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SUMMARY

This thesis is mainly concerned with problems in the areas of the Calculus
of Variations and Partial Differential Equations (PDEs). The properties of the func-
tional to minimize play an important role in the existence of minimizers of integral
problems. We will introduce the important concepts of quasiconvexity and polycon-
vexity. Inspired by finite element methods from Numerical Analysis, we introduce
a perturbed problem which has some surprising uniqueness properties. This thesis

includes only a part of the article [2, Awi-Gangbo].
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CHAPTER 1

INTRODUCTION

This thesis is concerned with problems in the areas of the Calculus of Variations,
Partial Differential Equations (PDEs) and their applications to Geometry, Physics
and Material Science. In order to put this work in context and make our contribution
more transparent, let us start by recalling the following basic principle of the Calculus
Variations. Let X be a topological space and let I : X — R U {oc} be such that
the sublevel sets {I < ¢} for ¢ € R are precompact. Then infx I admits a minimizer
provided that I is lower semicontinous. Therefore the properties of I with respect to
the topology play a role in the existence of minimizers. In this thesis, we deal with
a functional which does not satisfy properties usually needed to ensure existence of a
minimizer. One of the most central notions in the Calculus of Variations is the notion
of quasiconvexity. Under appropriate growth conditions on L : RV*" — R U {+o0};
£ — L(€), the lower semicontinuity of the functional u — [, L(Vu)dz is equivalent
to quasiconvexity of L. Quasiconvexity is the right notion to hope for existence of
solutions in PDEs and the Calculus of Variations. A function L : R¥*" — RU{+o00};
¢ — L(&) is said to be polyconvex if it is a convex function of the minors of &, a
sufficient condition for quasiconvexity of L. The latter class of functionals is the
one encountered the most in elasticity theory. We will focus on nonlinear elasticity

problems that involve polyconvex integrands.



1.1 The general setting.

In the Calculus of Variations one is often interested on finding solutions of integral

problems of the form

J?ﬂgz {/Q L(z,u(z), Vu(x))dx} , (1)
with L : Q@ x RN x R¥*" — R U {+o00} a Carathéodory function (See for instance
Definition 2.2.3 and [6, Dacorognal). One also tries to characterize the minimizers of
(1) in terms of the partial differential equations they satisfy. These partial differential
equations are the so—called Euler-Lagrange Equations.

In most cases, these Euler—Lagrange Equations are difficult to identify and become

a challenge when for instance L or its derivatives fail to satisfy the following growth

conditions. Firstly a growth condition on L would be
| Lz, 0,€)| < ax(x) + B (Ju]” + [€]7) .

Secondly, the function L would be such that for every + = 1,--- | N and every a =
1,--- ,nonehas Ly := JL/Ou’ and Lg := OL/0E,, are Carathéodory functions that

satisfy for almost every x € Q and every (u, &) € RY x RVx»
|DuL(z,w,8)], [DeL(z,u, )] < an(z) + B (Juf~ + [

with 8 > 0 and a; € LP®=1(Q) (See for instance Theorem 2.2.4 ). These Euler-
Lagrange equations could provide a way to link the minimization problem (1) to the

system of PDEs
Ou=div (VeL(z,Vu)) in (0,7) x Q; u(0,-) =ug (2)

with ug : Q — R? belonging to % C LP(Q). Assume that the map & — L(z,§)
is polyconvex. In this case, the existence of large time solutions to (2) remains an
outstanding open problem unless L(z, -) is convex. An even more challenging problem

is the hyperbolic type system of PDEs

Opu = div (VeL(z, Vu)). (3)



Progress has been made in the two extreme cases L = Lo and L = L, where Ly =
Lo(§) with Lo convex and L; = H(det&) with H strictly convex. Set Ly(§) =
(1 = N)Lo(§) + AL1(§). When A = 0, as just mentioned, (2) has global solution in
time under mild conditions.

When A\ = 1 the work of Evans-Gangbo-Savin [9] reduced (2) to a Porous Medium
Type Equation and they obtained existence of a global solution. This equation when
expressed in terms of p = det Vu~! reads off 9,p = div pH'(p)Vp with H(t) = tH(t™)
for t > 0.

When L; is chosen appropriately, adapting the computation of [9, Evans-Gangbo-
Savin|, one shows that (3) is nothing but the celebrated Isentropic Euler Equation
and so is a system of conservative laws. In this case, if p = det Vu™! represents the
density of a fluid then H(p) represents the internal energy and the pressure P(p)
is such that P'(p) = pH"(p) (c.f. e.g. [16, Gangbo-Westdickenberg] ). Indeed let
w:[0,1] x Q — A. Recall first that if (X, ¥) and (Y, ¥') are two measurable spaces; u
is a measure on (X,Y) and T : X — Y is a measurable map, then the push-forward
of the mesure p by the map T is the measure denoted T#u on (Y,Y') defined by
Tyup(B) = u(T7Y(B)) for all B € X'. If we set

p(t,u(t,x))det Vu(t,z) =1, (4)

then u(t,-) pushes the measure 1£% to the measure p(t,-)1,£L? if we assume in
addition that u; is a diffeomorphism. The equation dyu = div DL(Vu) is equivalent
to
Opyu = —H"(p(t,u))Vp(t,u).
Thus
Owu(t,u” (t,y)) = —H"(p)Vp. (5)

We have u=1(0,-) : A = Q and u(t,-) : Q — A. Set

y(t,z) = u(t,u (0, )) for all (t,z) € [0,1] x A



and y; = y(t,-) : A — A. We have by Equation (4) that the map u,* pushes p(0, -)£?

forward to 1g£¢ and the map u; pushes 1L? forward to p(t,-)£¢ and so

y(t,)%0(0,-) = p(t, ). (6)
We have then
OuYe = Oy 0 ugt = Opuy o uy ' ougt = Oyuy o uy ™ oy,
Hence, by (5)

Onys = —V(H/(P)) O Y- (7)

Let v be defined by v = 9uy(t,y'(¢,-)); in other words v(t,y(t,-)) = dy(t,-). We
have then by differentiation with respect to ¢, dv(t,y) + Vo(t,y)0y = Ouy. This

together with (7) yields
v oy + V(v oy oy, = =V (H'(pr)) © Y,
and so,
atvt + VUtUt = —V(Hl(pt>) (8)

By (6), one has
Op+ V(pv) = 0. (9)

Combining (8) and (9) we obtain the Isentropic Euler Equation.
The cases of integrands Ly with 0 < A < 1, of interest in our work, are the ones
defying any standard theory of Partial Differential Equations. The first difficulties

arise when we consider the approximation
ou(kh, ) ~ (upy1 — ug)/h.

The implicit Euler scheme of (2) is

Up4+1 — Ug

; =div (VeL(z, Vugr)) (10)



If the functional

u — uy|?
UBuw%—i—/ﬁL(w,Vu)dm (11)

admits a minimizer uy1; formally at least, the Euler-Lagrange equation of the mini-

mization problem is (10). Typically, one requires the growth and coercivity conditions:

co([€]" —e1) < L(x,8) < co([€[7 +1). (12)

However those conditions cannot be satisfied by materials with stored energy satisfy-
ing:

deltlgrgo L(z,£) = 0. (13)

Because Inequality (12) fails, the current theory of the Calculus of Variations cannot
be used to establish any connections between the equation (10) and minimizers of
(11). In addition, no theory gives us any clues about the uniqueness of the minimizer

and the Euler-Lagrange equations associated to (11).

1.2 Mawn results.

We focus in this study on a minimization problem involving Ogden functionals (see

for instance [18] for a description of Ogden materials) of the form

L(z,0,§) := f(§) + H(det§)

that satisfy Equation (13). More precisely, we are interested in

uel

in {I(u) - /Q ( F(V) + H(det Vu) + W) dx} | (14)

One can convince oneself that from the technical point of view the level of difficulties

in studying (14) is the same as studying

ueld

inf {I(u) = /Q (f(Vu) + H(det Vu) — F - u) d:v} : (15)

When formulating a problem dual to (14), we were forced to introduce some gene-

ralization of the classical Legendre Transform called c-convex transform, while (15)



involves only the classical Legendre Transform. For the sake of simplicity we have
opted to keep our focus on (15).

Let us start with some heuristic discussions. Let

Elu, §] = / f(Vu)+ H(B) — F -

with “4 = det Vu”. When u : 2 — A is smooth and invertible, § = det Vu is

equivalent to

/Q () B(x)do = / ) dy; (16)

A

for all [ > 0 measurable. When u ceases to be smooth or one-to-one, Equation (16)

may continue to have a meaning for u € WP(Q,R?). In fact, we showed in [2, Awi-

Gangbo] that 8 := ‘}‘Vez(vu‘)‘ satisfies (16), where N,(y) is the cardinality of u™({y}).
In general, the set of 8 satisfying (16) is a convex set which may be of cardinality
bigger than 1. We denote it by det *Vu. The elements of det *Vu of interest are of
course the ones minimizing 3 — [, H(3)dx over det *Vu. When H is strictly convex
and the map det *Vu 3 g — fQ H(pB)dx is not identically equal to oo, its minimizer

is unique and we denote it det ? Vu. Therefore the variational problem, formally at

least is equivalent to

u

inf{[(u) ::/Q(f(Vu)—I—H(detHVu)—F-u);uGWl’p(Q,A)}. (17)

Making all the above arguments rigorous is one of our tasks which requires a good
amount of effort.

1.2.1 Main assumptions.

e ), A are bounded convex open sets of R%. ) represents a reference configuration

and A represents the region occupied by an elastic body at time ¢ > 0.

e pge (l,00)and p~t +¢1 =1.



e The function f € C*(R%9) is strictly convex and such that for some ¢ > 0 one

has for all £ € R
Mg —1) < f(E) < e(lEff + 1),

IVFE©)] < elef™,
V(&) < clgl”™

e The function H € C?(0,00) is strictly convex and satisfies

H
lim H(t) = lim#zoo

We extend H by setting H(t) = oo for t < 0.

e The set U is defined to be the set {u € WH?(Q,R¥>*9) : u() = A}. This
represents the set of admissible deformations of €2 into A. Remark that the map
u : Q — A represents the deformation field of an elastic body in the reference

state (2 and [ is the total elastic energy of the body under deformations.

e The map F : R? — R%is such that F' € L*(Q,R%). One can interpret F as a

body force or a displacement.
1.2.2 Main results.

Motivated by finite element methods in Numerical Analysis and in order to contribute

to the understanding of (15), we study the perturbed problems

uclly

inf {Isf(u) :—/ (f(Vs,u) + H(det "Vu) —F-u)}. (18)
Q
Here we have made the following notations.
1. 7€(0,1).

2. The set S, is a finite dimensional subspace of piecewise affine functions in

Wol’q(Q, Rdxd).



3. The set Uy is defined to be the set of all u: €2 — A that are Borel functions.

4. For u € Uy, define the set

det *Vu = {5 € L) : /Ql(u(x))ﬁ(x)dx — /

I(y)dy, VI € Cb(Rd)} .
A

If there exists () € det” Vu satisfying [, H(fo(x))dx < oo, then det " Vu stands

for the unique minimizer of

sednto / H(B)dx

Otherwise we set [, H(det *Vu) =

5. For u € Uy, Vg, u stands for the unique minimizer of

inf/f(G dx
Q

over the set of all G € L4(Q2, R%*9) satisfying
[ wdive) == [ (Gupves.
Q Q

Observe that (18) is not a finite dimensional approximation problem. Indeed, even
though Vs_ is a finite dimensional operator, u +— det Vu will remain an infinite di-
mensional operator. Despite the lack of compactness and convexity of the functionals
to minimize in (18), we have proven the existence of a unique minimizer in (18) via

the following sharp characterization:

Theorem 1.2.1 Suppose F' is non degenerate (i.e. if N C RY has Lebesque measure
0 then F~'(N) has Lebesque measure 0). Problem (18) admits a unique minimizer

ug characterized by vy = Vko(F +divg) where (ko, ly,¥0) is a mazimizer of the dual

(k’lil;g%{ J(k,1,9) : /f Y)dx —/ kE(F +divy) — /Aldx}.

problem



Here o, stands for the set of all (k,1,%) satisfying v € S.; k : R? — R is Borel

measurable; | : R? — R is Borel measurable; | = oo on R\ A and
E(v)+tl(u) + H({t) >u-v VYu,veR%

Moreover, let Sy be the set of all i : Q@ — R4 that are in (L) and  such
that div ypa, the distributional divergence of the extension of ¢ that takes the value 0
outside 2, is a bounded Borel measure on Q). Let A to be the set defined by replacing

in the definition of A, the set S, by the set Sy. Then the problem

(le}pl)P;d{ J(k, 1) : /f dx—/ (F—I—lei/JRd)—/Aldx} (19)

admits a mazximizer and if for all (k,1,v) maximizing —J one has k differentiable
at F(z) + dive(x) for almost every x in Q, then the minimizer of Problem (15) is

unique.

1.3 Plan of the thesis

This thesis is subdivided in 5 chapters followed by one appendix where we have
collected definitions and tools that are useful. The content of the next chapters is as

follows.

Chapter 2. This chapter contains the preliminaries. It recalls the essence of the
direct methods in the Calculus of Variations, discusses some Numerical Analysis tools;
the existence of homeomorphism between two convex bounded open sets and finally

convex functions of measures.

Chapter 3. In chapter 3, we will discuss some variational problems involving poly-

convex integrand.We present mostly existence results. We start by listing the main



assumptions. We will introduce a notion of weak determinant and a notion of pseudo-

projected gradient.We study the variational problem
iﬂf{l*(u) = /Q(f(Vu) + H(det Vu) — F - u)dz [u: Q — RY
ue W, A); u(Q)=A; det Vu > o}
in the case p > d. We next present existence result for the problem

(gﬁ){](u) ::/Q(f(Vu)—i-H(B) F-u)dr; ue WH(Q,A); B €det” Vu}

Further, we discuss why a direct proof of existence is out of reach with the direct

method of the calculus of variation in minimizing the functional
Is(u) = / (f(Vsu) + H(det "Vu) — F - u) dz.
Q

To finish the chapter, we present a relaxed problem which is the minimization of the

functional
I(v) = /C(f(f) + H(t) — F(x) -u)v(dm, dt, du, d§).

over a set of measure I' which is inspired by the Young Measures.

Chapter 4. This chapter discusses duality results, uniqueness and Euler-Lagrange
equations of some of the problems introduced in Chapter 3. Mainly, we consider the
following problem. Let Sy be the set of all 1 : Q — R%? that are in (L7(€2))*** and
such that div¢pa, the distributional divergence of the extension of v that takes the
value 0 outside (2, is a bounded Borel measure on ). Let % stand for the set of
all (k,1,%) satisfying ¢ € Sp; k : R? — R is Borel measurable; [ : R? — R is Borel

measurable; [ = co on R?\ A and
k(v)+tl(u) + H{t)>u-v Vu,veR%

We consider the problem

sup { J(k, 1) /f dw—/ (F+d1vad)—/ldx}.
(kL)€ A

We show that it admits a maximizer and discuss how it is related to Problem (15).

10



Chapter 5. In chapter five we discuss the limit case H = 13 which corresponds
to B = det "Vu = 1. We check that the main result of Chapter 4 is still true in this

extreme case. We present duality, existence and uniqueness results.

1.4 Key Words
They are four key words of importance in this study:
1. Relaxation
2. Duality
3. Euler-Lagrange Equation and Polar Factorization

4. Drastic lack of compactness.

Relaxation. To achieve our goals, we relax the problem (15) to inf,er I(y) where

I(v) = /C(f(f) + H(t) — F(x) - u)’y(da:,dt, du, d§)

and the set C' is defined by C' = Q x [0,00) x A x R4,
The set T is the set of Radon measures on R? x R x R? x R4 supported by C
and satisfying for all b € Cy(R?); | € Cy(R?); and ¢ € C°(Q, R¥*?) the conditions :
/ b(x)y(dz, dt, du, d€) :/ bdx;
c Q
/ tl(u)y(dz, dt, du, d§) :/ ldy;
c A
[ (60t du,de) =~ [ usdiv (e 2 (. db,du, de):
c

c

/ f(&)y(dz,dt,du, df) <.
c

Let
Uy = {(6,11) | uc Wl’p(Q,A>,U#B = 1A£d}

and suppose (u,3) € Uy,. Define the measure v"# = (id,u, 3, Vu)4(1oL?) on C.

We have the embedding U, C I' which to (3, u) associates v = %W,

11



Let v € I. One sees that if one defines D by D = [0,00) x A x R™ and
I : Q x D;(z,u,t,€) — x, then II'#~ = 19L% By the disintegration theorem (cf.
Theorem A.3.16), there exists a family of probability measure {y*},cq such that for

all L : C'— |0, 00] measurable, one has

/L(m,u,t,f)y(dm,du,dt,dﬁ):/
C

Q

([ st enauat,ag)) as

D

For x € Q, set U,(x) = [,&y"(dt, du,d§) and set u,(z) = [, uy"(dt,du,dE). One
shows that U, € LP(Q,R>?); u. (x) € A; Vu, = U, and u, € W'(Q,R?). Remark
that for all (u, 3) € Us, one has I(y™?)) = I(u, 3).

Duality. This is one of the tasks we successfully completed and will later better

elaborate on.

Polar factorization. By Theorem 4.4.1, if u; € WP(Q, A) satisfies
F+div*(Df(Vuy)§) € 0k™(wy), R(B1)+1l(w)=0 L% —ae. (20)
and
w; € 0k™(div’Df(Vu)g) ¢° —ae. (21)
then u; is the unique minimizer of I over W1P(Q, A).

