) =
¢(x + 20 — Yo, t) — g(x0,yo). Then

?(yo,to) = ¢(wo,t0) — g(x0, yo) = u(yo, to)-

Furthermore, for z, ¢ sufficiently close to (yo,t9) we have

QZ)(.I, t) > ’17(1‘ + xo — ?/O,t) - g(an yO) > U(CL‘ + x9 — yOat)

by definition of 7. Hence QNS touches u from above at (yo,%y) and so we have

&t (Yo, to) + G(Vé(yo, to), V2h(yo, o)) < 0.

This implies that the same equation holds for ¢ at (zg,tp), and thus w is
a subsolution. The same argument with inequalities reversed applies for

supersolutions. ]

Note that the procedure of shifting test functions used in the proof of
Lemma [2.10]is characteristic of the arguments which will be used later when

working with viscosity solutions.
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Chapter 3

Level Set Flows and Distance

Solutions

3.1 Definition and Fundamentals

In order to define a notion of weak solutions to mean curvature flow using the
machinery of viscosity solutions, we must represent an embedded manifold
M"— R via a single function u. We then aim to write an equation of
the form for u which gives an equivalent evolution of the embedding.
If £ = 1, it is natural to represent M; as a regular level set of a smooth
function u : R"*! x (0,7) — R. We begin this section by showing how
the corresponding evolution equation ought to be written. The situation is
somewhat more complicated for k > 1, as My must be represented as a level
set of u at a singular value.

First, consider a function v : R"*! x (0,7) — R and a local parame-
terization of the zero-level set by ¢ : Q& C R™ x (0,T) — R"*! such that
u(¢(z,t),t) = 0. Differentiating gives

u(9,t) = = (Vu(e, 1), br).

If the zero-level set is to move normally with speed v (to be determined

11



later), then we take ¢y = v‘g—zl, which gives
u(9,t) = =[Vu(e, t)|v.
We generalize this to hold on all points to obtain
uy = —|Vulv. (3.1)
In the case when k£ = 1, the mean curvature of a level set of u is simply

Vu
H=—di — .
”(\w)

Therefore, using v = H in (3.1)) the MCF equation for M; becomes

given by

up = |Vu|div <|§Z> (3.2)

This equation was considered in context of viscosity solutions by Evans and
Spruck [12] and Chen, Giga, and Goto [9]. It was shown that corre-
sponds to a degenerate parabolic problem which admits a unique viscosity
solution for uniformly continuous initial data ug. Furthermore, the evolution
of the zero level set depends only on its initial geometry, not the choice of
ug, and this evolution agrees with a smooth mean curvature flow if it exists.

Proceeding from this work, Ambrosio and Soner |2 generalized this ap-
proach to the case when k > 1. This generalization will be the main class of
weak solution considered here, so we will explain it in detail. As above, the
surface M; will be represented by the zero level set of u : R*™* x (0, T) — R.
However, as noted above, the difficulty is that M; must be represented by
a singular level set of u, and therefore geometric quantities are difficult to
compute for this level set. Ambrosio and Soner instead consider regular e-
level sets for € small. Such level sets are smooth hypersurfaces which “wrap
tightly” around M; so we expect them to have k — 1 principle curvatures
which are very large and n principle curvatures which closely approximate
those of M; nearby. With this intuition, they design a flow which moves

regular level sets by the sum of their smallest n principle curvatures. To do

12



so, we first represent the shape operator in terms of the level set function w.

Lemma 3.1. Suppose that M is the zero level set of u : R*™* — R and
Vu # 0 on M. Then M is a smooth manifold with normal vector field
v = ‘g—“u'. Atx € M, let B = Iv—lu‘PvuVQquu where Py, = I — V‘%‘ig“ 18
the orthogonal projection onto T, M. Then

B=A4,80

where A, is the shape operator on T, M and 0 acts on N, M.

Proof. Note that Bn = 0 for n € N, M, and BX € T, M for X € T, M
by definition of Py, so B splits into these subspaces. We can compute for
Xel,M

BX = L p (V2u)X = LQUX — qu (V2u)X)Vu
|Vl Vu |Vl Vul? ’ '
On the other hand, we have
Vu -1 V2u
A X =Vx— =(X,V|V v —X
X[gy] = X VIVUVet gy
VZu 1
= X — V2u) X, Vu)Vu.
vl Tl (Vu) )
Thus we have BX = A, X. O

By Lemma [3.1] we see that the principle curvatures of a regular level
set of u are the eigenvalues of B with eigenvectors orthogonal to Vu. This
motivates us to define F': R"*\ {0} x S"** — R by

F(p,X) = _Z)\i(p>X) (33)
=1

where \;(p, X) are the ordered eigenvalues of P, X P, with eigenvector or-
thogonal to p and P, =1 — % as in (3.1)). Then the equation

ug + F(Vu, V2u) = 0 (3.4)

13



corresponds to the level set evolution equation (3.1]) taking v to be the sum
of the smallest n principle curvatures on regular level sets. The zero level
sets of viscosity solutions of this equation will be our weak solutions to mean

curvature flow.

Definition 3.2. Suppose that T* C R? is closed and let ug be any uniformly
continuous function on R? such that T* = {z ‘ ug(x) = 0}. Suppose u €
C(R™* x [0,00)) is a viscosity solution of the problem

ug + F(Vu, V?u) =0 on R x (0, 00)

3.5
u(z,0) = up(z,0) for x € R"E, (89)

We let
Iy ={z | u(z,t) =0} (3.6)

and call T' = Uyejg o) I't X {t} the n-dimensional level set flow of T*.

Note that F' is in fact a continuous degenerate elliptic operator away
from p = 0, so (3.4) can be considered in the viscosity sense. Furthermore,

we record

F.(0,A) = |r1‘111} F(p,A) and F*(0,A)= J‘rn|a)1<F(p, A) (3.7)
pl= pl=

which will be used later. In [2] the following fundamental facts about solu-
tions to (3.5)) were proven.

Proposition 3.3 ([2|, Theorems 2.2-2.4). (a) (Comparison) Suppose that
u and v are sub- and supersolutions of (3.4]) such that at least one of

w or v is uniformly continuous and there exists K > 0 such that
u(z, t)] + |v(z, )] < K(1+ |z|)

then v — v < sup {u(z,0) — v(z,0) | z € R"*}.

(b) (Existence) If ug is uniformly continuous, there exists a unique uni-
formly continuous solution u to (3.5) defined on R™* x [0, 00).

14



(c) (Relabeling) If w is a subsolution (resp. supersolution) of (3.4)), and
0 : R — R is uniformly continuous and nondecreasing, then 6 o u is

also a subsolution (resp. supersolution).

As a demonstration of the methods used in the viscosity solution theory,
we use Proposition to prove that the n-dimensional level set flow of a

set is well-defined.

Lemma 3.4. Suppose that T* C R"* is closed and ug and uy are two
uniformly continuous function which both have I'* as their zero-level set.
Let u and u be the corresponding solutions of . Then the zero-level set
of u is equal to that of w.

Proof. (Following [2], Theorem 2.5) In particular, we will show that the
lemma holds if ug(z) = dist(z,I'), from which the full result follows by

transitivity. Let I'; and ft be the zero-level sets of u and u respectively.

(T; € Ty): Let w(s) = sup {uo(y) ‘ dist(y,T*) < s}. Then since up is uni-
formly continuous, w(s) is a non-decreasing uniformly continuous function,
and thus by Proposition w o u is a supersolution of . Now note
that

w(uo(x)) = w(dist(z,I')) > ug(z).
Hence by Proposition u < wou. Therefore, if z € I'y, w(u(x,t)) =0

so u(x,t) =0, and so z € T.

(T; C Ty): Let he(s) be a sequence of non-decreasing cutoff functions with
h® = 0 on (—00,0] and h* = 1 on [¢,00). By Proposition he o
u is a supersolution of for each €. By Lemma it follows that
liminf, hfou =1 — X, is also supersolution. Finally, let v = min(u, 1), so
that v(x,0) < 1—xr and by comparison v < 1 —Xg, for all . This inequality
implies that if © € Ty, then v(x,t) = 0, and so x € T%. O

It is an easy computation to check that F' satisfies

F(Ap,AX +op®p) = AF(p,X) (3.8)

15



for A > 0 and o € R. This identity allows us to extend the usual scaling of

solutions to mean curvature flow to level set flows.