Consider the case H = x13. That is H () equals oo everywhere except at ¢t = 1 and

H(1) = 0. Formally, u; preserves Lebesgue measure and (20) can be interpreted as
F = —eAu, + Vk* (), L£%—ae.

When € = 0 we obtain the polar decomposition of F (cf. [3, Brenier] and [14, Gangbol)

and for € > 0 we obtain a variant of the polar decomposition where u; is differentiable.

Lack of compactness. When investigating existence of minimizer in (18), the
direct method fails since the set {u € %s : ||Vsul|p(qrixey < c} is not compact for
any topology useful for the variational point of view. In fact the operator u — Vgsu

behaves like a projection operator (See for instance Theorem 3.6.1).
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CHAPTER 11

PRELIMINARIES

In this chapter, we recall the essence of the direct methods in the Calculus of Vari-
ations, discuss some Numerical Analysis tools and the existence of homeomorphism
between convex bounded open sets. This chapter finishes by discussing convex func-

tions of measures.

2.1 An orientation preserving map.

Let © and A be two open bounded convex sets of R%. we present here a result that
gives an homeomorphism F': {2 — A such that there exists a positif real number «
satisfying for a.e. z € Q, det VF(z) € [a™ !, a].

First we consider the particular case 2 = B(0,1).

Lemma 2.1.1 Consider a bounded convex open set A C R Let rn > 0 such that
B(0,ry) € A C B(0,r,"). Let p be the Minkowsky functional of A as defined in
Definition A.1.7. Define F : B(0,1) C R - R? and G : A — R? by

0, ifx =0 0, ify=20
F(r) = , Gly) = :
o a0 s ify#0
Then F' is an homeomorphism from B(0,1) to A; G is an homeomorphism from A to

B(0,1); F~' = G; F and G are differentiable a.e. and
rt < det VF,det VG <7 ¢  a.e (22)
Next we present the general case which is obtained from Lemma 2.1.1 by change of

variables.
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Lemma 2.1.2 Consider two bounded convex open sets Q and A of R%. Then there
exists an homeomorphism F from Q to A that is differentiable a.e. and such that

there exists a strictly positive real number o satisfying
a<detVF < a ' (23)

2.2 The direct methods in the Calculus of Variations
2.2.1 General settings

The essence of the direct methods follows from the following lemma.

Lemma 2.2.1 Let X be a topological space. Consider a function f : X — R such
that f is lower semicontinous and there exists a nonempty level set {x € X : f(x) < ¢}

that is sequentially relatively compact. Then there exists T € X such that f(z) =

inszX f(&?) .

Remark 2.2.2 Let X be a reflexive normed vector space. Let a function f : X — R
be weakly lower semicontinuous and such that lim|g| o0 | f(x)| = 00. Then f admits

a minimaizer.
2.2.2 Integral Problems

In Calculus of Variations one is often interested on finding solutions of integral prob-

lems of the form

inf F(u), (24)

ueEY

where :
F(u) ::/L(x,u(x),Vu@))dx
Q
with L : Q@ x RY x R¥*" — R U {+o00} a Carathéodory function. We recall the

definition of Carathéodory functions (6, Dacorognal)

Definition 2.2.3 The function L : Q x RY x R¥N*" — R U {+o0} is said to be a

Carathéodory function if
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1. For a.e. x € Q, the map RN x RN*" 3 (u, &) — L(z,&,€) is continuous.

2. For every (u,€) € RY x RVN*" the map Q > x — L(x,&,€) is measurable.

One also tries to find a Partial Differential Equation called Euler-Lagrange Equation
that a solution of (24) would satisfy. The following Theorem has many limitations
as it can not be applied to an important class of problems appearing in Elasticity
Theory. We state it just to indicate the state of the art in the Calculus of Variations.

See for instance [6, Dacorogna] for more details.

Theorem 2.2.4 Let g : RPN x RN x Q be a Carathéodory function. Assume gyi :=

dg/ou’ and gei, = 0g/0¢ are Carathéodory functions for every i = 1,--- N, a =

1,---,n and for almost every x € 0, for every (u, &) € RPN x RN one has
19(& u, 2)| < alz) + B (Jul” + [€]7) (25)
and
| Dug(, u, )|, | Deg(x,u, &) < an(x) + B (JulP~" + [€[77) (26)

with 8> 0 and o, € LP/P~D(Q).

Let u be a minimizer of
inf {/Q g(z,u, Vu)dz; u = ug + Wy P(Q, RN)} (27)
Then
/Q (Deg(z, 0, V), Vi) + (Dug(e, @, Vi), ) dr =0 Vg € W (QRY).  (28)

Moreover, if u satisfies Equation (28) and the function (u,§) — g(z,u,§) is convex

for almost every x € §, then u is a solution of Problem (27).

Remark 2.2.5 Forn =1 or N =1, the condition “& — f(x,u,&) is conver” is ne-
cessary to ensure lower semicontinuity of the map WP(Q,RY) 3 u Jo f(@,u, Vu).

But if n, N > 1, it is far from being necessary.

We next turn our attention to vectorial problems (i.e. n, N >1).
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2.2.3 Integral Problems in the vectorial case

We first define the notions of Polyconvexity, Quasiconvexity and Rank one convexity

of functions.

Definition 2.2.6 (Rank one convexity) f:RY*" — RU{+o0} is rank one con-
ver if A&+ (1 —XN)n) < Af(E) + (1 —N)f(n) whenever X € [0,1], &, n € RN*™ with
rank{¢ —n} < 1.

Definition 2.2.7 (Quasiconvexity) A Borel measurable and locally bounded func-

tion f : RN*™ — R is said to be quasiconver if f(§) < —== [, f(€+ Vp(x)) for

— meas D

every bounded open set D C R™ | for every & € RV*" and for every ¢ € Wol’oo(D; RYN).

To define Polyconvexity, we need first to introduce some notations. For n, N € N|

define n A N := min{n, N};

N n Nln! A
o(s) = . ) = 2N — )i(n =51 and 7(n, N) := ;a(s).

For a matrix £ € RV*" for 2 < s <n A N define adjs € to be the matrix of all s x s

minors of €. Let 7' : RV*™ — R™(™N) bhe defined by T'(€) := (€, adjs &, -+ -, adjuan €).

Examples. Forn =N =2, one has 7(2,2) =5, T'(§) = (§,det §).
For n = N = 3, one has 7(2,2) = 19, T'(¢) = (¢, adj &, det§).

We are now ready to define Polyconvexity.

Definition 2.2.8 (Polyconvexity) A function f: RV*" — RU{+o0} is said to be

polyconvez if there exists F: R™™N) — RU{+00} convez, such that f(£) = F(T(£)).

Under the growth and coercivity conditions:

ar|[€]]” + Ballull* + n(z) < g(z,u,8)

9(x,u,8) < €]’ + Bollull” + 2 (x),

if & — g(x,u,§) is quasiconvex then Problem (27) has a solution.
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2.3 Approximation of W1P(Q) functions

Throughout this section, R" for n € N* is endowed with the euclidean norm. 2 is a
subset of R" and its boundary is denoted 0€2. The topological dual of a topological
space E is denoted E’. We mean by domain a Lebesgue-measurable subset of R"™

with nonempty interior.
2.3.1 Definitions

We recall the following definitions:

Definition 2.3.1 (Polyhedral set) A set Q@ C R" is said to be a polyhedral set if
it 1s can be expressed as the intersection of a finite family of closed half-spaces or

hyperplanes.

We remind that a closed half-space is a set of the form {z € R" a - (x — z9) < 0}

where a, xo € R™.

Definition 2.3.2 (Star-shaped domain) A domain Q@ C R" is said to be star-
shaped with respect to a set B if for all x € Q the closed convex hull of BU {x} is a

subset of €.

Definition 2.3.3 (Finite elements) Let:

1. K C R" be a bounded closed set with nonempty interior and piecewise smooth

boundary,
2. P be a finite-dimensional space of functions on K and
3. X ={¢1,02, ..., ok} be a basis for P'.

Then (K, P, X)) is called a finite element, K the element domain, P the space of shape

functions and Y the set of nodal variables.
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It is assumed that the nodal variables ¢; lie in the dual space of some larger function

space, for instance, a Sobolev space.

Definition 2.3.4 (Subdivision) A subdivision of a bounded domain ) is a finite

collection of element domains {K;,i =1,--+ ,m} such that
1. K;NK;=0ifi#j and
2. Um K, = Q.
Definition 2.3.5 (Local interpolant) Let (K, P,X) be a finite element. Let
Y ={pni=1,---,k} c (CYK))

and {p;}¥_, be a base of P associated to ¥ (i.e. p;(p;) = 6ij fori,j € {1,--- ,k}).

The local interpolant operator of K s
k
e : CY(K) — Pv ngi(v)p,-.
i=1

Definition 2.3.6 (Global interpolant) Let (2 be a bounded domain with a subdivi-
sion 7. Let each K € 7, be equipped with a space of shape functions PX and nodal
variables X C (C’l(K))/. For f € CY(Q), the global interpolant 11 7 is defined by:

7 ()i = T (fix).
We call X 7 the set T17(C1(2)).

Definition 2.3.7 Let F : R" — R" z +— Ax + b where A is a n X n non-degenerate

matrix of real coefficients and b € R™.
1. The pull-back of f : R" - R by F is F*(f) := foF.

2. The push-forward by F' of ¢ : S — R where S is a space of functions defined

from R™ to R, is defined for f € S by (Fup)(f) := @(F*(f)) = ¢(f o F).
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Definition 2.3.8 Let (K, P,X) be a finite element. We say that a finite element
(K, P,Y) is affine equivalent to (K, P,X) if there exists an affine transformation
F:R" - R" z— Ax + b with A a n X n non-degenerate matriz of real coefficients
and b € R" such that F(K) = K; F*(P) = P and F,(X) = X.

We then recall a particular type of finite element.

2.3.2 The n-simplex of type (1)

Define
P, = {p: pis a polynomial of degree less than or equal to & on R"} .
For U C R™ we define P,(U) = {p‘U S Pk}.

Definition 2.3.9 (n-simplex) A non-degenerate n-simplex is the conver hull K of
n+ 1 points a; = (a;j)7—; € R™ called the vertices such that the n+ 1 points are not

contained in a hyperplane, i.e. the matriz

ai; G2 ... G1p41

ag1 Q22 ... Q2p41
A=

Qp1 Ap2 ... an,nJrl

1 1 1

s reqular.
The barycentric coordinates \;(z),1 < j < n+1 of any x € R™ with respect to the

n + 1 points a; are the unique solutions of the linear system

EPHOES!

The \;’s are affine functions.

19



From now on we will simply say n-simplex for non-degenerate n-simplex.

Definition 2.3.10 (m-face of an n-simplex) For m € N, 0 < m < n an m-face
of an n-simplex K is any m-simplex whose vertices are also vertices of K. A (n—1)-

face is simply called a face, a 1-face an edge or a side.

Lemma 2.3.11 Any polynomial of P; is uniquely determined by its values at the
n + 1 vertices of any n-simplex in R™.

In fact X\j(a;) = 6;5 and Vp € Py, p = Z?;l plaj)A;.

Definition 2.3.12 (n-simplex of type (1)) An n-simplex of type (1) is a finite
element (K, P,X) where K is a n-simplex of vertices a; = (a;;)i~; € R", P is Pi(K)

and ¥ ={¢;, 1 <i<n+1} with p; : C°(K) = R, f— f(a;).

Definition 2.3.13 (Assembly in triangulations) Let Q2 be a bounded polyhedral
domain. Let {K;}™, be a subdivision of Q into n-simplex. We say that {K;}", is a
triangulation of Q if for any i € {1,--- ,m} any face of K; is either a subset of the

boundary 02 or a face of a n-simplex K; in the subdivision such that i # j.

We have the following proposition ( [4, Brenner-Scott], prop 3.3.17).

Proposition 2.3.14 Let .7 be a triangulation of a bounded polyhedral domain 2 with
n-simplezes of type (1). It is possible to choose edge nodes for (K, P,%) , K €
such that

Xo C CUQ) NWh=(Q).
2.3.3 Approximation of W'?(Q) functions

The following theorem is a typical approximation error result in finite elements
method that we recall for convenience. See for instance [4, Brenner-Scott] Theorem.

4.4.4 and 4.4.20 for more details.
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Theorem 2.3.15 Let {1, : 0 < h < 1}, be a family of subdivisions of a polyhedral
domain €2 C R™ into finite element such that each element K € 1, is star-shaped

with respect to some ball. Suppose this family is non-degenerate 1i.e.
max{diam(K) : K € 7,} < h.diam(Q2) VO<h<1 (29)
and there ezists p > 0 such that Vh € (0,1], VK € 1,
diam(Bg) > p.diam(K) (30)

where By 1s the largest ball contained in K such that K s star-shaped with respect
to By .

Suppose each K € 1,, 0 < h < 1 is associated with a finite element (K, P% XK)
affine-equivalent to a given finite element (K, 15, i]) which we refer to as a reference

element. We impose that for some m € N* and | € N:

1. Py 1 (K) C P cWme(K°)

2. % C (CYK)).

Suppose that 1 < p < 0o, and ez’therm—l—%>0 whenp>1orm—1—n2>0
when p = 1.

Then there exists a positive number C depending on the reference element, n, m, p

and p such that for all 0 < s < m, we have:

(Z lv— HTh(U)Hgvs,p(K)) < Ch"|olwmey, Yo e W™P(Q), if p < oo;

Kery,

and
max ||v — I, (U)”Ws,oo(K) < Chm_s|/U‘Wm,oo(Q), Yo € W™(Q) If p = oc.

Ker,

The aim in the sequel is to establish the following proposition.
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Proposition 2.3.16 Let U be an open bounded domain of R™ with Lipschitz bound-
ary. Let D be a polyhedral bounded domain containing U. For h € (0,1] let Ty, be a

triangulation of D into element domains T' that are n-simplexes such that
max{diam(7) : T' € T} < h.diam(U) (31)
and there exists p > 0 such that Yh € (0,1], VT € T,
diam(Br) > pdiam(7), (32)

where Br is the largest ball contained in T such that T is star-shaped with respect to

Br. Define the space .}, by
S = {v € Whe(D°) : vy s affine VT € 771}.

Then for allu € WH(U), 1 < p < oo , for all € > 0 and all hy € (0,1] there exists

he € (0,ho) such that ||u — v,

wip) < €

Proof. Let u € W'P(U). Let ¢ > 0. As U open and U C D we have U C D°.
Since QU is Lipschitz, we can extend u to u € WHP(D®). Since C°°(D) is dense
in W'?(D°), we can find w € C*(D) such that ||@ — w|lwispey < §. Tp can be
considered as a triangulation of D by an affine family of n-simplex of type (1). Those

element domains are star-shaped with respect to some ball. Moreover, from theorem

(2.3.14), the edge nodes may be chosen in such a way that
X7 C CYUD°) N W (D°).

Thanks to (31) and (32), we have assumption (29) and (30) in theorem (2.3.15).
Take any reference element (7', P, ) for this affine family.

Now, take m = 2, [ = 0 and ¢ = co. We have 3 C (C°(T)Y’, m—l—§>0and

P (T) = P/(T) = P C Wh-(T).
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Hence for s = 1, from theorem (2.3.15), there exists a constant C' depending on 7', n

and p such that
max ||v — Iz, (0)||wree(ry < Chlv|weee(pey, Yo € W(D°)
TeT
Thus, since Iz, (v) € Wh>(D°),
HU - H’]’h(/l])HWI,oo(Do) S C\'}L’U‘[/[/Q,OO(DO)7 V’U E W2700(DO)

and

||w — H']’h(’w>||w1,oo(Do) S Oh|w|w2,oo(Do).

As D is bounded, there exists § > 0 such that
£ ooy < Ol fllwreepey  Vf € WH(D?).
Choosing he < hg small enough, we get ||w — IL7;, (w)||w1.c(pe)y < 55. Thus

Jew = Tig, (w)llwrnoe) <

N

Take vy, = Il (w). One has v,, € W'°(D°) and for T € Ty, U, |p is affine as a

polynomial of degree one. So vy, € 7, and ||vs, — w|lw1p(pey < 5. Hence

|u —vp Wiy < €
U
2.4 Convex functions of measures
Throughout this section, let k£ : R? — R be a convex function satisfying
—a+blu| < Ek(u) <c(1+ |ul) (33)

with a,b € R? and ¢ > 0. Call A the domain of k*. p = (u1,..., tq) is a signed
bounded Borel measure on R? which has y = p* + hdx as Radon-Nykodym decom-
position with respect to dz the Lebesgue measure. We assumed that [ A k*dxr < oo.

We suppose that 0 € int(A).
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2.4.1 Elementary properties of &

Lemma 2.4.1 Let g : RY — R be defined by g(z) = alz| + 8 with o, 3 € R. Then
9" (y) = —B+XB0.a)(y) for ally € R* where we have made the convention X p(,qa) = 00

if a <0.

Proof. Forall z,y € RY one hasz-y —g(z) =2 -y — alz| — 8 < |z|(Jy| — a) — B.
If |y| < a, then z -y — g(2) < =8 = 0y — g(0). Hence g*(y) = —f + xB0.0)(¥)-

If |y| > «, then for x = r%, one has z-y—g(z) =rly|—B—ar =r(ly|—a)—F < g*(y).
Hence letting r — oo we get g*(y) = 00 = =8+ XB0,0)(¥)-

Finally, g*(y) = =6 + xB(0.0)(y) for all y € RY.