Lemma 3.5. Suppose I' is the level set flow of I'*. Then for A > 0, the
level set flow r of \I'* is given by T, = Al -1y

Proof. Let u be a solution to with initial data ug zero on I'*. Define
v(z,t) = A tu(A "o, A1), Note that the zero level set of v(-,0) is AT'*. We
claim that v solves . Suppose that ¢ touches v from below at (xq, to).
Define ¢(z,t) = A¢(Az, At). Then we have

5()\*%0, /\71t0) = )\(Z)(x(), to) = )\U(Jfo, t()) = ’U,()\ilxo, Aflto)

and for z and t sufficiently close to A~'zy and A\~ 'ty

d(x,t) = Ap(Az, At) < Av(Az, At) = u(z, t).

Hence (;NS touches u from below at (A ~'zg, A\"1#), and so at this point we
have
¢+ F(V¢,V?¢) > 0.

Applying the definition of qz and (3.8) we have
Ny (o, t0) + A F(V (2o, to), V2é (w0, to)) > 0.

Therefore v is a viscosity supersolution of . The same argument with
inequalities reversed shows that v is also a subsolution. Since v is a solution
of (3.4), I, is the zero-level set of v(-,t), which is exactly AI'y-1;, by the
definition of v. O

3.2 Equivalence with Smooth Flows

An important property of any formulation of weak solutions to the mean
curvature flow problem is agreement with smooth flows when they exist.

In the codimension-1 case, this equivalence was proven in [12] and [9]. In

16



their original paper on level set flows in arbitrary codimension, Ambrosio

and Soner proved the following result.

Proposition 3.6. If M; C R™* is a smooth flow of embedded n-dimensional

submanifolds on [0,T'), then the n-dimensional level set flow T' of My satis-
fiesTy = My for0 <t <T.

Ambrosio and Soner prove this result by considering the evolution of the
distance function 6(x,t) = dist(x, M;). Recall that if, for all 0 < t < T,
M; has a tubular neighborhood of radius p, the distance function (-, %) is
smooth on U = {(z,t) | 0<t < T,0 < é(x,t) < p}. Ambrosio and Soner

show that on U we have
F(V6,V%5) < 6; < F(V§,V?8) +C§ (3.9)

for some constant C' independent of x and t. Using these bounds, they
modify ¢ (while maintaining the zero level set) to construct suitable sub-
and supersolutions v and @ of , which are bounded above and below
by d(-,0) at ¢ = 0. By the comparison principle of Proposition if u
is the solution of with initial data 6(-,0), we have

u<u and u>u.

As in the proof of Lemma these bounds show that M; = T'.

While this is one of Ambrosio and Soner’s fundamental results and is
important in justifying the definition of the level set flow, it is not entirely
satisfying because it says nothing about the case when M; is a smooth flow
on (0,7) but does not extend smoothly to ¢t = 0. This case is important
in applications of the weak solution theory to the question of solvability
of the mean curvature flow equation for rough initial data. In particular,
establishing equivalence of the level set flow and a smooth flow can be used
to prove uniqueness of the smooth flow.

Hershkovits takes this approach in [14] when he considers the short time
existence of smooth solutions of the mean curvature flow when the initial

data is an e-Reifenberg set. Briefly, such sets are embedded topological
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manifolds which have approximate tangent spaces at each point which are
allowed to vary according to a scale parameter (the details are not relevant
here; see |19 for a complete definition). To apply the level set flow theory
of Ambrosio and Soner in this setting, Hershkovits proves a stronger version

of Proposition [3.6

Proposition 3.7. Suppose that My is a smooth flow of embedded n-dimensional
submanifolds of R"** on (0, T) and My is a connected compact set. Suppose
further that for constants ¢3 < % and ﬁ —co > V2n, M, satisfies

(i) supyy, |A(D)] <

(it) dyy(My, Mo) < ca/t

(i) My has a tubular neighborhood of radius at least %

where A(t) is the second fundamental form of My and dy is the Hausdorff
distance. Then the level set flow of My is equal to My on (0,T).

Note that while the constants in the statement of this result may seem
somewhat arbitrary, they cannot be easily scaled away (i.e. we cannot trade
a worse bound on ¢; for a better bound on ¢2) because (i-iii) are all scale
independent with respect to the spacetime scaling of mean curvature flow.

To prove this result, Hershkovits establishes a more precise version of
(3-9). In particular for (z,t) in the same neighborhood U as above we have

(A(vi, v;), V5)?
1-— (5<A(v,, ?)Z'), V(5>

n

0 =F(V5,V?6)+6> (3.10)
i=1

where {v;} are principle directions for the shape operator A_y;s at the closest

point on M; to x, and A is evaluated at the same point.

We will also need the following lemma, which says that n-dimensional
level set flows do not cross spheres evolving by the sum of their first n
principle curvatures. Note that this is actually a very special property of
spheres, since in general the avoidance properties that hold in codimension-1
(c.f. Proposition do not apply in higher codimension. We will use this

result to bound the rate at which the level set flow can move away from Mj.
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Lemma 3.8. Suppose that IT'* is a closed set and v : R"™* x (0,T) — R is
a supersolution of (3.5, with v(x,0) = dist(z,'*). Then

v(xo,t) > v(x0,0) — V2nt (3.11)

for all xg € R*F,

Proof. We fix 2o € R"™* and define

w(z, t) = v(x,0) — \/ |z — 20|* + 2kt.

Note that u(z,0) = dist(zg,[*) — |z — x¢|. Using the fact that the distance
function to I'* is 1-Lipschitz, we have u(z,0) < v(z,0). Furthermore, it is
easy to check that w is in fact a solution to (3.4). (One can either compute

directly, or use the fact that the level sets of u are spheres moving by their
first n principle curvatures.) Therefore by Proposition [3.3(a), we have

u(zo,t) < v(xo,t) = v(20,0) — V2nt < v(xo,t)

which proves the claim. O

Proof of Proposition[3.7. Following Herskovitz, Theorem 1.7 [14], let T" be
the level set flow of My with level set function u solving with initial
data dist(Mp, ). The argument of [2] that was discussed above still suffices
to show that M; C I't. We will only consider the more difficult problem of
showing that I'y C M;.

To do this, we consider v(z,t) = &\/f) defined on

t
N = {(:c,t) | 0<t<T,8(x,t) < \[}.
401
Note that N N (R"** x {0}) is empty, and so by (iii) v is smooth on N.
Then, a computation using (3.10)) and assumptions (i) and (ii) show that v
is a classical subsolution of (3.4) on N. (Here is where the condition ¢ < %

is used.)
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Now, if we can use the comparison principle to conclude that u > v, we
will be done, since then x € Ty would imply u(x,t) = 0 and so v(x,t) =0
which implies © € M;. A (slightly modified version) of the comparison
principle will apply if we can show that u > v on the parabolic boundary
of N which consists of (x,t) such that ¢t > 0 and 6(x,t) = %. Using this

characterization along with (ii) we have

Vit

E = 5($7t) < 5('%'70) + d’H(MtaMO) < 5($70) + 02\/%-
1

This implies that §(z,0) > (ﬁ — 02>\/7E. Applying Lemma we have

u(x,t) > 8(z,0) — V2nt > <4101 —cy — \/%)\/E: av(z,t)

where « is a positive constant by the constraints on ¢; and c2. By the rela-
beling result Proposition [3.3(c)|for solutions of (3.4)), aw is also a subsolution

on N, and by comparison we have u > av on N. O

3.3 Distance Solutions and Gluing

In the previous section, shows that the distance function to a family
of smooth manifolds evolving by mean curvature is a classical supersolution
of within a tubular neighborhood. In fact, we will see below that the
distance function is actually a viscosity supersolution everywhere. From this
conclusion, Ambrosio and Soner extract the following definition, which can
be understood as an intrinsic characterization of “set-theoretic subsolutions”

of the level set flow.

Definition 3.9. Suppose that I' C R"** x (0,T) and for each t € (0,T)
supposed I'y = T NR™* x {t} is closed. For any such set write

or(z,t) = dist(x, T'y)

for the spatial distance function. We call T' an n-dimensional distance solu-
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tion if dr is a supersolution of (3.5)). Let

lim inf T, = N U r.
te(0,T) s€(0,t)

Given a closed set T* C R"% | q distance solution is said to satisfy the initial

inclusion I'g C T if liminf; o'y C T'*.

The following lemma will be used extensively when considering distance
solutions in the remainder of this thesis. It greatly simplifies the process of
checking whether a set I' is a distance solution by restricting the class of

test functions that must be considered.

Lemma 3.10. Suppose thatT' C R"T*x(0,T). ThenT is a distance solution
if for all C? test function ¢ touching ot from below at a point (yo,to) on T

we have
b(yo, to) + Fu(Vo(yo, to), Ve (yo, o)) > 0.

Furthermore, if t — I'y is continuous with respect to the Hausdorff distance
dy, we need only consider ¢ and (yo,to) such that Vo(yo,to) # 0 and yo €

Iy, is the minimizer in L'y, of distance to some point outside I'.

Proof. Let ¢ be an arbitrary C? test function which touches ér from below
at (zo,t0) € R™* x (0,T). Let yo € I'y, be such that r(wo,t0) = |70 — vol,
and define

d(x,t) = ¢(x + 20 — Yo, 1) — |20 — Yol-

Note that ¢(yo,to) = 0. Let ¢ be such that ¢(z,t) < 6p(z,t) for (z,t) €
By ((xo,t0)). Let y € Bo(yo) and t € (tg —¢e,to+¢). Then (y +x0 —yo,1) €
B:((x0,t9)) and so

&y, t) = o(y +zo — yo) — |ro — yo| < or(y + zo — yo,t) — |zo — yol-

By the triangle inequality, we have or(y + o — vo,t) < |zo — yo| + or(y, t),

so we obtain

¢y, 1) < or(y ).
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Thus 5 is a C? function touching dr from below at (yo,to). By our assump-

tion, we have

&1(Yo, to) + Fu(Vo(yo, to), V2(yo, to)) > 0.

But the derivatives of ¢ at (z, to) are equal to those of ¢ at (yo,to), so we

have
de(wo, to) + Fu(Vé(xo, to), V2h(x0,t0)) > 0.

From this it follows that I" is a distance solution.

Finally, if we only consider (x,tp) ¢ T' in the proof above, we obtain
that ér is a supersolution of on (R"** x (0, 7))\ T'. For such points ¢
in the above has Vg(xo,to) # 0, since ¢ touches ér from below at a point
away from its zero level set. Furthermore, by definition yy is a minimizer
in I'y, of the distance to xg. To show that dr is a supersolution on all of
R x (0,T) we apply Lemma below to dr. We note that by the

assumption of dy-continuity, assumption (i) of the lemma is satisfied. [

Lemma 3.11 ([2], Lemma 3.11). Suppose that u : R"** x (0,T) is lower

semicontinuous and

(i) for (x,t) such that u(x,t) = 0 there exists a sequence (Tp,t,) — (x,t)
with t, <t and u(xy,t,) = 0;

(it) w is a viscosity supersolution of [2.2) on {(=,t) | u(z,t) > 0};
(7ii) and u(-,t) is K-Lipschitz continuous with K independent of t.
Then w is also a viscosity supersolution of ([2.2)) on R™* x (0,T).

Note that Lemma [3.10/ shows that the distance function to a smooth flow
is actually a viscosity supersolution globally since we only need to consider
test functions touching § from below at points on My, and d is a supersolution
near M;. Thus, smooth flows are distance solutions. (In fact, the main idea
of Lemma is extracted from the proof of this fact in [2].)

A distance solution I may be quite poorly behaved. For example, entire

connected components I'; may disappear instantaneously, and ¢ need only be
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lower semicontinuous in time. However, it turns out that maximal distance
solutions (with respect to containment as sets) are exactly level set flows,

which explains how distance solutions may be viewed as subsolutions.

Proposition 3.12. Suppose that T* C R"* s closed and T is the n-
dimensional level set flow of I'*. Then I' is the maximal distance solution

satisfying the initial inclusion I'o C I'*.

Proof. (Following [2], Theorem 4.4) Let u be any solution of with zero
level set I'. Let h® be as in the proof of Lemma@ Let v = liminf, h® o u.
As before u = 1 — xr is a supersolution by Lemma Now let vg (-, t) =
K(1 —xr(-,t)) ™ g where g(z) = |z| and K > 0. By Lemma vk is a

supersolution. We claim that
vk (z,t) = min(dr(z, t), inf {K + |z — y| ’ y ZT4}).

The infimum in the definition of the infimal convolution must be attained

since g becomes unbounded as x — co. Hence there exists y such that
vk (,t) = K(1 = xr(y, 1) + [z —yl.
If y € Ty, then v (x,t) = |x — y|. Otherwise, vi(x,t) = K + |x — y|. Hence
v (x,t) = min(inf {|z — y| ‘ y €y}, inf {K + |z — y| ‘ y &T4})

which is exactly the claim above. Finally, by Lemma [2.8) ép = liminf, vg
must be a supersolution, and so I' is a distance solution satisfying the initial
inclusion I'g C I'™.

On the other hand, if I is any other distance solution satisfying I
we note that 6z < u by Proposition [3.3(a)l Hence I' C T, and so I' is in fact

the maximal distance solution satisfying I'g C I'*. O

As an example of the utility of this result, we consider the situation in
which T'* sits in an affine subspace ¥ of R"t#. If T'* is a submanifold, its

smooth mean curvature flow clearly remains in ¥ and is equivalent to that
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obtained when I'* is viewed as a subspace of ¥. The following proposition

generalizes this fact to level set flows.

Proposition 3.13. Let ¥ C R*""* be a d-dimensional affine subspace. Sup-
pose that T* C ¥. Let T' be the n-dimensional level set flow of T* in R*k
and T be the level set flow of T'* in X. ThenT' = r.

Proof. Without loss of generality, we identify ¥ with the plane R% x {0} C
R We will write 2 = (y,2) € R? x R" =4 for coordinates in this

decomposition.

(I € T'): We will show that if T is any distance solution as a subset of
¥, then it is also a distance solution in R"¥. By the characterization of
level set flows as maximal distance solutions, this will prove [ CT. Let Fy
and F)y refer to the operator F' defined in for ambient dimensions
d and n + k respectively. By Lemma [3.10, we consider a test function
¢ : R"* % (0,T) — R touching &5 from below at ((yo,0),t0) € I'. We then

need to show that

(Z)t(yO? 0, tO) + (Fn+k)*(v¢(y07 0, tO)a v2¢(y07 0, tO)) > 0.

By restricting ¢ to QNS(y, t) = ¢(y,0,t), and using the fact that [ is a distance

solution in X, we have

(bt(y()? 0, t()) + (Fd)*(va(y(b t()), v2$(y07 tO)) > 0.

Write A = V2¢(y0,0,t0) and p = Vo(yo,0,), and correspondingly A=
V2$(y0, to) and p = Vg(yo, to). We will show that

(Fa)«(A,D) > (Frik)«(A,p) (3.12)

which suffices to establish the necessary inequality. First we consider the

case when p # 0. Recall that the variational characterization of eigenvalues

gives
A (PyAP,) = max min (P,AP,x,x), (3.13)
CR™ R z€S
dim(S)>n+k—j+1 |z|=1
(z,p)=0
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where the condition (x,p) = 0 is due to the fact that we consider only

eigenvalues with eigenvectors orthogonal to p. On the other hand, we have

Aj(PﬁﬁPIg) = max migl <P52P5x,x>. (3.14)
C €
dim($)>d—j+1 |o=1
(z,p)=0

Letting ¢ = (p,0) € R"**, we can write (3.14) in terms of vectors x € R"*¥
as
i (P5AP;) = Srcrﬁgl)ik xgéng(PqAqu, x). (3.15)

dim(S)>d—j+1 |z[=1
z,q)=0

In (3.13) and (3.14) using the symmetry of P, and P, and the constraints

on x, we have
(PpAPyx,x) = (Az,x) and (PjAPz,z) = (Ax,x).