Remark 2.4.2 Thanks to Equation (33) and Lemma 2.4.1, one has

— e+ XBoo ) <k (Y) <a+xpoy(y); VyeR™ (34)

In particular, k*(v) < a if |[v| < b and k*(v) = oo if |v| > ¢. One deduces further that

since Ax, C B(0,¢), the function k is actually c-Lipschitz thanks to Lemma A.8.11.
In view of the growth condition (33) one has
bly| < koo(y) < clyl y € R™ (35)

In fact, let v € R%. For ¢t > 0,

—a + bt < k(tv) _ c(1+ |tv])
t -t t

IN

k(tv)
t

_T“Hw < <S4

S+ 10O

Taking the limit when ¢ — oo gives the inequality as we have, thanks to Lemma

A5, koo(v) = limyyo "2
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2.4.2 Definition of convex function of measure

We starts with the following definition. We refer the reader to [22, Témam]
Definition 2.4.3 We define

/Qk(u) ::/gzk(h)dx+/glkoo(%)d|#sl,

We will next work on giving a reformulation of this definition that highlights some

lower semicontinuity properties. The first Lemma we will need is the following:

Lemma 2.4.4 Let B be the set of all Borel measurable functions v : Q — R One

ilelg{/ﬂuv—/ﬂkz*(v)dx} < /Qk(h)dﬂ/sﬁoo(%)dm. (36)

has

Proof
Let v € RY. We have k*(v) > hv — k(h) and —k*(v) < —hv + k(h).

Thus for v € B, one has

/vu /k;* dx</vhda:+/vu+/(hv+k d:c</vu+/
Q

Remark next that
sup {/ ,uv—/k:*(v)dx} = sup {/,uv—/k;*(v)dm} =A
v: QR Q Q v: QR4 Q Q
Jq k*(v)dz<oco
and
A< sup {/ v — / k*(v)dz : k*(v(z)) < oo for a.e.x € Q}
v:Q—R? Q Q

Now for all v : Q@ — R? satisfying k*(v(z)) < oo for a.e. x € Q, one has using the fact
that

koly) = sup  z-y; VyeR
ze€dom k*=Ay
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/,w_/k;* d:p</vu+/
= [ vipee /(m“
S/k: (djl“’) dlp |+/Qk(h)dx.

Taking the supremum we get Inequality (36).

The next Lemma will be used to prove the Proposition 2.4.6.

Lemma 2.4.5 There exists a Borel function v, : RY — R? such that fQ hvy — k*(vq)

1s finite and

/Q (hoy — k*(v1)) = /Q k(h)da.

Similarly, there exists a Borel function va : R* — R such that [, hvy — k*(va) is

dp’®
vopt® = | koo(=—=)d|p?|.
ot = [ bt

Proof. Since k is convex and continuous, thanks to Corollary A.1.13 there exists a

finite and

measurable map s; : R? — R? such that for all y € R? one has s,(y) € dk(y) and

k(y) =y-s1(y) — K (s1(y))-

Hence the map R? 5 z + s;(h(z)) may be used as v; since by the growth condition
on k, one has that [, k(h)dz is a finite integral.

Furthermore, as k., is convex and continuous, thanks to Corollary A.1.13 there
exists a measurable map sy : R — R? such that for all y € R? one has sy(y) €
Okoo(y). Thanks to Lemma A.1.12, k., being the support function of Ay by Corollary
A.1.6, one has s9(y) € Ay and ko (y) =y - s2(y). Hence

e G ) = [ () = (i) v
- ) v
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Set vy = s <dd“’j:‘>. Thanks to Remark 2.4.2, since v,5(Q)) C Ay, one has

/ (hvg — k*(v9)) dx > /(hv2 —a)dr > —aLl(Q) — c/ |h|dx > —o0.
Q Q Q
But

[t =k eyde < [ ki) < o

Q Q

Thus [ (hva — k*(vs)) da is finite.

O

Proposition 2.4.6 Let B be the set of all Borel measurable functions v : Q — R<.

/Qk(m :ilelg{/gzuv—/gk*(v)dx}. (37)

Proof. Let § > 0. From Lemma 2.4.5, there exist Borel functions v; : R? — R4

One has

such that
/Q k(h)dz = /Q (hoy — k*(v,)) da

and vy such that [, koo (1°) = [, vop® with
w = (vg — v1)h — k*(ve) + k*(vy) € L'().

We can find € > 0 such that for any set U measurable satisfying £L4(U) < ¢, one has
| J,;wdz| < 4. Since pi® is singular we can find a closed set U satisfying L4(U) < € on
which y° is concentrated. Then | [, wdz| < 6.

Define v by v = vy on U and v = v; on 2\ U. The function v is a Borel function. Set

a:/Qv,u—/Qk*(v)—/ﬂ{hvl—k’*(vl)}dx—/Qvgd/f
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and V = Q\ U. Keeping in mind that (V) = 0, we have

a = /Uth:z:—F/vQ,us—i-/vlhdm—l—/vl/f
U U v v
—/k:*(vg)d:v—/k:*(vl)dx—/vlhdx—/vlhd:v
U 1% U 1%
+/k*(vl)dx+/k*(vl)da:—/vgus—/vgus
U v U v
= /vghdm—/F*(Ug)da:—/vlhdx—i—/F*(vl)dx
U U U U
= /wdx
U

—0.

vV

Asa+0 >0, So

/w / +(5>/Q{hvl—k*(vl)}der/Qvg;ﬁ:/Qk(h)der/Qkoo(,us).

We then have that for all 6 > 0, there exists vs a Borel function such that

/Qvé,u—/gk*(v(s)Jréz/Qk(h)dx+/gkoo(us) Z/va—k‘*(vs)-

The last inequality is obtained from (36). We deduce that

/Qk(u):/gk(h)d:wr/ﬂk —ilelg{/,uv—/k* dx}

O

Lemma 2.4.7 Let B be the set of all Borel measurable functions v : Q — R?. One

has

sem o { [ [eoas) g { [ [ o) 5n s

Proof. Obviously we have So < Sp.
Remark next that the supremum in Sg may be taken only over the Borel functions v

satisfying v(Q) C Ay; [, k*(v)dr < 0o and [gop < co. Set

= [ [ )
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Let § > 0 and let us find a function w € C(2, A;) such that T'(w) > T(v) — 24.

Let p stands for the Minkowsky functional of A; as defined in Definition A.1.7. This
functional is convex, homogenuous and A, = {z € R? p(z) < 1}. (See Lemma A.1.8).
We set ¢,(t) == 1j1-2,-1)(t) + (nt —n — 1)1 _9p-11_,-1)(t) for n € N and ¢ € [0,1].
Define c,(z) = &,(p(z)) for all z € Q and all n € N. Define v, : R? — R? to be c,v
on 2 and 0 elsewhere. One has p(v,) <1 —n""

Next, Remark that since k satisfies (33), £*(0) is finite thanks to (34). As k* is convex,

we have

E*(cpv) = k™ (cpv + (1 — ¢n)0) < k™ (v) 4+ (1 — ¢,)k*(0).

Thus |k*(c,v)| is bounded by a Lebesgue integrable function on 2. Applying the

Lebesgue Dominated Convergence Theorem we get

lim cnvu—/k*(cnv) :/U/L—/k?*(v).
n—oo Jq Q Q Q
lim vnp—/k*(vn) :/vu—/k*(v).
n—=o Jq ¢ Q )

In the remaining of the proof, we fix n such that I(v,) > I(v) — 9.

This can be read

Let € > r > 0. Define {n,}, a family of standard mollifiers on R¢ and set w,(z) =

Ny * Uy ().

One has:

p(ny xva(x)) = p (/Rd e (y)on (2 — y>dy>
/T(O) p(on(x =) (y)dy

IN

< 1 —n"YHn.(y)d
= /BT(O)( e (y)dy
< (1—-n7t -(y)d
< )/BT(O)U (y)dy

< (1 - n_l)v
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where we have used the facts that 7,(y)dy is a probability measure on B, (0) and p is

a convex function. Thus w,(Q) C {y € Ay, : p(y) <1—n"" }. Next,
Ko (e x on(2)) = K (/ o vn (= y)nr(y)dy>
(0

< [ Kl )y
B,(0)

= (e x k" (vn)) ().
Thus [, k*(w,(x)) < [onr % k*(va(x)). As k*(v,) € L'(), one has
lim, o o 0% k*(vn) = [ k*(vn) and limsup, [o k*(w,(x)) < [ k*(vn). As we also
have lim, o [, wept = [, vnpt, we deduce limsup, o I(w,) > I(v,). Thus we may find
71 such that I(w,,) > I(v,) — 6 and I(w,,) > I(v) — 25. We have w,, € C(Q, A;) and
we may take w = w,,.

Finally, we deduce that Sgp = S¢.

O

Remark 2.4.8 1. In view of Proposition 2.4.6, we get that the map which to every
bounded Borel measure p associate [ k(p) is convex and lower semicontinuous

for the vague topology (the topology of convergence in distribution) of measures.

2. From the proof of Proposition 2.4.6, it is apparent that for all 6 > 0 there exists
n € N* and ws € C(Q, Ay) such that ws(Q) C {y € Ay :py) <1—n"'} and

Jak(p) < [gwsp — [o k*(ws)dz + 9.
2.4.3 A lower semicontinuity result

We will need the following Lemma.

Lemma 2.4.9 Let k, : R? = R be convex functions which converge to k in C’loc(]Rd).

Suppose that {k;},, converges to b in Cie(A) and sup,, [, [ki| < co. Then b= k*.

Proof. Let A € (0,1). Consider p the Minkowsky functional associated to A. The

set {p < A} is compact and contained in A.
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Claim 1 k*(u) < b(u) for all u € {p < \}.
Let u € {p < A} and take € > 0. Since k is convex and continuous, we can find v in

R? such that k*(u) = u - v — k(v). We have:

u-v—kw)=u-v—"Fky(v)+k,(v) — k(v)

< b(u) + [k (u) = b(u)| + |kn(v) = k(v)]

Choose n big enough so that |k} (u) — b(u)| < € and |k, (v) — k(v)| < e. With those

inequalities, we obtain:
u-v—Fk(v) <b(u)+e+e=blu)+ 2,

and k*(u) < b(u) + 2e. As the later is true for all € > 0, then k*(u) < b(u).

Claim 2 There exist a constant M not depending on n such that for all n € N and
all u € {p < A}, one has 0k’ (u) C B(0, M).

Using the fact that the sequence {k}}2°, is a sequence of convex function satisfying
sup, [, |ki| < oo and the fact that {p < A} is a compact set of A, one deduces that
there exists a constant M > 0 such that for all n € N, k! is M-Lipchitz on {p < A}

and thus for all v € {p < A}, one has 0k} (u) C B(0, M).

Claim 3 £*(u) > b(u) for all u € {p < A}.

For u € {p < A} fixed, for all n € N one has 0k} (u) # () and we chose v,, € 0k (u).
Recall that thanks to Claim 2 |v,| < M. This yield the existence of some subsequence
{vn,}, of {v,}, converging to some v € R%. Set V = {v,,, s € N}U{v}. V is compact.
The following hold:

Ky () + g (0n,) = - o

k;kzk (U) + knk (Unk) = U+ Uny-
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Remark that

[Fny (Un,) = R(U)] < [Bng (Un,) = B(va )] 4 [k(vn,) = k()] (39)

Since V' is compact and {k, }>° ; converges to k in Cj,.(A), we have lim_, o sup ey |kn, () —
k(x)] = 0. Thus lims_eo |kn, (vn,) — k(vs,)| = 0. Moreover, using the continuity of &
one deduces limg o |k(v,,) — k(v)] = 0. Therefore, when s — 0 the left hand side
of Inequality (39) converges to 0. Hence limg o kp, (v,,) = k(v). Combining with

limgo0 Ky (u) = b(u) and limy_,oo v - vy, = u - v, we get b(u) + k(v) = u-v and
bu) =u-v—k(v) <Ek"(u) Yu e {p < A}.

Claim 4 k*(u) = b(u) for all u € {p < \}.

This is a consequence of Claim 1 and claim 3.

Claim 5 £* =0.
For all u € A, there exists A € (0,1) such that u € {p < A}. Thanks to Claim 4 we

have k*(u) = b(u). Thus k* = b.

O

Lemma 2.4.10 Suppose the sequence of bounded measures {u,}5°, converges in
measure to u. Suppose that {k,}°°, a sequence of a-Lipchitz functions from R? to R

converges uniformly locally to k. Suppose sup,, fA |k*| < oo and dom k¥ C A. Then

/k(ﬂ) < hminf/ kn(ﬂn)'
o} n—o0 Q

Proof. We use the fact that for all n € N, k¥ is convex and sup, [, |ki| < oo to
deduce that a subsequence of {£}}>2, that we denote {k;, }>°, that converges locally
uniformly to some b : A — R? on A. Using Lemma 2.4.9, we deduce that b = k* on

A and in fact {k}}5°, converges locally uniformly to k* on A.
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Let § > 0. Remark first that dom k¥ = A. Let p be the Minkowsky functional of
A. Thanks to Remark 2.4.8, there exists m € N* and ws € C(Q, A;) such that
ws(Q) C{yeN:ply) <1—m™" } and [k(p) < [qwsp — [ k" (ws)dz + 6.

We use one more time the fact that for all n € N, k7 is convex and sup,, [, |k < oo
to deduce that there exists M > 0 such that for all u € ws(2) and all n € N*, one
has |k (u)| < M. We use next the fact that {k*}>°, converges uniformly to k* on

{yeA:ply) <1—m™" }; to deduce that

/w(;,u—/k*(wg)dx: lim (/ wg,un—/k;;(w(;)da:) gliminf/kn(,un).
Q Q oo \Ja Q Q

Therefore [5k(p) < liminf [k, (1) + 0. And letting § go to 0, one gets [ k(n) <
liminf [5kn(ttn)
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CHAPTER II1

THE PRIMAL PROBLEMS

In this chapter, we describe some variational problems involving polyconvex inte-

grand. We discuss mostly existence results. We start by listing the main assumptions.

3.1 Mawn assumptions

Throughout the chapter,  and A will denote bounded convex open sets of RY. We
assume £4(Q) = 1 and diam(A) < r*. Consider f € C1(R%*9) strictly convex such

that for some c;, ¢z, c3 € RY, one has:

ca(l§] = 1) < f(€) < ea([€]” +1); (40)
[VF(E)] < eslg]”™" and (41)
V(&) < eslg|”™ (42)

where 1 < p < oo and p~ !+ ¢! =1. Let H € C?(0,00) be strictly convex such that

lim H(t) = lim @ = 0. (43)

t—0t t—o0

We extend H to the whole R by setting H(t) = oo for t < 0. Let F': R? — R? such
that F' € L'(Q).

We gather in the next section some properties of the function H.

3.1.1 Elementary properties of H
3.1.1.1 Properties of the derivative of H

Lemma 3.1.1 1. The function H' : (0,00) — R is bijective, strictly increasing

and continuous.
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2. Moreover, if C is a bounded set of R then there exists m € N\ {0}, (H') " (C) C

(m~1,m].

Proof. (i) Claim 1 : The function H' : (0,00) — R is continuous and strictly
increasing.
Proof. The function H : (0,00) — R is convex and C' so H' : (0,00) — R is
continuous and non decreasing. Assume that for ¢; < to we have H'(t;) = H'(ty) =: a.
Since H' is continuous and non decreasing, H'(s) = a for all s € [t1,t3]. We have
t
H(t) = H(t;) + /tl adu = H(ty) + (t — t1)a, YVt € [t1,to].

Thus

EMQ:Hm%Hb—mmmﬂH(w;h):Hmﬂw

Hence

H(b;h):%WUQ+H@».

This contradicts the fact that H is strictly convex. Therefore H' is strictly increasing.
Clatm 2 : One has lim;_,o H'(t) = —oc.

Proof. Assume H'(t) > a for some a € R and for all ¢ € (0,00). We have for 0 <t < 1

H(l)—H(t):/tlH’(u)duz/tladuZa(l—t)

and so

lim —H(t) > —H(1) + lim a(l —t) = —H(1) + a.

t—0t t—0t
But, exploiting Equation (43), one gets lim; ,o+ H (1) — H(f) = —oo. This is a con-
tradiction and so,

lim H'(t) = —oo0. (44)

t—0t
Claim 3 : One has lim;_,,, H'(t) = 0.

Proof. In the same manner, as in the proof of Claim 2, assume H'(t) < b for some
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b€ R and for all t € (0,00). We have for 1 <t :

H (1) — H(1) = [ H (t)du < /t bdu < b(t —1).

1

But

lim M = oo and lim bt —1)

t—00 t t—00

=b.

This is a contradiction and so,

lim H'(t) = co.

t—o00

(45)

Finally, using (44), (45) and the fact that H' : (0,00) — R is continuous and strictly

increasing we deduce that H' : (0,00) — R is bijective, continuous and strictly

increasing.

(ii) Let C be a bounded set. Assume there exists {t,}>>, C (H')"*(C) such that

lim,, oo t, = 0T. Since H'(t,) € C and lim,,_,, H'(t,) = —00, C' is unbounded. This

is a contradiction and so, there exists a > 0 such that a < t for all t € (H')~*(C).

Assume there exists {t,}°°, C (H')"!(C) such that lim,, . t, = co. Since H'(t,) €

C' and lim,,_,, H'(t,) = oo, C is unbounded. This is a contradiction and so, there

exists b > 0 such that ¢t < b for all t € (H")~(C).

Finally, since there exists a,b > 0 such that a < ¢ < b for all ¢t € (H')"*(C), there

exists m € N, m # 0 such that (H')"'(C) C [m~ !, m].

3.1.2 Properties of the Legendre transform of H

Lemma 3.1.2 We have:

1. The Legendre transform H* of H s a strictly increasing bijection from R to R.

2. For every s € R there exists a unique ty > 0 such that H*(s) = sty — H(ts).

Moreover, ts is the unique solution of the equation s = H'(t) for t € (0,00).
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3. Let g : R — R be defined by g(s) = as — BH*(s), with o, 3 > 0. Then

lim g¢(s) = lim g(s) = —o0.

§—>—00 §—00

Proof. Claim 1 : The function H* is finite.
Proof. We have

H*(s) =sup{ts — H(t)} = stl>110){ts — H(t)}

teR

since H (t) = oo for t < 0. The function Hy : (0,00) — R, ¢+ st — H(t) is continuous.
We have limy;_,g+ H(t) = limy_,o, Hs(t) = —00 and thus H, admits a maximun on
(0,00) and H*(s) is finite.
Claim 2 : Point 2 holds.

Proof. Let s € R. We have shown there exists a t; > 0 such that
H*(s) = Hy(ts) = sty — H(ts).

Moreover, as Hy is differentiable, its minimizer ¢ satisfies the equation s = H'(t) that
has a unique solution for t € (0, 00).
Claim 3 : H* is strictly increasing

Proof. Assume s; < s5. We have :
ts; — H(t) <tSy — H(t) for¢t >0

sup{ts; — H(t)} <sup{ts, — H(t)}

t>0 t>0

H*(s1) <H"(s9)
Assume H*(s1) = H*(s2). We have
sity — H(t1) = H"(s2) > soty — H(tq).
Thus s; > so which is a contradiction. We deduce that H* is strictly increasing.

Claim 4 : One has lim; ,,, H*(s) = oo and lim;_, ., H*(s) = —oc.
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Proof. Assume that for m € R, one has m < H*(s),Vs € R. For all n € N there

exists z, € RT such that
m < —nz, — H(z,) = H(—n).

Now no subsequences of {x,}2, go to 0 since the right hand side will go to —co. In
the same way no subsequences of {x,}°°, go to oo since the right hand side will go
to —oo. Thus x,, is bounded away from 0 and we may find a subsequence {z,, }?,
converging to some = € (0,00). By taking the limit for & — oo we get the right
hand side to be —oo. Thus we can not find m such that m < H*(s),Vs € R. Then
limg , o, H*(s) = —o0.

Assume next that for M € R, one has H*(s) < M,Vs € R. For all t € RT s € R,
it holds that st — H(t) < M. When s — oo, the left hand side goes to oo, leading to
a contradiction. Thus limy ., H*(s) = oc.

Claim 5 : Point 1 holds.

Proof. H* is convex finite thus continuous. Adding Claim 1, 3 and 4, H* is a bijection
from R to R.

Clawm 6 : Point 3 holds.

Proof. Let t > 0. For s € R, one has
H*(s) + H(t) >ts
H(t)—ts > — H*(s)
BH(t) — Bts > — BH*(s)
as+ BH(t) — fts >as — H*(s)f3
BH(t) + s(a —tB) >g(s).

Ift < %, then aw — tf > 0 and lim,_,_, g(s) = —oc.

Similarly, if ¢ > %, then o — ¢ < 0 and lim,_,o, g(s) = —00.
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3.2 A notion of determinant in a weak sense
We begin this section with the following definition.

Definition 3.2.1 Let u : 2 — A be a Borel map. We say that 5 : Q — (0,00) is a

weak determinant of u if

/Q () B(a) de = / Iy)dy; Vi € Cy(RY. (46)

A
Remark that if u € C1(, A) is bijective, the change of variable formula (cf Theorem

A.3.2) gives

/Q H(u(x))| det Vu(a)|da = / I(y)dy: VI € Cy(RY.

A

This inspires the notation det *Vu for the set of all weak determinant of u. So
det*Vu = {5 : Q — [0, 00) measurable : Equation (46) holds} . (47)

Remark 3.2.2 1. Let u : Q@ — A be measurable and suppose that there exists a
compact K C A such that u(Q2) C K up to a set of zero Lebesque measure.

Then the set det” Vu is empty.

2. Foru:Q — A a Borel map. Then the set det™ Vu is convex. This can be seen
by exploiting Equation (46). The same equation for | = 1 shows that det™ Vu

is a subset of the sphere of radius L4(A) with respect to the L*(, RY) norm.

When u € WH(Q, A) for » > d, the following Lemma allows us to fully characterize

the set det *Vu.

Lemma 3.2.3 Suppose u € WY (Q, A); r > d; u() = A and Zy, the set of x €
such that det Vu(z) = 0 has zero Lebesgue measure. Then a Borel function B : Q —

(0,00) belongs to det™ Vu if and only if for almost every y € A, one has

S B (48)

ety | det Vu(z)|
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Proof. We first use Sard’s Theorem for Sobolev functions (cf. e.g. [13]) to infer that
the set u(Zy) is a set of null Lebesgue measure. Let [ € C(R?) and 3: Q — (0,00) a

Borel function. Then we have

= u(x ﬂ (§ ulr Xz
| ttaesais = [ 1) ] det Vu(e)la

Q
Now, by the area formula (c.f. Theorem A.3.2 ) we get

Al(u(m’))%ﬁetvmmwx:/Al(’y)< Z %)dy

zeut(y)

Hence [ satisfies (46) if and only if for a.e. y € A, one has

B
Z(y) [detva(z)

zeu—1

O

Remark 3.2.4 Under the hypothesis of Lemma 3.2.3, one gets in particular that
| det Vu|/Ny(u) € det” Vu.

Here is an application of Lemma 3.2.3. Consider 2 = (0,1) and A = (—1,1). Let

w:(0,1) — (0,1) be defined by

u(@) =4zl 1) (@) + (—4z + 2)1 5(2) + (42 — 4)1 2 1 (2).

NI

)

e

Then |det Vu| = 4. Let 5:(0,1) — (0,00). Now if y € [0, 1), one has

5(3:) -1 1 1
Z(y)m =47 (B4 y) + B(—4 (v — 2))).

rzeu—?!

If y € [-1,0), one has

Bx) y
meuzl(y)m—“ (B (y+49) + B(—47"(y - 2))).

So 8 € det *Vu if and only if

B(E2) +8(£2) = 4forye (—1,0)

+ 8 (_y+2) = 4 forye (0,1)




Take a,b € [0,4]. A family of functions that satisfies Equation (49) is

Ba,b = al(O ) —+ (4 — CL)].( ) + bl( ) -+ (4 — b)].( 1) (50)

NI
I )

)

™

1 11
4 12

S0 Bap € det” Vu for all a,b € [0,4]. In particular 2 = 2 € det” Vu.
3.3 The notation det” Vu.

Lemma 3.3.1 Letu: Q — A a Borel map such that the set there exists 3y € det” Vu

satisfying [, H(Bo(x))dz < co. Then the problem

inf /QH(B(x))dw (51)

Bedet* Vu

admits a unique minimizer that we will denote det™ Vu.

Proof. The set det* Vu is strongly closed in L' (2) and thus weakly closed in L()
since it is convex. A minimizing sequence of (51) is weakly compact in L'(£2) thanks
to the growth condition (43). Hence, using the convexity and lower semicontinuity
of H we get a minimizer for (51) (c.f. Lemma A.3.13). Uniqueness follows from the

convexity of det™ Vu and the strict convexity of H.

3.4 A first variational problem

In this section we will show the following Lemma.

Lemma 3.4.1 If p > d, the variational problem

irlllf{]*(u) = /Q(f(Vu) + H(det Vu) — F - u)dz [u: Q — RY
ue W(Q,A); u(Q)=A; det Vu > o}

has a minimaizer u,.

First we will need the following lemma.
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3.4.1 An auxiliary lemma

Lemma 3.4.2 Let Q, A be convex open sets of RY. Let u, : Q — A be continuous,

satisfying u, () = A and converging uniformly to u : Q — R Then u(Q)) = A.

Proof. Let y € A. For all n € N, let z, € Q such that u,(z,) = y. Assume

without lost of generality (having €2 compact ) that {z,,}>°, converges to x € 2. One
has
(@) = un(@n)| <lu(@) — w(zn)] + |un(zn) — ulzn))|
<lu(z) — u(zn)] + |un — ulp~(@)-
Since {u,}°°, converges strongly in C(Q, R?) to u; we deduce that

y = lim u,(x,) = u(z).
n—oo

Hence y € A. One deduces that A C u(Q).
Let € Q. Since for all n € N one has u,(r) € A and we have the pointwise

convergence of {u,}>° , to u, we get that u(z) € A. Hence u(Q2) C A.

Finally u(Q) = A.

3.4.2 Proof of Lemma 3.4.1

Let ug € WHP(Q, A) such that ug(Q) = A and det Vug > 0 as given by Lemma 2.1.2.

Set
Co = /(f(Vuo) + H (det Vug) — F - ug)da.
Q

Let {u,}32, be a minimizing sequence satisfying I.(u,) < ¢o. It follows that
/(f(Vun) - H(det Vun) —F. un)dw < ¢
Q
/(f(Vun) + H(det Vu,) < ¢+ / F-u,
Q Q

< ¢ +/ |F|r* = c(co, F)
0
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So [, f(Vu,) < min H + ¢(c, F) and hence ||V, s re) is bounded.

Exploiting the fact that u,(z) € A, we have that ||u,|/11(0) is bounded by r* and
so a subsequence {u,, }?°, of {u,}2; converges weakly in W!*(Q2, A) to some u. We
deduce that {det Vu, }°2, converges weakly to det Vu in L4(Q) and so in L'(Q) (c.f.

[10, Evans| ). This leads to

/ H(det Vu) < lim [ H(det Vu,,),
Q

k—o00 Q

Moreover, as {u,, }3°, converges weakly in W'?(Q, A) u and f is convex, we have:

/(f(Vun) - F. un)dx < lim inf (f(Vunk) -F- unk)dfc-
Q

k=oo Jq
So I,(u) < liminf,_, I.(u,,). We show next that det Vu > 0.
Exploiting the fact that I,(u) < co we deduce that the set {det Vu < 0} has zero
Lebesgue measure and thus det Vu > 0.
It remains to show that u(Q) = A. Since p > d, we may suppose that {u,, }3,

converges strongly to u in C(Q, RY). Thanks to Lemma 3.4.2, one has u(Q) = A.

3.5 A Second Variational Problem

Definition 3.5.1 The set U, will stand for the set of pairs (B,u) such that u €

WEP(Q, A) and B : Q — (0,00) is a Borel function satisfying B € det* Vu.
Lemma 3.5.2 The problem

nt, {10 = [ v+ 116) - F ) (52

(B,u)€lty

admits a minimum.

Proof. Thanks to Lemma 2.1.2, there exists ug € W(2, A) an homeomorphism

such that ug(2) = A and det Vu > 0. Set 5y = det Vuy. One has ) € det” Vuy. Let

Cy = /S;(f(VUO) + H(/Bo) —F- uo)dx.
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Let {u,}>2; be a minimizing sequence satisfying I(u,,) < ¢o. It holds that

/Q(f(vun) +H(B,) —F-u,)dr < ¢
/Q(f(vun)+H(ﬁn) SC(H—/F-un
<Co+/|F|r c(co, F).

So [, f(Vu,) < —min H + ¢(co, F) and || Vuy,||1r@or) is bounded.

We also have [, H(ﬁn) < (¢, F) since f > 0. We deduce that
/ H(B,) —min H < ¢(co, F) — min H.
Q

We have
H(t) — min H ’ H(t)

lim ———— = lim—~ =
t—o00 t t

Hence by the Delavalle-Poussin criterion, we may assume without lost of generality
that {3,}°2, converges weakly to 8 in L'(Q).

Exploiting the fact that u,(x) € A, we have that ||u,| 1) is bounded by r*
and so we may assume without lost of generality that {u,}°, converges weakly in
WP (Q, A) to some u. We may suppose in addition that {u,}%, converges a.e. to
some u using the compact embedding of W1?(Q, R) into L'(Q2, R%).

{Bn}52, converges weakly to 8 in L'(Q2) and H is convex and lower semicontinous.

This leads to
/ H(B) < lim H (Bn)-

n—oo

Moreover, as {u,}°°; converges weakly in W1? (Q, A) u and f is convex, we have:

/(f(Vun) —F. un)d:(: < lim inf (f(Vunk) -F. unk)dfC-
Q

k—o0 [¢)

So
I(u, B) < liminf I(u,, 5,).

k—00
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It remains to show that (u, 3) € U,.
Let I € Cy(R?). Then {l(uy,)}, converges a.e. to l(u). Since {3,}°2, converges weakly

to [, thanks to Lemma A.3.14, one has

lim l(un)ﬁnd:c:/l(u)ﬁd:c.
0

n—oo 0

But for all n € N*, one has [, [(u,)B,dz = [, l(y)dy. Thus [, l(u)fdz = [, l(y
and (u, 8) € Uy,
Finally, I(u, ) = ming wey, {I(u) := [, (f(Vu) + H(3) — F -u)}.
]

Remark 3.5.3 In fact, every minimizing sequence of Problem (52), has a subse-

quence converging strongly to a minimizer.

Proof. Take a minimizing sequence of problem (52). We have shown in the proof
of Lemma 3.5.2 that we can extract a minimizing subsequence (u,, 8, )nen converging
weakly to some (u, §) € U, that is a minimizer. Since {u,}>°, converges weakly to u

in L'(2), one has
lim [ f(Vu,)+ H(B,) = lim [ f(Vu,)+H(B,) —F-u,+F-u
— [ 17w + H()
Q
Using the strict convexity of the map
R xR > (&,t) = f(€) + H(t)

and the fact that

lim [ f(Vw,)+ H(B,) = /f (Vu) + H(B),

n—oo QO

we deduce (thanks to Lemma A.2.12 ) that {Vu,}$°, converges strongly to Vu and

{Bn}5°, converges strongly to 5. We already had the strong convergence of {u, }°° ; to
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u in LP(Q, RY) by the the compact embedding of W?(€, A) into LP(£2, A). Therefore,
{u, }22, converges strongly to u in WH?(Q,R?) and {3,}°°, converges strongly to 3
in L'(Q).

One has also that

inf I(u,ﬁ)zinf( inf I(u,ﬁ)).

(B,u)elty, ucld \ fedet *Vu
But
sediton [0 =t {/ (f(Vw) + H(5) ~F - u) d“f}
—/ (f(Vu) + H(det "Vu) — F - u) da.
Q
Hence

inf I(u,B) = inf {/Q(f(Vu)JrH(detHVu) —F - u) dw}.

(B,u)EUy ueld
3.6 A Perturbed problem
We will first need to define pseudo-projected gradients.
3.6.1 A discrete gradient method

Throughout this section, the set S is a finite dimensional subspace of piecewise affine

functions in Wy '>°(Q, R¥4). For ¢ € S of the form

(23 dive)y
W= %2 . set divep = divep,
(0¥ divipg

Call
Uy = {u: Q2 — A| Borel map}.
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Theorem 3.6.1 Let u € Uy. Define

G(u) = {G e LP (Q, R™%) \/Q(u,dmm = —/Q<G,¢> dx, V1 € S}. (53)

Then there ezists a unique Gy € G(u) which satisfies Gy = V f*(1bg) for some 1y € S.

In fact Gy is the unique minimizer of

inf G)dzx ¢ . 54
L [ 1Gaf (1)
We will denote Gy by Vsu.

Proof. Claim 1 : Problem (54) admits a unique minimizer Go.

Let u € Uy. Consider the map T : S = R; ¢ — [,u-dive) de. T is linear on .
which is a finite dimensional linear space. Hence T is continuous on §. By the Hahn-
Banach’s Theorem we can extend it to a linear functional 7" on the all L9 (€, R%*9)
with the same norm. Hence by the Riesz Representation Theorem for linear functional
in L9 (€, R™?) there exists G € LP (€, R™?) such that for all ¢ € L7 (Q, R¥*4),

one has T'(¢)) = [, (G, ) dz. Taking its restriction to S we get that

/ (u, dive)) do = — / (G ) do, Vb € S
Q Q

and G(u) is nonempty.

The set G(u) is non empty, convex and weakly closed in LP(Q, R™?). In addition
the map f : R¥™*? — R is strictly convex and satisfies the growth condition (40).
Then infeegu) { [, f(G)dz} admits a unique minimizer Gy € G(u).

Claim 2 : One has V f*(¢y) = Gy for some ¢y € S.

Define the annihilator set of S by

St = {w € LP (Q, R™Y)

/Q<g0,w) dx:owes} (55)

and define

L5t = {¢ e 19 (, B)

/Q<<p,¢> dx:OW)eSL} (56)
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As S is closed in L7 (2, R*%) | we have +(§+) = § (cf. [5] Proposition 1.9 p. 9).
Let G € S*. Consider the function ¢ : R — R; t = [, f(Go + tG) da. It attains its

minimum at ¢ = 0. By the Lebesgue Dominated Convergence, for |t| < 1, as
f(Go+tG) < cer(|Go +tG|P + 1) < e12P(|Gol? + |GP + 1),
Go, G € LP(Q) and € is bounded we have

= [ 4 T = T

Hence ¢'(0) = [, (G, Vf(Gy)) dz. So
/ (G VF(G) dz =0 VG €S-

Therefore Vf(Go) € +(S+) = 8. Set ¢y = Vf(Go). We then have V f*(¢y) = Go
and ¢y € S.