Finally, since d < n + k, if S is considered in the maximum in , then
it is considered in and the corresponding minimum is over a larger
set. Hence )\ (PI;KPZ;) > X\j(P,AP,). From the definition of F,; and F,yy,
holds. Finally, note that having removed the normalization by |p| and

|p|, Equations (3.13)) and (3.14)) are valid for all p, so the above argument
applies in the case when p = 0 or p = 0 as well.

(I' c f) Using the avoidance of spheres proven in Lemma it is easy to
see that I' remains within the subspace X. (Choose arbitrarily large spheres
tangent to each point on 3.) We will apply Lemma again to show that
I is a distance solution viewed as a subset of . Therefore, we consider a C?
test function ¢ on ¥ x (0,7") which touches or|sy from below at (xq,to) € T.
Let A\ be larger than all of the eigenvalues of PV¢V2¢>PV¢ at (xo,1t0), and
define

1
(Y, z,t) = d(y,t) + §>\IZ|2-

Using the fact that dr(y, z,t) = \/5p(y, 0,t)2 4+ ]2\2, it is easy to check that
% touches or from below at (xg,tp). Then, using the definition of 5, we can
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compute that

i(0, to) = (o, to)
> FnJrk(v%(an tO), v2$($0, to))
= F4(Vé(xo,to), VEp(0,10)).

where the last equality is because our choice of A ensures that any new

eigenvalues of PV$V2$PV$ are large. O

From Proposition [3.12] we also see that distance solutions provide a
simple method of proving “set theoretic lower bounds” on level set flows. In
particular, if we can prove that I is a distance solution satisfying I'g C I'*,
then the level set flow of I'* must include I'.  We will take advantage of
this fact in our discussion of the fattening phenomenon in Section As
a preliminary, we now develop a method to glue together several distance
solutions into a new distance solution. Clearly by the properties of viscosity
supersolutions, the union of two distance solutions is a distance solution,
so instead we consider sets which are distance solutions apart from some

“boundary.”

Definition 3.14. Let T' ¢ R"* x (0,T) and ¥ C T be such that Ty and
Yt are closed. The pair (T',X) will be called an interior distance solution if
every point (x,t) € R"* x (0,T) such that x € Ty \ ¥y has a neighborhood
U on which ér is a viscosity supersolution of . The set > will be called
the boundary of (I',%).

The following proposition allows us to construct interior distance solu-
tions by cutting subsets out of distance solutions. (This is also the justifi-

cation for the terms interior distance solution and boundary.)

Proposition 3.15. Let I' be a distance solution and 2 C I be such that
18 compact and t — y is continuous with respect to the Hausdorff distance.
Let OrQ) be the boundary of Q2 relative to I'. Then (2,0rQ2) is an interior

distance solution.
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Proof. Let (x,t) be such that = € Q; \ drQ;. Note that dg > ér because
Q; C T'y. Therefore, we will prove that there exists a neighborhood V' o (z, t)
on which 0 < dp. Then dg|y = dr|y, and so dq is a supersolution on V.
Since (z,t) ¢ Or(2, the definition of the relative boundary implies the
existence of a neighborhood U > (xz,t) such that UNQ = U NT. Let
¢ > 0 be small enough that K = {z} x [t —e,t +¢] C U. Define n =
inf {|k — 2| | k€ K and x € U°}. Note that by the dy-continuity of ¢ >
Q, Q\U is closed, so n > 0. Furthermore, we can choose § > 0 such that for
all [t' — t| < 6 we have dyy (4, Q) < 1/4. Now let V' = By, 14(2) X Brin(e.)(t)-
Suppose to the contrary that there exists (y, s) € V such that dq(y, s) >
dr(y,s). Then we have dy(Q,Qs) < n/4, so there exists 2/ € Qg such
that |z — 2’| < /4. On the other hand, there exists z € I's \ Qs such that
or(y,s) = |z — y|. Furthermore, we must have z € U¢, since if z € U then
z2eUNT; =UNQs, but z € Q. Therefore |z — x| > 7. Also, by definition

of z, |z — y| < |2/ — y|. Then we can compute
n<le—al <z —yltly — 2 <[o' —yl+ly — 2] < o' —z|+2z —y| < 39/4.

This is a contradiction, so we must have dq|y < op|y. O

Now, our main result in this section describes how interior distance so-
lutions may be glued to form distance solutions. The idea is that if the
solutions are joined so that each point which minimizes the distance to an
external point is in the interior of one of the solutions, then the distance

function will not be able to detect the boundaries.

Theorem 3.16. Suppose that (I, %) fori=1,..., N are interior distance
solutions. Let T =T U---UTYN, and suppose that

(i) if £ € R*F\ Ty and y € Ty are such that op(x,t) = |z —y|, then
yEF{\E{ for some j€1,...,N;

(ii) the mapping t — Ty is continuous with respect to dy.

Then T is a distance solution.
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Proof. In order to appeal to Lemma we consider a test functions ¢
touching or from below at a point (yo,tp) € I'. By assumption (ii), the
second part of the lemma allows us to assume further that there exists
g € R™*\ Q; such that op(zg,ty) = |zo — yo|. By assumption (i) this
implies that yg € F{ \ Eg for some j € 1,...,N. By the definition of an
interior distance solution, there exists a neighborhood U > (yo, t9) on which
drs is a supersolution. But since IV c T, we have op < orj. Hence ¢ also
touches o, from below at (yp,to). Since dp; is a supersolution, this implies

that
b1(yo, to) + F(Vé(yo, to), V2é(yo, to)) > 0.

Thus the condition of Lemma [3.10|is satisfied, and so I is a distance solution.
O

Note that, in fact, the finiteness of the collection of interior distance
solutions to be glued was not used in the proof of Theorem Therefore,
any collection of interior distance solutions satisfying assumptions (i) and
(ii) may be glued in this fashion. Additionally, the following corollary to
Theorem [3.16] will be useful in understanding level set flows in the case
when k = 1.

Corollary 3.17. Suppose that I' is a distance solution with t — I'y contin-
uous with respect to dy and K is the closure of a connected component of
(R™+* % (0, 7)) \T. Then T'UK is also a distance solution.

Proof. Note that the entire space R"™* x (0,T) is a distance solution, so
the subset K satisfies the assumptions of Proposition Hence, (K, 0K)
is an interior distance solution. Since K C I', the pair of interior distance
solutions (I, ) and (K, OK) satisfies the assumptions of Theorem[3.16] Thus
I' U K is a distance solution. O

As an example of Theorem consider two round circles C} and C32
in R? incident at a point (see Figure . Each evolves by mean curvature
flow by shrinking about its center, giving two interior distance solutions
(CY,0) and (C%,0). Let L be the line through the centers of C} and C?
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Figure 3.1: Gluing a segment between two circles

and S; C L be the segment between the intersections of L with C} and
C?. Let p(t) and q(t) be the endpoints of S;. Then by Proposition
(S, {p(t),q(t)}) is an interior distance solution. Theorem implies that
Iy = C’t1 U C’f U S is a distance solution. Note that I'g = C& U C’g, SO
by Proposition I'; is contained in the level set flow of C§ U C3. This
shows that intersecting smooth manifolds may produce level set flows which
are distinct from the union of their smooth flows. This idea is explored in

greater detail in Chapter [4]
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Chapter 4

The Fattening Phenomenon

4.1 Definition and Previous Results

In this chapter, we consider a particular type of singularity which can arise in
the level set flows considered in Section[3.I} As was noted in that section, the
level set flow from an arbitrary closed initial set is well-defined and unique.
Furthermore, as was shown in Section the level set flow must contain all
distance solutions. In particular, if there are multiple smooth flows whose
images approach the initial set at ¢ = 0 (in e.g. Hausdorff distance), they
must all be contained in the level set flow. If such non-uniqueness occurs, we
expect the level set flow to become large in some sense. This is manifested

in the fattening phenomenon.

Definition 4.1. LetT* € R™"* be a closed set, and let T' be its n-dimensional
level set flow on a time interval I C R. Following [6], we will say that I'*

develops a-dimensional fattening at time t* € I if
HYT) =0 for t<t* and HTy) >0 for te(t't"+e¢)

for some e >0 and o € (n,n + k.

The occurrence of fattening for curves in R? (with n = k = 1) is fully
understood and provides a prototype for understanding the relationship be-

tween this phenomenon and uniqueness of classical solutions. First, recall
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the following theorem of Lauer [17].