Claim 3 : If G; € G(u) is such that V f*(¢y) = Gy for some ¢y € S then G, is the
minimizer of Problem (54).

Let G € G(u). One has G — G| € S* thanks to Equation (53). One has ¢ € S so
Jo (G — G1,1bo) da = 0. Since ¢y = Vf(G1) and f is strictly convex, one has

0:/0<G—G1,Vf(G1)> S/Qf(G)—/Qf<G1)>

With equality if and only if G = ;. Hence G is the unique minimizer of Problem
(54).

3.6.2 A minimization problem with the pseudo-projected gradient.

For u € Uy, we define

Is(u) = /Q (f(Vsu) + H(det "Vu) — F - u) dz
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when det *Vu # (). Otherwise, we set

Is(u) = 0.
We would like to study
nf, 1s(w) o
which is
in / (F(Vsu) + H(3) — F-) da, (58)
(u,ﬂ)el/ﬁ Q

where Uy = {(u, 8) : u € Uy; B € det *Vu}. We have the following Lemma.

Lemma 3.6.2 From every minimizing sequence of Problem (58), one can extract a

subsequence {(Wy, B,) nen C Uy such that there exist u € U and B € LY(Q)) and
1. {u, }nen converges weakly in L°(Q,RY) to u.
2. {Bn}nen converges weakly in L*(Q)) to 3.

3. {Vsu,}nen converges strongly in LP(,R>?) and a.e. to Vgu.

Proof. The results of the Lemma follow from the growth conditions on f and H,

the fact that F' € LY(Q,R%), |[u| < 7* and S is a finite dimensional linear space.
U

Remark that despite Lemma 3.6.2, nothing can be directly said about existence of
minimizers in Problem (58) since nothing a priori tells us that (u, 5) found in Lemma
3.6.2 will satisfy S € det *Vu.

We have replaced the functional in (52) whose properties favor a direct proof of
existence of minimizers by a worse functional from the direct methods of the Calculus
of Variations point of view. This daring approach will surprisingly be rewarding as
we will not only establish an existence and uniqueness result but we will also obtain

the Euler-Lagrange Equations characterizing the minimizer.
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3.7 A Relaxed Problem

3.7.1 The set over which to minimize.

Let C = Q x [0,00) x A x R4 Set D = [0,00) x A x R4 We define IT* : C' —
Q; (x,t,u,€) — x. Define also I1? : C' — A; (x,t,u,£) — u and finally, define II% :
C — [0,00); (z,t,u,&) — t. Let T be the set of Radon measures on RY x R x RY x R4*4

supported by C' and satisfying the conditions :

/Cf(f)’y(da:,dt,du,dﬁ) <o0; (59)
I (y) =1oL% (60)
1T, (I1%y) =1,L7 (61)

and for all ¢ € (0, R¥x4)

/C<§,1/J(x)>7(d:p,dt,du,d§) :—/ (u,divep(z)) v(dx, dt, du, dE). (62)

C

Let (u, 8) € Uy. Define a measure ("% on C by 45 = (Id x 8 x u x Vu)4(1oL%).

Lemma 3.7.1 For (u, ) € Uy, the measure v belongs to T.

Proof. One has

I (™) = T4 ((Id x B x u x Vu)g(1oL?) = Idyg(1oL?) = 1oL
Let | € Ob(Rd)

/ tl(w)y ™ (dz, dt, du, d¢) = / B(x)l(u(z))dr = / ldy.
C Q A
Let ¢ € C2(Q, R¥x9)
[ 6wy e, drdu ) = [ (Tu(e). (@) do
C Q
=— / (u, -div ¢) dx
Q

= [ undiv (a2 d e, du ).
C
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Next

/f )(dz, dt, du, d€) /fvu ))dx<cl/(]Vu( )P+ 1) da < oo

since u € WH(Q,R?) and £4(Q) < co.

In summary, the measure v belongs to I'.

O

We have the embedding U, = {(8,u) | u € W'P(Q,A),uy8 = xa} C I', which to
(3,u) associates vy = yPW.

Let v € T'. Equation (60) tells us that I[I'#y = 1o£?% By the disintegration
theorem (cf. Theorem A.3.16), there exists a family of probability measure {7*}.cq

such that for all L : C' — [0, co] measurable, one has

/L(x,u,t,f)fy(dx,du,dt, d{):/ </ L(x,u,t,f)v””(du,dt,dﬁ)) dx
c o \Jbp

For z € (), set
(o) = [ € (atdu.de), (63)
u,(z) = / uy”®(dt, du, d€). (64)
D

Using Jensen’s inequality, one has

/f dx<//f *(dt, du, d€) dx—/f v(dz, dt, du, dE) <

Thus the growth condition (40) on f implies that U, € LP(Q, R™¢). Moreover, the
fact that the support of + in the u variables is contained in the convex set A yields
that for a.e. x € Q, one has u,(z) € A. In fact, by Jensen’s inequality, the map py

standing for the Minkowsky function of A (cf. Definition A.1.7), one has

MWSmeﬂ%mwsL%mmwbx
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By Equation (62), for all v € C°(2, R?*?) it holds
[y ao= [ ([ v )
0 o \Jp
~ [ (€ vtatdr.drdu.de)
=— / (u, divip(z)) v(dz, dt, du, d)
c
:—/ (/ (u,divgb(x))y“(dt,du,df)) dx
o \Jp
= —/ (u,,dive(z)) d.
Q
Hence Vu, = U, and u, € W'?(Q,R?).
3.7.2 The functional to minimize.

We define I on I by
c
Remark that for all (u, ) € U,, its holds that I(y"#)) = I(u, ).

Lemma 3.7.2 The sublevel sets of I are compact for the narrow topology on T.

Proof. Consider a sequence {7,}52, C I' such that for all n € N
/C(f(g) + H(t) — F(z) - u)yn(dz, dt, du, d§) < c.
Then, for all n € N
/C(f(f)—l—H(t)—min H—min f)y(dz,dt,du,d§) < —min H—min f+r*||F| ;1 qpa) = A.
Define ¢ : C'— [0, 0] by
oz, t,u, &) = f(§) + H(t) — min H — min f.
Then the sublevel sets {(z,t,u,&) € C: p(z,t,u,§) < a} are compact in C' and

sup/ oz, t,u, &)y < A < o0o.
C

n
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Hence the sequence {7, }°°, is tight thanks to Lemma A.2.6. By Prokorov’s theorem,
a subsequence that we still denote {v,}>°, converges weakly to some measure y. We
show next that v € T

Let b € Cy(R?) then by the definition of the weak convergence of measures, one has

/b(m)v(dm,dt,du,df) :/bdx

c Q

and Equation (60) is satisfied for ~.

Let | € Cy(R?). Suppose | # 0. The map C > (z,t,u,&) — ti(u) is continuous.

Moreover [tl(u)| < |I|olt];

stlbp/C(H(|t|) —min H) < oo;

one has h — min H > 0 and

. H(t) —min H
lim ————— = 0.
t—o0 t

Thus thanks to Lemma A.2.2 and Lemma A.2.3 one gets

lim tl(u)d%:/tl(u)dy.
c

n—o0 C

Having for all n € N [, tl(u)dy, = [, ldy, one deduces that [, tl(u)dy = [, ldy.
Remark that the last equation is trivially true for [ = 0 and Equation (61) holds for
7.
Let ¢ € C(Q,R¥4). Suppose ¢ #Z 0. The map C > (z,t,u,&) = (£, (x)) is
[t[P

continuous. Moreover | (£, 1(z)) | < [¥]x|]; sup,, [ (|€P) < oo and limy_,o 5~ = o0.

Thus thanks to Lemma A.2.2 and Lemma A.2.3 one gets

lim [ (6, 0(2) dyn = /C (€, 0(2)) dn.

n—oo C

In addition, the map C' > (x,t,u,§) — (u,divey(x)) is continuous bounded. Hence,

by the definition of the weak convergence of measures, one has

lim [ (u,divip(z)) dy, = /C (u,divp(z)) dy.

n—o0 C
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Having for all n € N [, (¢, 9(x)) dy, = — [, (v, dive(z)) dv,, one deduces that

| ev@yar == [ wavi@)a

Remark that the last equation is trivialy true for ¢» = 0 and Equation (62) holds for

7.
The map C 3 (z,t,u,&) — f(§) is continuous and bounded below. Using Lemma

A2.2,
/f (dz, dt, du,d§) < hmmf/ f(&)yn(dz, dt, du,d§) <

and Equation 59 is satisfied for ~.

We will further need the following Lemma.

Lemma 3.7.3 Suppose {7,}>2, converges narrowly to . Then

lim [ (F(x)-w) 7, = / (F(z) - u)4

m—r0o0 C

Proof. Let € > 0. There exists a continuous and bounded function F. : Q — R?

such that [, [Fi(z) — F(z)|dz < e. One has

L@ 0= [ F@- w01 = [ F@- w0 = [ Fl)-0

) +L(Fe(x)-u)vmjA(Fe(x> u)y
+/C(F6(as)-u)’y—/c(F(17) u)7y

Now
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Next, the map C' 5 (z,u,t,§) — F.(x) - u is continuous bounded. Hence, as {7, }52,

converges narrowly to 7, it holds that there exists N; € N such that for all n > Ny,

one has
@0 [ <Fﬁ<x>-u>7' <e
Last,
L@ w- [ (@ ] [ 1Fw) - @
/|F s
Therefore

i [ (F(z)-w)ym = / (F(x) - u)7.

m—ro0 C

We finish this section by proving the following existence of minimizer result.

Lemma 3.7.4 The functional I achieves its minimum over I'.

Proof. Thanks to Lemma 2.1.2, there exists uy € WH(Q, A) an homeomorphism
such that ug(Q2) = A and det Vu > 0. Set Sy = det Vug. One has fy € det” Vug. Set
7o = y050) Thanks to Lemma 3.7.1, one has vy € I'. Set ¢y = I(7). The sublevel
set {y € T': I(y) < ¢y} is compact for the weak topology thanks to Lemma 3.7.2.
Hence a minimizing sequence {7}, C {y € T': I(v) < ¢o} of I converges weakly
to some ¥ € {y € I': I(y) < ¢p}. Using Lemma A.2.2 and the fact that the function

C 3 (z,u,t,&) — f(&) + H(t) is lower semicontinuous and bounded below, one gets

[ 1@+ @ <tmint [ f€)+ H@)®,
C C

Moreover, using Lemma 3.7.3 one has limy, o [, (F(2) - u)Ym = [, (F(z)-u)7.

Thus

inf I(y) < I(¥) < liminf I(v,) = inf I(y),

~yel’ n—00 yel
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and inf,er I(7)
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CHAPTER IV

A DUALITY APPROACH

In this chapter we study problems that are dual to some of the problems studied in
Chapter 3. For ¢ € (L4(Q))" we define div ¢ga to be the distributional divergence

of 9, the extension of ¢ that takes the value 0 outside €. That is

voe (Cx@))", [ divin-o=— [v-ve,
Rd Q
or
voe (Cx@)’, [ divin- o=~ [0V (65)
9 0
As div 1ge and 1 have compact support, Equation (65) holds for all ¢ € C'(R? R?).

Let o7 be the set of (k,[,%) such that k : R? — R Borel measurable, [ : R? — R

Borel measurable,
k(v)+tl(a) + H(t) >u-v Vu,v € R V> 0. (66)

Y Q= R> e (L9(Q)™ and div g is a bounded Borel measure on .
We suppose there exists My > 0 such that [|F[|,1qgrixa) < M.

The aim of this chapter is to study

(Msﬂ;l)[;% { J(k, L) - / f*()dx — / k(F + div ¢pe) — /Aldx} . (67)

4.1 An auxiliary problem

Let S C (L7(2))™? be a closed subspace such that for each element ¢ € S; the
distributional derivative of ¢ is a bounded measure concentrated on €.
Define C to be the set of couples (k,l) where k : R? — R is Borel measurable,

[ : RY — R U {co} is Borel measurable and finite at least at one point and satisfy
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[ =00 on R\ A
E(v)+ti(a) + H({t) >u-v VYu,v € Rt >0. (68)
Let o/ be the set of (k,l,%) such that (k,l) € C and ¢ € S. Consider:

sup —J(k,1,v) : /f F+d1v¢Rd)—/ld$. (69)
A

4.1.1 Basic regularity properties of maximizers

Definition 4.1.1 We define for | : R — (—o0, o0]

#)= sup {u-v—I(u)t—H(t)}.

u€R >0

For k : R* — [—00, 0o] we define

H(t) —u- - k(v)— H
Fa(u) = — inf {k(v)—i— (t) —u v}: sup {u v—k(v) (t)}
vERE >0 t VER 150 t
We have
#() = sup {u-v—tl(u) — H(t)}
w€A; t>0
=supsup{u-v —tl(u) — H(t)}
>0 yeA
LU
=sup{tl"(+) — H(t)}.
>0
But also

#() = sup {u-v—tl(u)— H(t)}

u€A; t>0

=supsup{u-v —tl(u) — H(t)}

ueA t>0

— sup{u - v + H(=1(u))}

uE/_\

=[=H" (=D (v).
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In a similar way,

u-v— H(t) — k(v)

ky(u) = sup
vER >0

k* —
>0 t

Now, thanks to Lemma 3.1.2, H* is invertible. Set y = (H*)™'(—k*(u)). There exists

s >0 such that H(s) + H(y) = sy. Then for all £ > 0 one has

AR+ @) _ HE) + H'(y)
t - S
Thus
ap IO ey ().

We deduce that ky(u) = —(H*)"H(—k*(u)).

Remark 4.1.2 We have ((z#)#)# = # and ((k#)#># = k.

Proof. We have by definition of {#(v) that {#(v) > —I(u)t — H(t) + u - v for any
uw€R%and ¢ > 0. So (I#(v) + H(t) —u-v)t~! > —I(u) and

{l#(v)%—h;(t)—uw} N

inf
veER >0

—l(u).

That is (l#)#(u) < I(u). Therefore, (H#)##(v) > H#(v).

We also have

_(1# — :
(1) y(w) = _inf

{l#(v)+H(t)—u-v} < #(v) + H(t) —u-v
t - t

for all v € R? and ¢t > 0. So —t(l#)#(u) < I#(v) + H(t) — u - v. We deduce
—t(l#)#(u) — H(t) +u-v < I#(v) and (l#)##(v) < I#(v).
Therefore, (l#)##(v) = 1#(v).

Next, we have

—ky(u) = inf {’f<V> +Ht<t) —u- }

vERE t>0
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and hence —tky(u) < k(v) + H(t) —u - v for any v € R% ¢ > 0. Next —tky(u) —
H(t)+u-v < k(v) forany v € Rt > 0. So (kx)* (u) < k(u) and <(k#)#>#(u) > ky.

Furthermore we have for all v € R, > 0
(k)™ (0) > —t(ky) () — H(t) +u - v.

Hence
(k) (W) + H(t) —u-v

That is <(k#)#) (u) > —kx(u). Therefore, ((k#)#> (u) = kg(u).

#
U

Remark 4.1.3 If (k,1,4) € o, then (I%,1,9) € &/ and (k,(k),,v) € /. On has
J(U#,1,4) < J(k,1,9) and J(k, (k) ) < J(k,1,%). Furthermore, one has

sup —J(k, [,1) = sup —J (k, 1, )
4 o’

where &' is the subset of o whose elements (k,1,v) are such thatl = ky and k = 1%,

Proof. Since

#()= sup {—tl(u)— H(t)+u-v}

u€Re >0
and k(v) > —tl(u) — H(t) + u-v for all u,v € R? and ¢ > 0, we have k > [#. Next,
[# satisfies the relation [#(v) > —tl(u) — H(t) +u-v. Thus (I#,1,9) € & and clearly
J(k, 1) > J(I#,1,9) .
Furthermore, since

k(v)+ H(t) —u-v

—(k)y(u) = inf

vERT £>0 b= i),

we get kg (u) < [(u). Moreover k4 satisfies the relation k(v) > —tky(u)—H(t)+u-v.
We get them (k, kg, v) € of and J(k,1,¢) > J(k, kg, ).

Let (k,1,¢) € /. We have (k, kx, ) € & and ((k#)#,k#,w) € /. Set ly = ky and
ko = (k4«)®. One has

(ko) = ((ky)*), = e = lo
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thanks to Remark 4.1.2 and (Io)* = ko. Thus (ko,lo,v) € &' and J(ko,ly,v) <
J(k,1,1). So

sup —J(k, 1, $) = sup —J (k, 1, ).
o !

4.1.2 Coercivity properties of J

Lemma 4.1.4 Consider a sequence {(kn,ln,Vn)}n C &' such that for some C' € R
one has J(ky,ln,¥,) < C. Then there exist some constants ac and Be such that for

alln € N,

ac < ig/f\ ln(u) < Bec- (70)

Moreover, this constants depends only on Q, A, H and any constant My satisfying

|| 2 orey < M.

Proof. Define for all n € N s,, := sup,,c; —ln(u) = —inf 5 [,(u). As A is bounded,
I, is lower semicontinuous, we can find some u,, € A such that ln(uy) = s, Now, for

allv € R u €A, t >0, one has
kn(v) > —tl,(a) — H(t) +u - v.
Thus the following successively hold:

kn(v) > —tl,(up) — H(t) +up-v VE>0
kn(v) >ts, — H(t) +u,-v VYVt >0

k,(v) >H*(sy,) + uy - v.
Using the last Inequality, one gets

/Q Fon (F + div (t6,) ) > /Q H*(52) + ttn - (F + div (1))

zﬁd(Q)H*(sn)Jr/un-FJr/un-div (Vn)ga

Q Q
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But
/Qun P> —/Q]un|.|F| > unl I F Nl = [ F -

Furthermore

ot () = = [ ), =0

Q

since u,, is a constant. Hence:

LR - div ()5 2 LAH (52) = 1Pl (71)

Thanks to Inequality (42), f* is bounded below so there exists Ay € R such that

/Q F()de > Ay (72)

We also have [, l,dz > —L%(A)s,. Then

L /Qf*(z/zn)dx + /Qk:n(F + div (Y )ga) + /Alndas
> A+ LYQH (s0) = LYN) s = (||| 12 o),
and
—C < —Ap = LYADH (s3) + LX) + ||| 2o
Thanks to Lemma 3.1.2, the sequence {s,}>> , must be bounded, and this is equivalent

to the boundedness of inf,cx [,(u). Thus there exist some constants ¢ and ¢ such

that for all n € N,
aco < i u) < Se.
cC > irelgln( ) >~ MC

O

Lemma 4.1.5 Consider a sequence {(ky, 1, ¥n)}n C /" such that for some C' € R

one has J(ky,l,,v,) < C. There exists M,b € R; a >0 such that for all n € N:

1. Lip k, <r* A. Moreover there exists e > 0 such that for all n € N and for all

v € RY, one has k(v) < r*|v] + e.

2. One has k,(0), [, [l(w)], [o1¥nl?% [o1div (¢n)ga] < M.

3. One has ky(v) > alv| + b.
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Proof. (i) Let us show that there exists M; € R such that for all n € N,
kn(O) < M.
We have k,(0) = sup,cga jso{ —tln(a) — H(t)}. Let

S0 1= sup (sup —ln(u)) = sup (s,,).

n \ueA n
Using (70) we have —fc < s, < —a¢, Vn € N for some reals o and fSo. Thus s
is finite. We have next
sup {—tha(w) — H(t)} < sup{tso — H(t)} = H"(so) < o0,
ueRe >0 t
where we got the last inequality from Lemma 3.1.2. Thus there exists M; € R such
that for all n € N, k,(0) < M.
(ii) Let us show that Lip k, <r*.
We have [,(u) > a¢ and thus

kn(v) =1#(v) = sup {u-v—Il(u)t—H(t)}

u€A, t>0

< sup {u-v—act—H(t)}
u€A, t>0

<r*lv| + H*(—ac).

Let vy, vy € RY. Let € > 0.

There exists some up,t; such that k,(v1) — e < —I,(u1)t;y — H(t1) + uiv;. But
—lp(u)ty — H(ty) + wqvy < k(ve). Thus ky(v1) — kp(v2) < wjvy — ugvg + €. So
kn(v1) — kn(v2) < Jug — vg|r* + €.

Taking € going to 0 we get k,, (v1)—k,(v2) < |vg—wvg|r*. The inequality &, (v1)—kn(v2) <
|v1 — va|r* occurs when we switch v; and vs.

Thus Lip ko < r*.

(iii) Let us show that there exists M, € R such that for all n € N,
[yl (w)] < Ms.

Using inequality (70) we have —fc < s, < —a¢, Vn € N. Since inequality (71)
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gives:
/kn(F + div (¢n)ga) = LY H* (s0) — 1| F 110,
Q
One has:

ol i () 2 LU H () = 1Py = A

as H* is nondecreasing by Lemma 3.1.2. Thus

C > J(kn,ln, ) = /Qf*(wn)d:c—l—/kn(F+div(wn)Rd)+/Alnda:

Q

Z Af—i-Ak—i-/lndl’,
A

and [, l,dz < C — (Ay + Ay). Moreover

/ l,dx > / inf I,(u)dz > acLYA).
A Q ues

ue
Thus there exists My € R such that for all n € N, [, |l,(u)] < M.
(iv) Let us show that there exists M3 € R such that for all n € N, [, [¢,]? <
Ms.

One has:

C > J(kn, ln,thy) = /Qf*(@z)n)dx+/kn(F+div (wn)Rd)—k/Alndx

Q

> —My+ Ay + /Q [ () dx

> —Mg+Ak+/ch(|1/zn|q)dx—c1£d(9),
where we have used inequality (42). Hence, there exists M3 € R such that for all
neN, [o,|? < Ms.

(v) Let us prove that there exists b € R, a > 0 such that for all n € N,
v € R, k,(v) > aly| +b.
Since A is open and contains the origin, there exists a > 0 such that B(0,4a) C A.

Suppose |v| # 0. We have :

—) — H(1) + a|v|.



Since [, is finite on A we can find a constant ¢, depending only on d such that

Cd
sup |l,] < —/ ll.|] ¥neN
B(0,2a) L4(B(0,4a)) B(0,4a)

(See. for instance [11, Evans-Gariepy]). Thus

sup |l,]| < ¢ M,.

L/ [ —C—
S(0,0) LUB(0,4a)) Jy " — L£YB(0,4a))

So kn(v) > b+ alv] where b = H(1) — Ms. If v = 0, we have k,(0) >

—1,(0) — H(1) — 0 and k,(0) > b = a|0| +b. Thus there exists b € R, a > 0 such that
for all n € N, v € R% k,(v) > alv| + b.

(vi) Let us show that there exists M, € R such that for all n € N,
Jo 1div (V) ga| < M.
We have:

C > J(kn,ln,tbn) = /Qf*(z/;n)dx + /an(F + div (¢ ) ga) +/Alndx

> A+ aoli(A) + / ka(F -+ div (1))
Q

> Af—{—Oécﬁd(A)—F/Cl’F—i-diV(wn)Rd"{’b

Q

> A+ acLhA) +bLYQ) — a/\Fydx + /a|div (Vn)gal-
o o
Thus there exists My € R such that for all n € N, [, |div (¢5)ga| < My.

O

Lemma 4.1.6 Consider a sequence {(kn,ln,Vn)}n C /" such that the consequences

of Lemma 4.1.5 hold. Then

1. There exists a function k : R* — R and a subsequence of {k,}°°, that converges

to k locally uniformly.

2. There ezists a function | : A — R and a subsequence of {1,}>° | that converges

to 1 locally uniformly.
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3. There exists 1 € (LP(Q))™? and a bounded Borel measure & such that a sub-
sequence of {Wn, }m converges weakly to v in (LP(Q))*¢ and {div (Ynm) ga

converges weakly to £ (in measures) and div ppa = &.

Proof. Proof of (i). Let By denote the open ball centered at the origin of radius
N. {k,}>2, is bounded pointwise. Indeed, there exists M; € R such that for all
n €N, k,(0) < M; and for all n € N, Lip k,, < r*. Then for all n € N and v € By,
we have:

[ (0)] < [Rn(0)] + () [o] < My + (r7)[v].

Next {k,}°2, is equicontinuous. To see this, let € > 0 and take § = <. For u,v € R?

such that |u — v| < § we have:

k(W) = k()] < (r*)|u— o] < ()= = e.

= r*

Using Ascoli-Arzela’s theorem, there exists a continuous function k, and a subse-
quence {k,, }>_, such that k,, — k in R locally uniformly.
Proof of (ii). Let

K, ={reA:d(xz,0\) > —}.

1
m
Assume that m > mg where my is chosen in a way that K,,, is nonempty. K,, is
compact. Since for all n € N, [,, is convex and fA |l,| < My, there exists a constant
¢ depending only on d, K, and M, such that ||l,|w1e(x,) < ¢ Since WH®(K,,)
is embedded in C*'(K,,) we get that the Lipy (l,) is bounded say by some M > 0
and so {[,}5°, is equicontinuous on K,,. The sequence {l,,}°2; is also equi-bounded
on K, thus using Ascoli-Arzela’s theorem, there exists a subsequence of {l,}52, that
converges uniformly to some function (™ on K,,.

For m = mg + 1, construct a subsequence {lyy+1.n}n of {1,}22, such that [, 411, —
1ot D) in K, 4.

For m = mg+2, construct a subsequence {l,+2.n }n Of {lmg+1.1}n such that l,, 419, —
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l(m0+2) in Km0+2~

Proceed that way for all m > mgy and construct a subsequence {l;,,}n of {lm-1.}
such that [, ,, — 1M in K,,.

Remark that if m" > m, K,, C K,y and since l,,, — 1™ in K,, uniformly and
Ly o — 1(m) in K 1y uniformly, we have (M) = 1m) on K.

Now let € A. Let my such that v € K,,,. For m > my, [ (x) = Lo,y (2z). So
{l(m)(z)} converges. Thus {l(,,)} converges pointwise to some function / and therefore
[ =1 on K,,.

Thus there exists a function [ : A = R such that [,,,, — [ locally uniformly.

Proof of (iii). Using Lemma 4.1.5, there exists ¢y € (LP(Q2))?*? and a bounded
Borel measure ¢ such that a subsequence {1, }n, of {¥,}, converges weakly to v
n (LP(Q2))¥4 and {div (¥ ) ga tm converges weakly to £ (in measures). Let us prove
div e = €.

For all n € N and all ¢ € (C*(R%)) we have:

/90 div (¢n)ge = — /% V.

Since {1n,, }m converges weakly to 1 in (L9(£2))%*¢, we have

lim —/z/;nm-w:—/w.w.

Since {div (¢, )jga}m converges weakly to &, we have

lim gp-div(wnm)Rd:/go-f.
Hence [5¢-&=— [,¢ - Ve. Thus dive = &.
[l

Lemma 4.1.7 Consider a sequence {(ky,ln,¥n)}tn C " such that for some C €

R, one has J(ky,ln,0n) < C. Then there exist (k,l,v) € &'; a subsequence of
{(kny lny n) o denoted {(ky,,, Ln,,, ¥n,, )} such that J(k,1,%) <liminf,, J(k,,,, s, s, )-
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Proof. Thanks to Lemma(4.1.6), there exists a subsequence of {(k,l,,, ")} that
we denote again {(ky,,, ln,., ¥n,, ) }m such that for some function k : R? — R, {k,, }°°_,
converges to k locally uniformly; for some function [ : A — R, {l,,, }°°_; converges to
[ locally uniformly; for some ¢ € (LP(Q2))?*¢ and a bounded Borel measure &, {¥,,, }m
converges weakly to ¢ in (LP(Q))¥? and {div (¥n, ) ga tm converges weakly to & in
measures and divra = €. Remark that since S is closed, we have ¢ € S. We also
have (k,1) € C.

Let us prove J(k,l,v) < liminf,, J(kn, , s, Un,,)-

We recall that

J(Fnps b s ¥ny) = /f*(¢nm)dx + /knm(F + divy,,) + / I, dx.
O Q A

We have & (v) > —k, (0) and thanks to Lemma 4.1.5 , there exists M; > 0 such
that for all m € N*, one has —k,,, (0) > —M. It holds also that for all m € N*, since
(kn)# = ln,,, we have k (u) + H(1) <, (u) for all u € R%. Using Lemma 4.1.5
one more time, there exists M, > 0 such that for all m € N* one has [, [l,,,|dz < M,.
We deduce that there exists M3 > 0 such that for all m € N*, W = A and

Jo |k |dx < M. We are now in position to use Lemma 2.4.10 to deduce that

/ k(div ihga + F) < lim inf / ke (div b, + F).

Q Q

Furthermore, Since f* is convex and finite, the functional

(LP(Q)P 5 /Qf*(u)dx

is is weakly lower semicontinuous. Hence:
L) < timint [ 726,
Q m Q

Now, using Lemma (4.1.4), there exists ac € R such that ac < [, (u) for all
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u € A and n € N, we may apply Fatou’s lemma to [,,,, — a¢ and get

/A liminf(l,,,(w) — ac) < liminf /A (. (1) — ac)

/Al(u)—/AaC < lirr}ninf/[\lnm(u)—//\ac
/A (w) < liminf /A ().

Finally, we have

J(k, 1) = /Qf*(w)dx+/9k(F+div¢)+/mx

A

< liminf [ /Q F* (b, )z + /Q ke, (F + div () ga) + /

ln,, dx}
A

= liminf J(knm, lnm7 ¢nm)

We have (k, kg, ¢) € o and ((k),", ky,v) € . Set | = ky and k = (k),”. One has
by = (™), = ky = Land I# = k. Thus (k,[,¢) € & and J(k,1,9) < J(k,1,).

O
4.1.3 An existence result

Proposition 4.1.8 There exists (k,l,1)) C o' such that
—J(k,1,9) = sup —J(k,1,%))

Proof. Remark that for all u € A and v € RY, u-v < r*|v| and for all ¢ > 0,

0<t+ H(t)+ H*(—1). Thus for all u € A, v € R? and for all ¢ > 0
u-v<t+H({t)+ H(-1)+r" v,

and if we take Iy = 1+ x3, ko(v) = H*(=1) 4+ r*|v| for all v € R? and 1)y = 0 then
(ko, lo, o) € <. Set J(ko,lo, 1) = C. Thanks to Remark (4.1.3), we can find a se-
quence {(kn, Ly, ¥n)}n C @' such that J(ky, 1, ¥,) < C and lim, oo —J (kp, Ly, ¥n) =
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sup,,» —J(k,1,7). We next use Lemma 4.1.7 to deduce that there exist (k,[,v) € &'

and a subsequence of {(k,,l,,¥,)}, denoted {(k,, 1., ,%¥n,, ) }m such that
J(k,1,9) < liminf J(kn,,, bn,, ¥n,,) = S;P—J(k,l,l/}).

Thus J(k,1,1) = sup,, —J(k,1,7).

4.1.4 Additional results

Lemma 4.1.9 Suppose a lower semicontinuous function | : R — R is such that
infxl > « and [ is finite on A, | = +oo on R\ A and k = I*. For v € R? there

exists (ug,tg) such that ug € A, to > 0 and

k’(V) = —tol(Uo) — H(to) — Ug * V.

Proof. Let v € RY. We have k(v) = sup,cz 0 {—tl(u) — H(t) + u - v}. Consider
(tn,tn) € A x (0,00) such that lim,, o {—tal,(0) — H(t,) — u, - v} = k(v). One has

—tol(un) — H(ty) —up - v < —t,a — H(t,) + |v|.r".
Assume that a subsequence of {t,}>2; called {t,, }°°_; converges to co. In that case,

lim —t, a— H(t,,)+ |v].r" = —occ

m—r0o0

which contradict the fact that k(v) > 1(0) — H(1).
In the same manner, no subsequences of {t,}°°, go to 07. Thus ¢, stays in a
closed bounded interval of (0,00). Since u, € A we may then find a subsequence
{(tn,,, tn,, ) }m Of {(tn,t,)}n converging to (ug,tp) € A x (0,00). Using the continuity
of H and the fact that [ is lower semicontinuous ,

k(v) = lim —t,, (u,, ) — H(tn, ) — tn,, - v < —tol(ug) — H(ty) — ug - v < k(v).

m— 00

Thus —tol(ug) — H(to) — up - v = k(v).

70



Lemma 4.1.10 Suppose a lower semicontinuous function ly : R? — R is such that
infy lo > « and ly is finite on A, ly = +o00 on R\ A and k = 1", For allv € R?

such that k is differentiable at v:
1. There exist unique ug € A, to > 0 such that
k(v) = —tol(ug) — H(to) — ug - v.
In addition, ug = VEk(v) and H'(ty) + l(up) = 0.
2. Moreover, let 1 € Cy(R?) and let 1 > € > 0. Define l, = ly+el and k(v) = (1.)*.

(a) There exist a constant M independent of v and € such that ,

(b) We have
ke(v) = k(v)

. €
lim

p— c = —tol(Uo).

Proof. (i) Thanks to Lemma (4.1.9) there exists (ug,ty) such that ug € A, g > 0

and k(v) = —tol(ug) — H(to) — ug - v. Remark that we have for u € A and t > 0,

k(v) +tlo(u) + H(t) —u-v > 0

k(v) + to.lo(uog) + H(tg) —up-v = 0

we get taking the partial derivative with respect to ¢ of k(v) + tly(u) + H(t) —u - v :
lo(Uo) + Hl(to) =0. (73)

Since k is differentiable at v, taking the partial derivative with respect to v of k(v) +
tlo(u) + H(t) —u - v, we get :

VEk(v) = up. (74)
Equality (74) tells us that ug is uniquely defined. As wg is uniquely defined, Equality

(73) tells us that ¢y is uniquely defined as H' : (0,00) — R is a bijection (Lemma
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(3.1.1)). Thus there exist unique ug € A, t; > 0 such that
k(U) = —tol('u,o) — H(to) — Ug " V.

(ii.a) Set kg = k. Remarking that for all € > 0, inf; l. > o — |l|~, We use Part (i) to

deduce that for all v € R?, there exists unique (u,,t.) € A x (0,00) such that

k(v) = sup —fl(u)—H(t)+u-v=—td(uc) — H(te) + ue - v,

=N >0
ue € Ok (v) and t. = (H') 7 (=1 (u)).
We have —I.(u.) < —a + |l|. Hence there exists M; depending only on « and

|l|oc such that for all € > 0, one has t. < M.

We have:
k(v) = —tde(ue) — H(te) +ue-v
= —td(u) — H(t) +uc-v — etd(ue)
< k(v) — et d(ue)
Sofore> 0
ke(v) 6_ ]{T(U) S —tel(ue) (75)
and
Ee0) =R () o, (76)
We also have
k’(U) = —to.Z(’LLD) — H(to) +ug - v

= —tol(UO) — Gtol(UO) — H(to) -+ Ug -V + Gtol(lb(]>
= —t0l6<U0) — H(to) + Ug v+ Etol(UO)

< ke(v) + Etol(UO).