Proposition 4.2 ([17], Theorem 1.2 and Corollary 9.3). Suppose that v*
is the continuous image of S* in R? and H'(y*) < oo. Let y be the 1-
dimensional level set flow of v*. There exists T > 0 such that at each time
0 <t < T, the topological boundary 0v; (viewed as a subset of R?) is the
disjoint union of N > 0 smooth closed curves, each of which evolve by mean

curvature flow. Furthermore, v* is a Jordan curve, then N = 1.

Also recall the fact that for a simple smooth closed curve in R? evolving
by curvature, the enclosed area A(t) satisfies

0A
o =2 (4.1)

From these facts we summarize the characterization of fattening obtained

by Lauer.

Proposition 4.3. If v* is as in Proposition[{.9 and d~v; has N components
for 0 <t < T, then either

(i) N =1, v* never develops a-dimensional fattening for any o > 1, and

there is a unique smooth curve shortening flow of v* on (0,T);

(i) or N > 1, v* develops 2-dimensional fattening at t = 0, and there are

at least two smooth curve shortening flows of v* on (0,T).

Proof. First note that if N = 1, then for 0 < t < T, 4 is a simple smooth

closed curve so no fattening occurs. By the results of [13], the unique clas-

sical evolution of this curve will exist up until it shrinks to a round point.
Now, we assume that N > 1. Then for any time 0 < t < T, Ov

consists of non-intersecting curves v/, ...,7". Without loss of generality,
assume that ~/,...,7” ! are contained in the region bounded by ~¥. Let

K be the closure of the connected component of R? x (0,7 \ &y which is
bounded between vV and 7° = ' U--- U4V~ (see Figure . Then by
Corollary Q= dyU K is a distance solution. In fact, it is easy to see
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t=0

Figure 4.1: Fattening of a figure-eight curve

that Q must be the level set flow of v* as ) cannot be enlarged without

enlarging its boundary. Note that the area of ) is given by
H?(Qy) = 2m(N — 1)t

by evolution of enclosed area (|4.1)) for each of the boundary components of
Q. Finally, further results of Lauer imply that 4 and ~° are both smooth

curve shortening flows of v* on (0, 7). O

Proposition shows that in the case of continuous curves of zero
Lebesgue measure in R?, fattening of v at time ¢ = 0 is equivalent to the
non-uniqueness of the smooth curve shortening flow originating at v*. Such
non-uniqueness can be attributed to the possibility of parameterizing the
initial data in at least two non-equivalent ways. For example, in Figure
the initial curve can be parameterized in at least three ways: smoothly by
traversing the self-intersection transversely, as a Lipschitz curve with two
corners at the self-intersection, or as a Lipschitz image of STIT1.S'. The later
parameterizations produce the outer and inner solutions 77 and 7} U ~Z,
while the first parameterization produces a self-intersecting distance solu-
tion contained in Kj.

For codimension-1 surfaces I'* € R®*!, Ilmanen has proven that a result
similar to Proposition holds. In particular, Theorems 11.4 and 12.9 of

[15] imply that if the n-dimensional level set flow of I'* does not develop
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n-dimensional fattening, there is a unique “boundary motion” of I'* which
can be thought of as a kind of maximal Brakke flow. While the details
of this result are outside the scope of this thesis, the tools that we have
developed allow us to prove that non-fattening implies uniqueness of smooth
codimension-1 flows. (Note that the while the statement of the this result
is not taken directly from any of the references, the principle is well-known

and not original to this work.)

Proposition 4.4. Suppose I'* C R"* has an n-dimensional level set flow
I' which does not develop n-dimensional fattening at t = 0. Then there is at
most one embedded smooth flow M of T'* satisfying limy_, dgy (M, T*) = 0.

Proof. Suppose that there exist two different smooth flows M and N of I'*
which approach I'* in Hausdorff distance. Note that M and N are distance
solutions by the results of Section Furthermore, it is easy to see that if
liminf;_,g My ¢ I'*, for some there would be points in M; at least £ away from
'™ for arbitrarily small ¢. Hence we could not have lim;_,q dy (M, I'*) = 0.
Therefore, the initial inclusions My C I'* and Ny C I'* hold.

As in the proof of Proposition our approach is to glue in the region
between M; and N;. Let d3; and oy be the signed distance functions to
M,; and N;, defined so that {3: } 5M(x,t)} is compact, and likewise for dy.
Define

Ky ={x ’ Sn(z,t)on(z,t) < 0}.

It is easy to check that K satisfies the assumptions of Corollary and so
Q= KUMUN is a distance solution. Since M and N are distinct smooth
solutions, by continuity K; (and thus ;) has non-empty interior for ¢ > 0.

Finally, one can see that
d'H(KtvF*> < d'H(Mt U Ntyr*) < max {dH(Mt7F*)7dH(Nt7F*)} —0

so K satisfies the initial inclusion Ko C I'*. Hence Q C I" and I" has n-

dimensional fattening at ¢ = 0. O

As an application of Proposition [4.4] we consider the case when I'* is

star-shaped about a point g € R"t!. That is, each ray originating at
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xo intersects I'* exactly once. Under this hypothesis, we will show that
the level set flow of I'* does not develop n-dimensional fattening for small
t > 0, and therefore I'* admits at most one embedded smooth flow M; with
limy_ dgy(My, T*) = 0. Note that Soner has proven a similar result using
rather different methods [22].

Proposition 4.5 ([22], Theorem 9.3). Let Q C R™*! be a compact domain
and assumed T = 0 is star-shaped about xg, then its level set flow T' does

not develop n-dimensional fattening at t = 0.

Proof. Without loss of generality, suppose that zo = 0. For z € R*™1\ {0}
define p(z) to be the unique intersection the ray from 0 through x with I'*.
Let p(z) = %. Now define
1/2 if p(z) <1/2
up(z) = ¢ 3/2 if p(z) >3/2

p(x) otherwise.

Note that I'* is the 1-level set of u, and ug is uniformly continuous. Note
that in codimension-1, Lemma holds for every level set see e.g. [12].
That is, the level set flow of the A-level set of ug is given by the A-level sets
of the solution u to with initial data ug. In particular I' is the 1-level
set of w.

Now suppose to the contrary that I' develops n-dimensional fattening
at t = 0. Let I'* be the level set flow of AI'*. By Lemma we have
I') = AT'y-1;. On the other hand, for % <AL %, A is exactly the A-level
set of ug. Therefore for % <AL %, the A-level sets of u are given by %FM.
Thus, if H"(I'y) > 0 for 0 < ¢ < £y, an uncountable number of level sets
of u will have positive H"-measure at some small positive time, which is

impossible. ]

In the case when k£ > 1, much less is known about the fattening phe-
nomenon. On one hand, the results of Herskovitz discussed in Section 3.2

show that if the initial data I'* is a e-Reifenberg set with € sufficiently small,
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then I" will not develop a-dimensional fattening at t = 0 for any o > n. (In
fact even if dimy I'* > n, then I' will “thin” down to dimension n for some
positive time.) On the other hand, it is possible for sets which are initially
smooth to develop self-intersections from which fattening occurs after finite
time. One known example of this phenomenon was produced by Bellettini,
Novaga, and Paolini. Using methods based on the geometric barrier formu-
lation of di Giorgi, they showed in some special cases that disjoint curves
in R? develop 3-dimensional fattening at the time of their first transverse
intersection [6]. This suggests that, even in the case of curves, there may

not be a characterization of fattening as simple as that in Proposition

4.2 Fattening of Immersed Curves

In this section we extend the example of Bellettini et al. of fattening of
curves in R® mentioned above. To introduce our results, we first give a
more detailed description of this example. Bellettini et al. consider a pair
of embedded closed curves in R? which lie in distinct planes, and which
are initially linked. Up until the time at which they intersect, these curves
evolve smoothly by curve shortening flow. It is shown that from the time of
the intersection onward, there is (in the language of this thesis) a distance
solution which remains connected. There is also a disconnected distance
solution consisting of the smooth evolutions of the original curves. The
authors then use a similar method to that in Corollary[3:17]to prove fattening
by joining together these distance solutions. The proof of the existence of
the connected distance solution relies heavily on the fact that the initial
curves are planar. Hence, the method is not applicable to single curves
which develop a self-intersection, such the one shown in Figure [£.2]

Our aim is generalize the example of linked planar curves by proving
that if any smooth curve in R? (possibly non-compact or with multiple com-
ponents) evolving by curve shortening flow has a transverse self-intersection,
then the corresponding level set flow develops fattening at the time of the
self intersection. This result was expected by Bellettini et al. and broadens

the cases in which fattening is known to occur. As with previous examples
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Figure 4.2: A twisted curve in R?

of fattening, the method will be to apply Theorem to prove that the
level set flow contains a large set after the time of the intersection. In par-
ticular, we consider suitably chosen planes ¥ through the intersection point.
We show that 3 contains two distinct intersections with the evolving curve
after the time of the self-intersection. We then construct a distance solution
contained in 3 which connects these two intersections. Finally, we show
that all of these distance solutions must be contained in the level set flow.
In this section, M will be a l-manifold (possibly disconnected) and
v M x I — R? will be a smooth immersed curve evolving by the curve

shortening flow on some time interval I. That is

%7 = kN (4.2)
where £ is the curvature of v and N is the Frenet unit normal vector. Note
that the combination kN is always well-defined even though N may not be.
The unit tangent vector of v will be denoted by T

To set up our construction, we first define the type of self-intersections
which we consider. The following definition ensures that a self-intersection
will immediately break apart and that the curve does not lie in a single

plane.

Definition 4.6. A self-intersection vy(p1,t) = v(p2,t) for p1 # pe will be
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called strongly transverse if

(K(p1,t)N(p1,t), K(p2, )N (p2, 1)) <0 (4.3)

and
dim span {N (p1,t),T(p1,t), N(p2,t), T(p2,t)} = 3. (4.4)

Note that the normal vectors in (4.4) are well-defined because (4.3|) ensures

that k(p1,t) and k(p2,t) are non-zero.

From now on, we will assume without loss of generality that + has a
strongly transverse self-intersection at ¢ = 0 such that v(p1,0) = v(p2,0) =
0. We proceed by constructing a large family of planes which have well-

controlled intersections with (-, t) for ¢t > 0.

Lemma 4.7. With the above assumptions, for all € > 0 there exists v € 5>

such that
<K’(pi) O)N(pl7 O)a V>

(T'(pi, 0),v)
and (T'(p;,0),n) #0 fori=1,2.

<e for 1=1,2.

Proof. For brevity, we let N; = N(p;,0), T; = T'(p;,0) and k; = k(p;,0) for
1=1,2.
There are two cases to consider. First, if Ny and Ns are linearly depen-

dent, then we can write

<I€2NQ, l/>
<T27 V>

_ ‘ (/\HQNl, V>
<T27V>

for some A, and choose v such that (Ny,v) = 0 while (T;,v) # 0 for i = 1, 2.
On the other hand, suppose that N; and N, are linearly independent.
Then Nj x N # 0. We claim that one of (N7 x Ny, T1) or (N7 X Na, Tb) is

non-zero, for if both were zero, then the sets

A ={Ni,No, T}
B = {Ni, N2, T>}
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would both be linearly dependent. Thus the nullspace of the matrix X with
AU B as columns would have dimension at least 2, and X would have rank
at most 2, contradicting . Now, without loss of generality, suppose that
[(N1 x No,T1)| > 0. Then we can choose v such that (ko Na,v) =0 and v is
close enough to N1 x Ny that

<K,1N1,I/>
<T13V>

because the norm of the denominator is bounded below as v — N1 x Ny. [

Lemma [£.7] now allows us to apply the implicit function theorem to
choose planes X through the origin for which the intersections of ¥ and
v move away from each other after ¢t = 0 and the curves traced by the

intersection points have bounded gradient (in a sense made precise below).

Proposition 4.8. Suppose that v is as above. For v € S?, let (v) be
the plane through 0 € R3 with normal vector v. There exists a closed ball
N C S?%, a timeT >0, and 5o > 0 such for any v € N, there exist smooth
a; [0, T) = X(v) (i =1,2) such that

(i) @;(0) =0 and a;(t) € yv(M,t);
(i) () (t), a5(t)) <O;

< 2 () a>’ > 5o for t € [0,T]

o]

(iii) and

where & is a unit vector in the direction of(0) — a(0).

Proof. Let ¢ > 0 and choose 1y according to Lemma Choose a neigh-
borhood U > p; on which we can parameterize v by arc length s such that
at t =0, s = 0 corresponds to p;. Consider the function F': > xU x I — R
given by

F(n,s,t) = (y(s,t),n).

Note that we have F(1y,0,0) = 0 and Fi(vp,0,0) = (T'(p1,0), o) # 0 by [4.7

Hence, by the implicit function theorem, there exists a neighborhood V C
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S2% x I containing (vp,0) and a function s; : V — M such that s1(ng,0) = 0
and F(v,s1(v,t),t) = 0. Let ai(v,t) = vy(s1(v,t),t). Define aa(v,t) in the
same way, using po in place of py.

By definition of F', we have a;(v,t) € ¥(v) N~(M,t) hence condition (i)

is satisfied. The implicit function theorem and the evolution of v also give

(5(pi, O)N (pi, 0), )
(T'(ps,0),v)

Using the fact that (k(p1,0)N(p1,0), k(p2,0)N(p2,0)) < 0, we can ensure
that the choice of £ above is small enough that (/) (vp,0), a4 (v, 0)) is nega-
tive. (Note also that choosing such ¢ depends only |k(p;,0)|.) Furthermore,
a simple computation shows that (a;(1p,0), a2(10,0)) < 0 implies that &

/
()
|2(10,0)]
Using the fact that conditions (ii) and (iii) hold for v = vy and t = 0,

exists and

by continuity of oy and ay we can choose a cylinder B,(1p) x [0,7] C V on
which they hold uniformly. O

Note that because the smooth solution vy exists past the time 7" given in
Proposition 4.8] all of the time derivatives of the «; are uniformly bounded
on [0,7]. In particular |o}| < ko where k¢ is the upper bound on the
curvature of v on [0, 7.

Our goal is now to find, for each v € N C S?, a connected set 1, C
Y (v) x [0,T] such that

(v, {ai(v,t) | i=1,2}) is an interior distance solution

(mv)o = {0}

(4.5)

Ideally, such a solution would simply be a curve evolving by curve shortening
flow with endpoints a4 (v,t) and as(v,t); however, the problem of finding
such a curve is ill-posed since the nominal initial curve is not regular. To
avoid this problem, we will find such a curve on the time interval [tg,T]
and show that we can obtain a solution to by taking a weak limit
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as tp \¢ 0. It turns out that this limit may not be a curve, but this is
acceptable for our purposes. For the time being, we fix a particular v € N
and let o;(t) = a;(v,t). The gradient bounds above let us represent «; as a

graph over &.

Lemma 4.9. Let {e1,ea} be orthonormal vectors in X(v) with ey = &, and
let {z,y} be the corresponding coordinates of ¥:(v). For i = 1,2, there exist
functions B; : [0, B;] - R and x; : [0,T] — [0, B;] such that x;(0) = 0 and
ai(t) = x;(t)er + Bi(xi(t))ea. Furthermore, |Bi(x)| < 6y, the functions x;
are monotonic, and B1 < 0 < Bs.

Proof. Let z;(t) = (a;(t), e1). Then using (ii) and (iii) from Proposition [4.8|
we see that x;(t) is monotonic and therefore invertible. Thus we can define
Bi(z) = (ai(z; '(z)), e2). Clearly this gives a;(t) = x;(t)er + Bi(zi(t))e2. We

can compute
(aj(z; ! (x)), e2)

) = @),e)

and using condition (iii) again we have

<|3§8|’62>

Finally, we have B; = x;(T'). Using the monotonicity of the z; along with the

1

= < o7t
do =0

|Bi()] <

fact that (}(0),a5(0)) < 0 the B; must have opposite sign. By relabeling
if necessary we have By < 0 < Bs. O

Using the notation from Lemma for a time interval I, let
Qr={(z,t) | tel and x1(t) <z <z2(t)} (4.6)

as usual Q; will be the closure of Q; and 9p€); will be the parabolic bound-

ary. We may now consider the restricted graphical problem

U = ff;i in Q[to,T}
u(zi(t),t) = Bi(zi(t)) for i=1,2 (4.7)
u(z, to) = up(x) for € [x1(to), z2(to)]-
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By the usual graphical formulation of the curve shortening flow problem, it
is clear that the graphs of solutions to (4.7]) are solutions to (4.5) on the

time interval [to, T

Proposition 4.10. Let 29 = z;(to) fori = 1,2. Suppose that ug : [29, 2] —

R is a smooth function which satisfies the compatibility conditions

ug(af) = Bi(a?) 4.8
(u0)a () = (Bi)a(z7) (4.9)
(10)za(27) =0 (4.10)

Then there exists a smooth solution of (4.7) on Q[to,tl] for some t1 > 1.