Thus



Using inequalities (76) and (77) we get: M < |l]oo M.
(ii.b) Using (75) we have:
k —k —
i P = RO ). (78)
e—0 € €

There exists a sequence (u,,, f,) with €, — 0 such that

lim —tl(u.) = lim —f. I(ue,).

n—o0

As t., € (0, M;] and u., € A, we may find a subsequence {(t, ,uc, )}, such that
(fen s te, ) = (£,@) € (0, My] x A.

Remark that we exclude the possibility ¢ = 0 since as k.(v) is bounded uniformly in
¢, no subsequence of {t.}. goes to 0. Thanks to (ii. a), lim. o+ kc(v) = k(v). Using

the continuity of H and the fact that [ is lower semicontinuous we get

k(o) < lim —t,, U(ue,,) = H(te,,) + e, v < =fU(@) = H(f) + @ -v < k(v),

vV—00

Thus k(v) = —fl(@) — H(f) + @ - v and using (i), we have uy = @ and t, = f. Hence:

lim —tl(u.) = lim —t.,l(u,) = lim —t., [(u,, )= —tol(up).

n—0o0 vV—00

We deduce that

Using (77) we get

e—0t €
Finally, combining (79) and (80) we get
ke(v) —k
e—0 €
O

Lemma 4.1.11 Let v : Q — R? be a piece-wise constant function and X : Q — RY
be a non degenerate function i.e. LYANTI(N)) = 0 whenever N C R? and LI(N) = 0.

Then v+ A is non degenerate.
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Proof. Let {£;};c0o with I countable be a partition of 2 such that 7 is constant
on {); and takes on that set the value 7;. We have y(z) = >, vil,, Vo € Q. Let

N C R4 such that LI(N) = 0.

(Yy+NHN) = {2€Q, y(z)+ \x) € N}

= [Jn{zeQ y(=)+ A=) € N}

il
= UQiﬂ{xGQ, v + A(x) € N}
iel
il
Thus
LAy + )~ <Y LY NNTHN =) <) LYATHN = 7).
el iel

But, as L4 N—;) = L4N) = 0 and ) is non degenerate, we have LA™ (N—~;)) = 0.
Thus LY((v+X)"YN)) < 0and L4(y+X)"1(N)) = 0. Hence v+ A is non degenerate.

O

4.2 A duality result for problem (58)

In this section we suppose that F is non degenerate and the set S is a finite dimensional
subspace of piecewise affine functions in VVO1 20(Q, R%*9). Suppose (k,1,7)) € o' is a
maximizer of sup,; s)er —/(k,1,9) as given by Proposition 4.1.8. Our goal in this
section is to make a link between Problem (69) and problem (58).

Let ¢ € S. Remark first that dive, , = diveloL? and if (k,1) € C, then [5k(F +
divep ,) = Jo k(F+dive)de. As div 1) is constant piecewise and F is non degenerate,
we have div + F that is non degenerate thanks to Lemma (4.1.11). As k is convex,
k is differentiable a.e. on 2. So there exists a set N C R? with £4(N) = 0 such that
k is differentiable for all v € Q\ N. Set Ny = (divy) + F)~Y(N). We have L4(Ny) = 0
as dive) + F is non degenerate. So for x € Q\ Ny, (dive) + F)(z) € N and k is
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differentiable at (dive) + F)(z). Thus for almost every z € €, k is differentiable at
dive)(z)+ F(z) . So, thanks to Lemma 4.1.10 there exist ; C Q with £L4(Q\ Q) =0
and unique measurable functions ¢y : Q; — (0,00) and ug : ; — A such that for all

r e

k(divy(z) + F(z)) = —to(z)l(uo(x)) — H(to(x)) — uo(x) - (diver(z)) ;

uo(z) = VE(dive(z) + F(x)) and to(z) = (H') " (I(ug(z))).
4.2.1 Differential of J(-,-,7) along a special curve

In this subsection we show that performing variations in the [ variable in problem

SUD (. 1) er — (K, 1, 10) gives the following result.

Lemma 4.2.1 We have ty € det” Vuy.

Proof. Let [ € Cy(R%) and let 1 > ¢ > 0. Define I, = [ + €l and k. = (I)*. Since
for all z € Q) , k is differentiable at div¢(x) + F(x) we have by Lemma 4.1.10 that

there exist a constant M independent of x and e such that, for all z € €)y:

ke —k

€

(divep(z) + F(z))| < M. (81)

and
o k.—k
lim

e—0 €

(dive(z) + F(x)) = —to(z)l(uo(z)). (82)

Furthermore, as —J(k,[,%) = sup,, —J(k,1,1), we have

J(k,Lp) < J(kele,¥)

/k(divw+F)+/ldx < kﬁ(F+divad)+/lde
Q A

/Q(/%—keﬂdwwiF) < Z(ZE—Ddx
/Q(kr—keﬂdwww) < E/Ade

ldzx.

B
VN
ol
|
&
N———
=
<
S
+
3
A
>\
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As LY\ Q) = 0, (81) and (82) holds for almost every = € € and using the Lebesgue

Dominated convergence Theorem, we get

lim (’“ - ’“) (dive + F) = /Qto(:x)l(u()(m))dm.

So
/to(x)l(uo(x))dx. g/ld:c

Q A

Remark that Inequality (83) is still true when [ is replaced by —[ and reads

[ ~twtu(s <~ [ .

Q A

that is

/ to(2)l(uo(z))da > / lda.

Q A

Next Inequalities (83) and (84) imply

/Q to(2)l(uo(x))da = /A ldz.

Since Equality (85) holds for all I € C,(R?) we deduce that t, € det* Vuy.

4.2.2 Differential of J(k,[, ) along a special curve

(85)

In this subsection we show that performing variations in the v variable in problem

SUD (. 1.y e — (K, 1, 1) gives the following result.

Lemma 4.2.2 We have V f*(¢) = Vsuo.

Proof. Recall that

G(up) = {G € LP (Q, R™Y) |/Q(u0,div¢) = —/Q(G, V) dx, Ve € S}

and from Theorem 3.6.1, Vsuyg is the unique G € G such that G = V f*(1)g) for some

Yy € S.
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Let ¢ € S and € € (0,1). Define 9, = 1) + etp. One has J(k,[,v) < J(k,1,7.). Hence

/f / (F +dive dx</f (e) /Q (F + div,)dx

/ (@ @/J—I—E@b) / E(F + div)) +k(F—|—d1V1/J—|—ed1V¢)
Q

€

First, we use the fact that f* is differentiable every where, the growth condition
(42) on f*, the fact that ¢, € S C L(Q,R?¥™%) and the Lebesgue Dominated

Convergence Theorem to get

g, [ FOZLELD [ op ).

Next, we use the fact that k is differentiable at F(x) + div () for a.e. x € €, the

fact that there exists e > 0 such that for all v € RY, k(v) < r*|v| + e (this is given
by Lemma 4.1.5), the fact that F,divey € L'(Q,R?) and the Lebesgue Dominated

Convergence Theorem to get

o —k(F + divy) + k(F + div e + ediv i)

e—0+ 9] €

Hence [, Vf*(¥)-¢ < — [,dive) - VE(F + dive))dz and since we could replace 1)

dr = — / div ey - VE(F + div ) dx
0

by —t we deduce that [, Vf*(¢) - ¢ = — [,dive) - VE(F + dive)dz. But we set
ug(z) = Vk(dive(x) + F(z)). Hence
[ty v == [ dive - uds
0 Q

and Vf*(¢) € 9(up). In addition, since 1) € S, we deduce that Vsug = Vf*(1).

4.2.3 Duality, existence and uniqueness result
Theorem 4.2.3 We have —J(k,1,1)) = fﬂ (Vsug) + H(tg) — F - ug) de. Moreover

sup —J(k,l,¢) = inf /Q(f(VSU)—f—H(ﬁ)—F-u)dx

(klw)ess (w.B)Ethy

and the problem inf o gy, [, (f(Vsu) + H(3) — F -u) dz admit a unique minimizer

characterized by ug(x) = Vk(dive(z) + F(z)) and to(x) = (H') " (I(uo(x))) for a.e.

z € €.
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Proof. Recall that for a.e. x € 2, one has

E(divy(z) + F(x)) = —to(x).l(ug(z)) — H(to(z)) — uo(x) - (div U(x) + F(m)) .

Hence

/ (le@D—FF) / to Uo H(to)—{—Uo (le’JJ—l—F)) dx

(—tol(uo) —
/Azczy+/9 H(to) + uq - dx—/Vf

/Aldy+/Q H(to) + ug - dx—/fvf ) — [ (®)
_/Aldy_/gf —/Q (Vsug) + H(tog) — ug - F) dx,

where we have exploited the fact that ¢ty € det*Vuy ( Lemma 4.2.1) and Vsuy =
Vf*(¢) (Lemma 4.2.2 ). This shows that —J(k, [, 7)) = fQ f(Vsug) + H(ty) — F - ) dz.
Let now (k,l,v) € & and (u, 5) € Up. One has

/Qk(F—I— div ¢)dz > / (u- (F+divy) — Bl(u) — H(P)) dx

Q
with equality if and only if for a.e. x € Q, one has u(z) = VE(F(z) + divy(z)) and
B(z) = (H") Y (I(u(x))). Using 8 € det *Vu and Vsu € G(u), one gets

/ k(F + divi)dx 2/(—V3u-w—H(ﬂ) +u- F)dr — / ldy
Q Q A
> [ (=f(V - ff(v)—H - F)dr — | ld
> [ (= (Vo) = £(0) = H(8) + - Fyo — [ tdy
and the last inequality is strict unless Vsu = V f*(¢). We deduce

—/Q(f*(w)Jrk(Ferivw)dx) dx+/Aldy§ /Q<f (Vsu) + H(B) —u- F)dx

and the equality is strict unless for a.e. x € €2, one has u(x) = VE(F(z) 4+ dive(z));
B(z) = (H') ' (I(u(x))) and Vsu = V f*(¢)). Combining with

IR G) = /Q(f(vguo) + H(ty) — F - ug) da

78



one deduces that

sup —J(k,l,¢) = inf / (f(Vsu) + H(B) — F -u)dz
(kvlvw)le (uaﬁ)eub (9]

and the problem infy g)ey, [, (f(Vsu) + H(8) — F - u) dz admit a unique minimizer

characterized by ug(z) = Vk(dive(z) + F(x)) and to(z) = (H') 1 (I(ug(z))) for a.e.

z € .

4.3 A duality result for the relaxed variational problem
4.3.1 Half way to duality

4.3.1.1 The case F' non degenerate

In this section, we consider an increasing family {5, },en+ of finite dimensional linear
subspace of W, ™°(Q, R™?) consisting of functions affine piecewise such that for
all 1) € Wy ™(Q, R*%), one can find a sequence ¢, € S, for all n € N* satisfying
limy, 00 Hzﬁ—zpn||wol,oo(ﬂmxd) = 0. Such family may be provided by Proposition 2.3.16.
Thanks to Lemma 2.1.2, there exists ug € WHP(Q2, A) an homeomorphism such that

uy(Q2) = A and det Vu > 0. Set §y = det Vug. One has fy € det” Vug. Let

o= /Q (F(Vuo) + H(fo) — F - uo)d.

Since uy € W?(Q, A), one has Vug € ¢ (ug) and thus [, f(Vuo)dz > [, f(Vs. up)dz.
Hence I, (ug, Bo) < co.

Now for every e € N*, thanks to Theorem 4.2.3, there exists unique (u., 5.) € %
such that I, (u., B.) = minggey, .. (1, 3). In particular, Ig, (u.,f.) < ¢ and we

deduce that

/Q (f(Vgeuo) + H(ﬁe)) dx <cy+ T*‘F‘Ll(Q,Rd); Ve € (O, 1) (86)

Define for every e € N* a measure 7, on C' =Q x D = Q x A x [0,00) x R4 by

[ Lt e, dudt ) = | Lo (o). fula), Vo, ua))da
C

Q
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for all L measurable positive. Consider the function ¢ : C' — [0,00) defined by
o(x,u,t,&) = f(§) + H(t) — min f — min H. Thanks to the growth condition (40)
on f and (43) on H, one deduces that for all @ € R, the sublevel sets {¢ < a} are

compact in C. Next, for all e € N*

/ QO("E? u,t, g)VE(d‘T’ dua dt7 dé') :/ (f(vSeue) + H(ﬁe) - mlnf — min H) dx
C Q
<co + 7"|F|p1qpre) — min f — min H.

Hence {7.}. is tight (by Lemma A.2.6) and we may find a subsequence {~.,}5°,

converging weakly to a measure 5 on C' (by Prokorov’s Theorem ).

Lemma 4.3.1 One has 5 € T.

Proof. Claim 1 : [, b(x)dy(dx,du,dt,d§) = [,b(x)dz, Vb e Cy(RY).

We have for b € Cy,(R?), by definition of the weak convergence

/ b(x)dy(dzx, du, dt, d§) = 1111(1) b(x)dye, (dz, dt, du, d§) = / b(z)dz, Vb € Cy(R?).
c n Q

C

Thus
/ b(x)dy(dx, du, dt,d§) = / b(z)dr Vb € Cy(R?) (87)
c 0
Claim 2 : We have [, f(£)dy < oc.

Since the map C 3 (z,u,t,§) — f(§) is lower semicontinuous and bounded below, we

have by Lemma A.2.2

/ f(&dy < / f(&)dve, < co+1"||F||p1qrey —minh < oco.
c C

Claim 3 : One has [ tl(u)dy(dz, du,dt,df) = [, ldy, Vi e Ce(RY).

Let | € Cy(RY). The map C > (x,t,u, &) ~ tl(u) is continuous. Moreover |t/(u)] <

| |oo [t
sup / (H(|t]) — min H) dv,, = sup / (H(B..) — min i) dz
n C n Q

<co + 7||F|| 11 re) — minh — min f < oo;
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one has H — min H > 0 and

. H(t) —min H
lim ——— = oc.
t—o00 t

Thus thanks to Lemma A.2.2 and Lemma A.2.3 one gets lim,,_, fo tl(a)dy,, =
Jo tl(u)dy. Having for alln € N [, tl(u)d¥., = [, ldy, one deduces that [, tl(u)dy =

fA ldy.

Claim 4 : Forallyp € C°(Q,R>?) one has [, (£, ¢(x)) dy = — [, (u, divy(x)) d7.
First Remark that the map C' 3 (z,u,t,§) — (£, ¢(x)) is continuous, for all (z, u,t,&) €

C, 1 0(@) | < |[|sol]; limy—oo % = oo and sup,, fc |€|Pdre, < oco. Hence

i [ (€ 6(2)) dye, = /C (€, 9 (x)) d7. (s5)

n—oo C
Similarly, the map C' 3 (z, u,t,£) — (u,dive)(z)) is continuous, for all (z,u,t,§) € C,

| (u, divip(2)) | < |divb|oo|ul; limy oo & = oo and sup,, [, [u|?dy., < oo. Hence

lim [ (u,divy(z)) dre, :/C<u,divw($))d'y. (89)

n—oo C

Remark that

/c<“’diw<x>>d7+ /C <s7w<x>>dw\
[ twaiviyar = [ fwaive) an,

<

+ ‘/ (u, divep) dye, —/ (u, divy)™y drye,
C C

_l_

/C (usdive) v, + [ (€0 d,

C

+‘— [evman+ [,

+]—/C<s,¢>d%n+/c<g,¢>dw\.

=aq + as + ag + ag + as.

Thanks to Equations (89) and (88) we can find N; € N such that n > N; implies

a1, as < €. We chose such n. Next, it holds:
0 g/ g, div (0 — )| dar < 1 L) [dliv (1 — ) |oo
Q

ay S/Q Vs, tte, (¥ — )| de < i — 9 o (LYQ)) 7 [V s,,, Ue, || Lo (2 axa)
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Since there exists M > 0 such that for all n € N* one has ||V, e, |1 raxa) < M,
we may find Ny > N; such that for all m > N, one has a1, a4 < €. We chose such m.
Remark that since m > n, one has S., C Se,.; [, Vs., te, -V dx = — [, ue, div i dz
and a3 = 0. Thus |fC w,dive(x)) dy + fc & (x dﬂ < 4e. Since € has been chosen

to be arbitrary, we deduce that [, (u, divi)(z)) dy = — [, (€, ¥ (x)) dy

Lemma 4.3.2 One has

/C (FO)+ H{t) = Flo)-w)dy < lmin [ ((Vs,w,) + H(A,) - Fle) - w,,) do.

Q

Proof. Since {,, }22, converges weakly to 7 on C, we use Lemma 3.7.3 to deduce
Jo F(x) - udy = lim,_ [, F(z) - udry,,. We next use the lower semicontinuity of
the map C' 3 (z,u,t,£) — f(§) + H(t) and its boundedness below to infer thanks to

Lemma A.2.2 that [, (f(§)+ H(t))dy <liminf, [, (f(£) + H(t)) dve,. Hence
[ 6@+ 10 — Py -wydy <tmint [ (7 + ) = F@) -y,
C C
zliminf/Q (f(Vs,, ue,) + H(Be,) — F(z) - u., ) dz.

n

O

We summarize this subsubsection as follow:

Remark 4.3.3 If F is nondegenerate, then there exists (k,1,7) € @/’ such that
Jo (FO) + H(t) = F(x) -u)dy < —J(k,1,9)

Proof. From Theorem 4.2.3, we infer that there exists {(ky,{,)}n C C and {1, }5°,

such that for all n € N*, one has v, € S, and

I, (ue,, Be,) = min s, (u,8) = —=J(ky,ln,¥n) = sup —J(k,1,7))
(u,B)E?%, (kL b))ty

where o7, = C x S,,. Exploiting Lemma 4.1.7, we can find (k,[,%)) € o/ such
that liminf —J (k,, l,,%,) < —J(k,1,%). Combining with Lemma 4.3.2, we deduce

Jo (F&) + H(t) = F(x) -u)dy < =J (k,1, ).
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4.8.1.2 The case F € L'(Q)

Lemma 4.3.4 Let A C R? be Lebesgue measurable and bounded. Then for all € > 0

there exists g € L>(A,R?) non degenerate such that 19l 21 Ry < €.