Proof. We first need to construct a smooth function G : ﬁ[to,T] — R such
that G(z;(t),t) = Bi(zi(t)) for i = 1,2 and G(x,tg) = up(x), and

Gmc(xatO)

The only thing that needs to be checked is that (4.11)) holds at z = 2?, as

79
G can be always be chosen so ([4.11]) holds for z € (z9,29). To do this, we

can compute
Ga(i(t), )2;(t) + Gi(i(t),1) = (Bi)a(2:(t)) 7 ()

which implies that

Gi(a],to) = ((Bi)a(29) —Ga(a?, to))ai(to) = ((Bi)a(]) —(uo)a(27))i(te) = 0
using the compatibility condition on ug. On the other hand,

Gm(x?,to) = (uﬂ)xx(xg) =0
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so (4.11)) holds at x = 2¥. Thus, (4.7)) reduces to

U = 222z in )
t 1+u2 [to, T (412)

WopQyy = Glopoy, 1-

Standard theory on quasilinear parabolic equations ([16], Theorem VI.4.1)
now implies the existence of a smooth solution on ﬁ[to’tl] for some t; >
to. O

In order to complete the construction of solutions to (4.5)), we must show
that the short time solutions given by (4.10]) can be extended to [tg, T], and
that we can obtain a solution in the limit as tg 0. The following uniform

gradient bound will serve both of these needs.

Proposition 4.11. Suppose that u is a smooth solution to (4.7)) on Q4
with |(ug)z| < 85t Then |ug| < 65+ on Qptot1)-

Proof. First we show that |uz(z;(t),t)| < &5 for t € [to,t1). To simplify
matters, we will prove u,(za(t),t) < 65 . The same proof will work for the
other cases. Suppose toward a contradiction that at t’ € [tg,t1) we have
ug (2o (t'), ') > 5571, Let £(x) = 65 (v — x2(t')) + Ba(x2(t')) describe the line
through as(t') with slope 6, '. We claim that there exists 2’ € (z1('), z2(t'))
such that ¢(2’) = u(2’,t"). In particular, note that for some ¢ > 0 we have
U xa(t') — &) — u(za(t') — e,t') > 0 by our assumption on u,. A simple
computation using the bound (3;), < d; ' and the fact that 21(#) < 0 shows
that £(z1(t')) — u(z1(t'),t') < 0 (see Figure [4.3). Hence by the intermediate
value theorem there exists ' as claimed above. Note that the graphs of u
and ¢ must cross transversely at (a/,u(z’,t')), and thus by continuity this
crossing must have existed on some time interval before t'.

Let G(u) and G(¢) denote the graphs of u and ¢. Both G(u) and G(¢)
move by curve shortening flow on their interiors. Thus the intersection
principle of Angenent ([3], Section 5), implies that the number of crossings
between these curves is non-increasing as long as the endpoints of G(u)
remain disjoint from G(¢). It is easy to see that ¢’ is the first time that an
endpoint of G(u) intersects G(¢). Furthermore, G(¢) is disjoint from G(u)
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(431 r (¢%)

Figure 4.3: Schematic of the proof of the gradient bound in Proposition
The shaded region on the left shows the area that ug may lie in. Note that
it must be disjoint from £.

by the assumption that |u,| < d; 1. Hence we have obtained a contradiction
as the number of interior intersections of G(u) and G(¢) must be zero up to
time . This completes the proof that |u,(z;(t),t)| < 8" for t € [to,t1).
Now, we apply the maximum principle to prove the result on the entire
domain. Denote by % the operator which gives the derivative with respect
to arc length. It is well known (see, e.g. |1]) that for a curve moving by

curve shortening flow with tangent vector T and V a fixed vector, we have

0 0?
(T, V) = (T, V) + 2*(T, V). 4.13
HTV) = ST V) + 26T, V) (413)
In our case, % = 1i_u : 8% and we take V = ey to obtain
0 Uy 0? Ug 2 Uy
— = — 2 . 4.14
8t<1—|—u%> 8s2<1+u§ T 14 u? (4.14)
Thus (T, ez) = Tz satisfies the parabolic maximum principle. Combining
the assumptions and the first part of this proof give bounds on dp$Q, 1)),
—1
which then extend to the interior. Thus [(T,e2)| < 1??, from which the
0
conclusion follows. O

It is well known that it is possible to obtain strong curvature bounds
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for graphical solutions of mean curvature flow satisfying a uniform gradient
bound.

Proposition 4.12. Suppose that u is a solution to (4.7)) with |u,| < 561.

Let k = (14:1% Recall that ko is the uniform bound on the curvature of
the original evolving curve ~v. We have
)
(a) |3%| < Culuo, 80, o llens lazllen) for 1=0,1,2,...;

(b) and (t — to)k(z,t)? < C(So, ko) for (z,t) € Qto,t1)-

Proof. These bounds follow from well-known results of Ecker and Huisken
[11]. Proposition is proven via an inductive application of the max-
imum principle to the evolution equations satisfied by the derivatives of &
([11], Proposition 4.3). For Proposition see [11], Proposition 4.4.
The only modification necessary is the incorporation of the contribution of

the derivatives of the boundary data «; into the constants. O

These bounds allow us to extend the solution up to time 7" using the

usual long-time existence procedure (see, e.g. [11], Theorem 4.6).

Lemma 4.13. With the same notation as Proposition if |(wo)z| < 57,
there exists a smooth solution of (4.7) on Q1) satisfying the bounds of

Proposition [{.13

Proof. Let A C [to,T] be the set of times up to which the maximal solution
of is defined. By Proposition A is open and non-empty. Since
ug satisfies the hypothesis of Proposition [£.11], the maximal solution has
bounded gradient for all time, and therefore Proposition and the
Arzela-Ascoli theorem imply that A is closed. Therefore A = [tg, T O

In order to make use of the long-time existence theory above, we need
to construct appropriate initial data for each time ¢y > 0. Note that we do
not assert any curvature bounds on our choice of initial data, and in fact,
none are possible if o} (0) # —a%(0). Therefore, the curvature independent
bound of Proposition is crucial in obtaining convergence below.
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Lemma 4.14. For eachty > 0, there exists an initial function ug : (29, 23] —
R, satisfying the compatibility condition of Proposition and with |(ug)z| <
5ot

Proof. Let € > 0 and define

1 Di—at) if 2} <a<ai+e
23) + (B)e(zd)(z —23) i a)—e<w<af

&(x) otherwise

where £(z) is the linear function which makes uy continuous. By taking e
small enough, we can see that ug is Lipschitz with constant less than d; L by
using the bounds on the §; and their derivatives. Thus, we can obtain ug

by smoothing ug slightly near the two corners at 29 + ¢ and 29 — ¢. O

To obtain weak limits of the solutions to (4.7)) on [tg,T] from which we
can construct the desired interior distance solution, we need to ensure that
these limits will have sufficient regularity. In particular, we show that half

relaxed limits preserve local Lipschitz constants.

Lemma 4.15. Let U be a connected domain in R®. Suppose that u, : U — R
is a sequence such that for each K CC U, uy|g is L-Lipschitz for some
constant L depending only on K. The upper and lower half relaxed limits
u = limsup* u,, and v = liminf, u, also satisfy this property with the same

Lipschitz constants.

Proof. We prove the result for the upper half relaxed limit. Let x,y € U
and K C U be a compact set containing = and y. Then u,|x is Lipschitz
with constant L. Suppose x, — x and y, — y. Without loss of generality

we can assume that z,, C K and y,, C K. Then we have
[Un(Tn) — Un(Yn)| < L|xn — yn| = un(2n) < L|zn — yn| + un(yn).
Taking the lim sup of both sides gives

lim sup up (xy,) < Ll — y| + lim sup w, (yn)-
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Taking the supremum over such sequences x, and ¥, gives
u(z) —u(y) < Llz —yl.

To obtain the lower bound, the argument can be repeated, switching the

roles of z and y. For the lower half-relaxed limit, the same proof applies. [J

Finally, we can put together the results above to obtain existence of

solutions to (4.5)).

Proposition 4.16. There exists a solution n to (4.5)) such that n; consists of
the region in X(v) bounded by two Lipschitz curves joining aq(t) and ao(t).

Proof. By Lemma for each n > 1, we obtain a solution u™ of on
Qpr/n,r) With initial data uf given by Lemma If K CC Qqy, then
for some N and all n > N, u” will be defined on K. The uniform gradient
bound of Proposition [£.11] combined with the interior time-derivative bound
of Proposition 4.12(b)| shows that u"|x is L-Lipschitz for some constant
depending L on dy, ko, and K only. Thus, by Lemma [£.15]

@ = limsup®v"” and wu = liminf, u"

are locally Lipschitz with 4 > u. Furthermore, by Lemma , u (resp. u)
is a subsolution (resp. supersolution) of (4.7) on Q7). We define

ne = {ze1 + yes ’ z1(t) <z <wao(t) and wu(z) <y<u(z)}
for t > 0 and ny = {0} and
om={(x,t)|te[0,T],z=01(rt) or x=as(vt)}.

It remains to be shown that (1, dn) is an interior distance solution. Suppose
that (z,t) € n\ On. By a similar argument to that in the proof of Proposi-
tion there exists a neighborhood (z,t) € U C ¥(v) x I such that for
(xo,t0) € U and yo € ny with 6,(x0,%0) = |xo — yo|, we have yo € n\In,NU.
We will show that d,|¢; is a supersolution of with n = k = 1. The proof
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of Proposition will then imply that d,|yxr is a supersolution of
with k£ = 2.

The strategy to do this is to convert test functions for 7 into test functions
for v and @, and then apply the equations obtained using the fact that u
and u are supersolutions and subsolutions of (see Figure . We first
consider a point (pg,tg) € U such that pg is given in the coordinates used

above as (zg, y0) and satisfies

u(xo,t0) > Yo-

Let ¢ : X(v) x I — R be a C? function touching & from below at (po, o).
Define

?(q0,t) = ¢(x + po — qo,t) — |po — qo

where gy € 1\ O is such that 6,(po,t0) = [po — qo|. Let

Z = {q?(:c,t) —0|ze z(u)}.

We claim

(i) there exists a neighborhood V' 3 (qo, %) such that Z; N V; lies below
the graph of u(-,t);

(ii) and ¢y(qo.to) < 0.

To see (i), let W > (po,to) be such that ¢ < 6, on W, and define V' =
{(x —po+qo.t) | (z,t) € W}. Let (2,t) € VN Z. Then there exists (z,t) €
W such that 2 = z — pg + qo. We then have

0=¢(z,t) = ¢(Z +po — qo,t) = #(2,1) — [po — qol-
By definition of W, this implies
(z,t) = ¢(2,t) = |po — qol-

Since |z — z| = |po — qo| either Z lies outside 7; or on the boundary of 7;.

Therefore z must lie below the graph of .
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To see (i), note that Vé(qo,to) = Vé(po,to) # 0, since ¢ touches a
distance function from below away from its zero set. Thus, if ggy(qo, to) =0,
the implicit function theorem would give w such that ¢((w(y,t),y),t) = 0 in
a neighborhood of (go,to). Unless the graph of v had a vertical tangent at
qo, this would contradict (i). Since w is locally Lipschitz, this is impossible.

Furthermore, note that for £ small, we have

(0, Yo + €), t0) < Sy((20, 90 + £), t0) < Sn((x0, Y0), t0) = (po, to)

since pg lies below the graph of u. Hence ¢, (po,to) < 0. Combining these
facts gives qzy(qo, to) < 0.

From (i) and (ii), the implicit function theorem gives v such that

o((z,v(z,1)),t) =0 (4.15)
and v(z,t) < u(z,t) (4.16)

for (x,t) in a neighborhood of ((go)z,t0). Note also that v((go)z,%0) = (q0)y,
so v touches u from below at ((qo)s,to). Therefore, by the fact that u is a
supersolution of , we have

,U.TZ'
> . 4.17
(Y 1 + ’UC% ( )

at ((qo)z,to). Differentiating (4.15]) and substituting into (4.17)) gives
~ . o
_0 LR, v29) > 0
by Py
at (qo, o). Using (ii) and the definition of ¢, this gives
¢t + F(V$, V) > 0

at (po, to), which shows that d,, is a supersolution of (3.4]) on the portion of U
lying below the graph of u. The same argument, with inequalities reversed,

and using the fact the @ is a supersolution, implies that §, is likewise a
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(03]

Figure 4.4: Schematic of the proof of Proposition The shaded region
is the interior of (7, )¢.

supersolution on the portion of U lying above the graph of u. Finally, we
apply Lemma to conclude that d, is a supersolution on all of U, and

therefore (n,dn) is an interior distance solution. O

Theorem 4.17. Suppose that v : M x [—¢,&) — R3 is a smooth immersed
curve evolving by curve shortening flow which has a strongly transverse
self-intersection at time 0. Then the level set flow I' of v_. develops 2-

dimensional fattening at time 0.

Proof. Let N C S? and 0 < T < ¢ be as in Proposition Then by
Proposition for each v € N, there exists a solution 7, of (4.5) defined
on [0,7]. By the construction of these solution, Theorem shows that
the set

Q= ’Y(Mv [—E,E)) U UUV
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is a distance solution on [—¢,T). (Note that v(M,[—¢,¢]) is a distance
solution because it is locally a union of embedded smooth flows.) Therefore
QT for —e<t<T.

At time 0 < t < T, there must be at least one curve in N on which
the maps v — «;(v,t) are injective and the segment ¢, joining «;(v,t) to
as (v, t) does not pass through the origin. Then each 7, for v along this curve
contains at least one Lipschitz curve (say the graph of u). Furthermore, by
the condition on ¢, this curve has a segment with length bounded below
which lies only in X(v). This is enough to show that H?(I';) > 0. O

As an example of the type of case which Theorem [4.17] addresses which
is not covered by [6], consider the twisted curve depicted in Figure
By symmetry, it is easy to see that the small central twist must develop a
strongly transverse self intersection after a finite amount of time. At this
point, we conclude that the level set flow will develop (at least) 2-dimensional

fattening.
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Chapter 5

Conclusion

In this thesis, we have studied generalized evolutions of submanifolds by
mean curvature flow, focusing on the level set solutions of Ambrosio and
Soner, and the fattening phenomenon which occurs with such solutions.
Apart from presenting some of the existing results on this phenomenon, our
main contributions have been to prove Theorem [3.16, a new gluing result
for distance solutions, and to use this result to prove Theorem which
demonstrates the occurrence of fattening when immersed curves develop
self-intersections.

Theorem [4.17] may help to understand the fattening phenomenon in
higher codimension in several ways. First, it verifies a case of fattening
which was suspected, but not proven to occur except in some very special
cases [6]. Second, it provides an interesting piece of information when consid-
ering the relationship between fattening and non-uniqueness. In particular,
the existence results for smooth flows with rough initial data in higher codi-
mension generally require a smallness assumption (on e.g. the Lipschitz or
Reifenberg constants of the initial data [14]). On the other hand, such an
assumption may not be satisfied by a parameterization of a self-intersecting
curve. Thus, it seems plausible that the fattening proven in Theorem
is not directly due to the existence of multiple smooth solutions, in con-
trast to the case of curves in R? (Proposition . Finally, we note that

while some of results in Section were specific to curves, the basic method
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of constructing multiple codimension-1 distance solutions confined to affine
subspaces in order to prove fattening may be applicable in other situations.
For example, the same method could feasibly be used to demonstrate fatten-
ing when a 2-dimensional surface in R* develops a self-intersection along a
curve. Constructing such examples of fattening in higher codimension may
further illuminate our understanding of this phenomenon, and subsequently

allow for more applications of the mean curvature flow.
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