Proof. Let r > 0 be such that A C B(0,r). Consider for t > 0 the map g : A —

R% x +— g(x) = ta. Then ||g||pe(a) < tr. Moreover [, |g|dz < trL%(A). Choose
< (rL%A)) e, one has 19/l p1(apey < € Let N C R? be such that LI(N) = 0.

Then g;*(N) = t'N N A and hence £%(g;*(N)) = 0. Thus g is non degenerate.

O

Lemma 4.3.5 Let F € L*(Q,R%). Then there exists a sequence {F,}, C L>(Q, R?)

such that F,, is non degenerate and lim,,_,. |F — F,||z: = 0.

Proof. Let n € N*. As the set of simple functions (finite linear combination of
characteristic functions) is dense in L}(Q, R?), we can find H,, € L'(2,R?) such that

N(n)

IF — Hn||L1<—andH foAz,

where the A; are measurable disjoint subsets of €.

Thanks to Lemma (4.3.4), we may find G,, € L*(£2,R?) a non-degenerate function
such that |G| 11 @re) < 3. Moreover, since H,, has a countable range and G, is
non-degenerate, thanks to Lemma 4.1.11 we deduce that F, := G,, + H,, is non-

degenerate. Furthermore,

1 1 1
IF — Fulliorey < [|F — Hallpyore) + 1Gall@rey < on T o = o

Thus lim, o0 |[F — Ful[11(re) = 0. Remarking that by G, € L*(Q,RY) and H,, €
L>®(9,R?), one deduces that F,, = G,, + H,, € L®(Q, R?).
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Lemma 4.3.6 Assume that {F,}>2, € L>®(Q,RY) converges to F in L'(2,R?) and

{7 }52, € I converges narrowly to . Then

/C(—F(a:) cu)y(dx,dt, du,d§) = im [ (=F,(z) - u) vy, (dz,dt, du, df).

V—00 C

Proof. One has:

/C F(z) - udv, — /C F(l‘)-udv‘

/CF,,(x)-ud%—/CF(:v)-ud%+/cF(m)-ud%—/CF(x)-udy‘
() u=F ) wan| +| [ @) war, — [ P -udv‘

SL\Fu(x)'u—F(x)'u|d7v+ /CF(J:)-ud’y,,—/CF(x)-ud’y‘.

Claim 1 lim,_ [, |F.(z) - u—F(z) u|dy, =0.

<

One has:

/ |F,(z) - u ) - uldy, < / |F, (z z)| r*dy, since u € A C B(0,7*)
c

—T/]F z)|dx.

In addition to that, we exploit the fact that {F,}5°, converges to F in L'(2,R%) to

finish the proof of Claim 1.

Claim 2 : lim, o [, F(z) - udy, = [, F(z) - udy.
This is basically a consequence of Lemma 3.7.3.

Finally Combining Claim 1 and 2, we finish the proof of the lemma 4.3.6.

Lemma 4.3.7 Assume that {F,}2, € L=(Q,R?) converges to I € L'(,RY) and

{7152, € I' converges narrowly to . Then

Ir () <liminf Ig, (7,).

V—00
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Proof. Since 7, — 7 narrowly and the map C' > (z,u,t,£) — f(§) + H(t) is lower

semicontinuous and bounded below, we get thanks to Lemma A.2.2

V—00

LﬂO+H@MSmmMCﬂO+H®-

This in addition to Lemma 4.3.6 yields

Ir(y) < liminf Ig, (7).

V—00

Lemma 4.3.8 For all F € L'(Q,R?) set

Jelhtw) = [

Q

(f*(Y)dx + k (divepg + FLY)) + / ldy.

A

and
In(y) = /C (F(6) + H(t) — F(x) - u)1(de, dt, du, d)

Then there exists v € I and (k,1,7)) € o such that —Jp(k,1,) > Ir (7).

Proof. Thanks to Lemma 4.3.5, we can find {F,}>, C L*°(w,R%) a sequence of
nondegenerate functions converging to F in L!(w,RY). Thanks to Lemma 4.3.3, for

all n € N*, there exist v, € I" and (k,, ,,v¥,) € &/’ such that

tAU@+H@—H@%WMS—NMMwJ

We may further assume that there exists C' € R such that for all n € N*, one has
Ip, (v,) < C and —Jg, (kn, l,,1,) < C. Using the boundedness of {||F,||}, and an
adapted version of Lemma 4.1.7 we may find a subsequence of {(ky, l,,, ¥y,) }» still de-
noted {(kn, ln, ¥n) }n and (k,1,7)) € o such that Jg(k,l,v) < liminf, Jg, (K, Ly, ¥n).
Similarly, using the boundedness of {||F},||},, we may find a subsequence of {7, }>2,
still denoted {7, }°°, that converges weakly to some 4 € I". We use Lemma 4.3.7 to
deduce Ix(y) < liminf, I, (7,).

Finally, Ir(3) < —Jr (£, 1, D).
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4.3.2 The full duality result

We have the following result

Lemma 4.3.9

I()=infI(y) = sup —J(k1,¢)=—J(k1,1).
vel (k,ab) €y

Moreover if for v € T and (k,l,) € < one has I[(v) = —J(k,l,¢) then Vu, =
V().

Proof. Thanks to Lemma 4.3.8, it suffices to show that for all (k,[,v) € & and all
v € T one has I(y) > —J(k,1,9). Recall first that defining u, by Equation (64), one
has u, € W'?(Q, A). Recall that for ¢ € S there exists a Borel map u, depending
on ¢ and u, such that u, = u, £ a.e. and

[ vuinde == [ g -divie = [ (o) i (90)

Q

Next, using Jensen’s inequality

/Qk*(u,y)dxg/Ck*(u)’y(d:c,dt,du,df) §/(tl(u)+H(t))”y(dx,dt,du,df). (91)

C

Combining Equations (90) and (91), one has:

Lk(F+diV¢Rd> 2/Qu¢,-(F+diV¢Rd)—/k*(u¢)dx

Q

:/qu-Fdx—i—/Qquivad—/Qk*(uv)dx
- [ @ F@ e v@ar— [ k)

> [ (@) — vt dy = [ (1w + 1) dy

c

y)dy + /C (—H(t) +u-F(z) — (€, 6(2))) dy

>_

J,
J

(y)dy + /C (—H(t) +u-F(2) - F(€) - @) dy
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unless £ = V f*(¢(z)) y-a.e. Hence

/Q R(F + div ) + / (y)dy + / F () > /C (—H(t) +u-Fx) — f(€)) dy

and thus I(y) > —J(k,1,9) unless £ = Vf*(y(x)) v-a.e.

4.4 Suffictent conditions for uniqueness

In this section we turn our attention back to Problem (52). Recall The set U, stands
for the set of pairs (8,u) such that u € W' (Q,A) and 8 : Q — (0,00) is a Borel

function satisfying 5 € det® Vu. The problem at hand is

in {I(u) - /Q (f(Vu)+H(5)—F~u)} (92)

(6,11)6“[,
Throughout the section; for ¢ € Sy, we denote div°*ipra (resp. div“ira) the

singular (resp. absolutely continuous) part of divtra with respect to the Lebesgue

d(div *vga)

measure and set g, = |div *1ga| and by, = e
P

Theorem 4.4.1 Suppose (k,1,%) € & and k = 1% and k is differentiable at F(z) +

div “ra(x) for almost every x € Q. Suppose u € WHP(Q, A), B € det* Vu, satisfies:
Vu=Df*(¢), u=VEF +divip), H(B)+1l(u)=0 L"—ae  (93)

and

uy € 0k>(by,) g° — a.e. (94)

Then u is the unique minimizer of I over WhP(Q A).

Proof. We use Lemma 4.1.10 to deduce from (93) that
k(F +div®)) + Sl(u) + H(B) = u- (F + div“y)
and so,

/Q (K(F + div ) + l(u) + h(8))dx = /Q - (F + div®)de. (95)
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Next, since for all v € R? and y € Ok (v) one has ko (v) = v -y (Lemma A.1.6 and

Lemma A.1.12 ), we use (93) to get

d(div *1ppa d(div *1ppa
[k,oo(dlvsw) — [ koo< ( 1217 quz)R ))dgfp — / u¢ . ( 1;/ SwR >dg5, — / uw leSw
Q Q T Q Q

Hence
/ koo (dliv ")) = / - div "o (96)
Q Q
We combine the definition of uy, (95), (96) and the fact that 8 € det” Vu to deduce

/Q k(F+div )+ /ﬂ h(B)dz+ /A Idy = /Q Wy (FLUM-div ¢pa) = /Q u-Fdz— /Q (Vu,¥)dz.

Next from (93), one has Vu = D f*(¢) and thus
/Qk(F+divw)+/Qh(ﬂ)da:~l—/Aldy: /Qu~Fdx—/Q(f*(¢)+f(Vu))da:,
and therefore
—J(k,1,94) = / (f(Vu) + h(B) —u-F)dex > I(u) = I(v"D) > —J(k,1,9).
Q

We deduce that (u, ) is a minimizer of I over U, and ¥*# minimizes I over T.
Let (uy, 31) be a minimizer of I over U,. Then (%) minimizes I over I. We use
furthermore Lemma 4.3.9 to get that Vu; = V f*(¢) = Vu. Since in addition u and

u; have range A up to a set of 0 Lebesgue measure we deduce that u = u; a.e.
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CHAPTER V

MINIMIZATION WITH INCOMPRESSIBLE MATERIALS

In this chapter we turn our attention to some problems with the limit case H = x13.
This corresponds to the case where = det "Vu = 1. We check that many of the

arguments in the previous chapters can be adapted to such a singular H.

5.1 Settings

Throughout this chapter 2 and A stand for two open and bounded convex sets of
R?. We suppose that £4(Q) = L4(A). Let S be a finite dimensional subspace of
Whee (2, R?*4) consisting of function that are affine piecewise. Let vy € W1H2(Q, R9*4)

and let g € L*(0Q, R, HI71) be its trace. Let
U= {u : Q2 — A ;uis a Borel map}.

In the next Lemma we define a pseudo-projected gradient of u € U analogue to the

one defined in Theorem 3.6.1.

Lemma 5.1.1 Let u € U. Let 4 (u) be the set of G € L*(Q, R¥?) satisfying the

relation

/udivwdx: —/(G,¢>dx+/ g v)dHY T W eS. (97)
Q Q

o9
There ezists a unique Vsu € L2(Q,RY*) that minimizes [, |G|?/2dx over 4(u). In

fact Vsu is also the unique G € ¢ (u) satisfying G € S.

Proof. First remark that the functional

Saw»—>—/Qudivwdx—i—/ang(ww)d?-[d1
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is linear over a finite dimensional space. When we endow S with the L?(£2, R%*9)

norm, by Riesz representation theorem, there exists a unique Go € § such that

/udivwdx = —/(G0,¢>dx+/ g - v)dHI? Vi e S.
Q Q

Bly)
It follows that ¢(u) is nonempty and since in addition it is a convex set, there exists

a unique Gy € ¢(u) that minimizes [, |G|?/2dz over 4 (u). Let
St ={G e L*(Q,R™) / (G )y dr = 0; Vap € S},
Q

Remark that since G and Gy satisfy Equation 97, one has Gy — Gy € S*. Next we

have

/|G1|2/2dx:/‘GI_G0|2/2dI+/|G0’2/2dl’.
0 Q Q

Hence [, |G1|*/2dx > [, |Go|*/2dx. Since Gy € 4 (u), we conclude G; = G.
U

Remark 5.1.2 Ifu € W'2(Q,R™?) and we replace S by WH2(Q, R¥*9) in Equation

(97), we get that g is the trace of u on OS.

Let 7 be the set of all u € U satisfying:

/ I(u(x))dz = / I(y)dy; VI € Cy(RY. (98)
Q

A

A is the well studied set of measure preserving map. Let F € L1(Q, RY). We consider

) o |V u|2
ulél}fy{](u) .—/Q ‘; — Fu} (99)

5.2 Dwual problem

the problem

Call C the set of Borel measurable functions k : R* — R and [ : R — R that are

proper and such that [ = 400 on R\ A and
k(v) +l(u) >u-v, VYu,veR% (100)
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Remark that if (k,l) € C, then k and [ are bounded below. Define

J(k,1,9) ::/Q(k(Feriw)Jr@) dx—/mg(z/;-y)d%dl—i—//\l(y)dy.

5.3 The functional —J achieves it maximum over C X S

5.3.1 A regularity result on maximizers

Let (k,1) € C. Then (k,k*) € C and J(k,1) > J(k,k*). Similarly, (*,]) € C and
J(k,1) > J(I*,1). Furthermore for all a € R, if (k,l) € C, k* = I, I* = k, then
(k+a,l—a) € C. Moreover, (k+a)* =l—a, (I—a)* = k+aand J(k,l) = J(k+a,l—a)
(indeed we have £4(Q2) = £4(A)). Hence we may assume without lost of generality

that the maximization is performed over the set
C'={(k,))eC: k" =1,I"=kI1(0) =0}
We have proved the following Lemma:

Lemma 5.3.1 One has:

sup  —J(k, L) = sup  —J(k,1,9).
(k)eCpeSsS (k,)eC’ peS

Remark 5.3.2 Remark that if (k,l) € C, then I* and k* corresponds respectively to

ly and k% as in Definition 4.1.1.
5.3.2 A lower bound for J

Let w € €2. It holds that

/Qk(F + div ) dz 2/ (u- (dive + F) — I(u)

Q

:—/Q<0,@Zz)da;+/mu(¢-y)d7-[d_l+/Qu-Fdx—/Ql(u)d:):

_ . d—1 . —
—/mu(w v)dH —l—/Qu Fdx /Al(u)dx
> | Pl + / u(th - v)dH — / I(u)de.

o A
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Hence

(o [ (g + [ 60) ~ 1)) dy

(101)

J(k, 1)) > —=r*|| Pl 1 o,ra) +

Let us define foru € Q and ¢ € S

2
Au, ) == / de —l—/ (u—g) (1 - v)dH* .
o 2 a0
5.3.3 A minorant of A.

In this sequel we prove the following Lemma:

Lemma 5.3.3 There exists m € R such that for all u € Q and all ) € S, one has
¥ B i1
de+ [ (u—g)(Y-v)dH" > m. (102)
Q 2 o0

Proof. We have u € Q and thus |u| is bounded. Remark that for u € ) fixed, the
functional A*: S — R defined by A“(¢)) := A(u, 1) is a quadratic form defined on a
finite dimensional space. Hence we can find a uniform lower bound which is an affine

function of |u|. Since €2 is bounded, we can find m € R such that for all u € Q and

all ¢ € §, one has

o .
[Brdo [ @) nan = m

5.3.4 Sub-level sets of A.

The aim of this sequel is to establish the following Lemma

Lemma 5.3.4 For ¢ € R the sub-level set S, == {¢p € S : A(u, ) < ¢ Vu € Q} is

compact.
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Proof. Since S has a finite dimension, it is enough to show that S, is a closed and

bounded set. Set for all ¢ € S:

La() = / (- g)(w )

Since u € () is bounded, there exists C' depending only on & and r* such that

| L] < C for all u € Q. Suppose |[1)[| 2 raxa) > 1.

1972 raxay + Lu(¥) < c
0]l 2@ rixay — C < (|| p2raxa) ™ < ¢

1Vl 2o raxay < C ¢

Thus we deduce that [[¢| 2 rixay < max(C + ¢, 1). Hence S. is bounded. The

closure of S, comes from the continuity of A. Thus S, is compact.

5.3.5 Restriction to C' x S of Sub-level sets of J.

For r > 0, set Q, = {x € Q:d(x,00) >r}. Let 7o > 0 be small enough so that
B(0,7r9) C . Let (k,l) € C' and ¢p € S such that J(k,,v) < ¢. Having [(0) = 0,
one gets k(v) > 0-v—1(0) = 0, and we deduce that k(v) > 0 for all v € R?. We have
infl{ > —oo. Let u € Q.

Thanks to Equations (101) and (102) we have

¢

He0) 2 =1 [Fliaso + [ Shdos [ (=g nant+ [ (1) - i) dy
Q onN A

and there exists m € R such that for all 1) € § and all u € €,

wdav + / (u—g)(@ - v)dH" > m. (103)
o 2 o0

Hence J(k,l,1) < ¢ implies that
02 =Pl +m+ [ (1) - ) dy
A

a:=c+1r||F|pq —m 2/ l(x) = l(u).
Q
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Since the later inequality is true for all u € Q we have o > [, I(x) — infg [. Thanks
to Lemma A.3.12, for r < ry there exists a real number C(a, ., Q) depending only

on ¢, 2, and 2 such that

sup |l —inf{|,Lip (I —infl))q, <C(o,,, Q).

e,
We also have Lip ljo, < C(a,Q,,Q). The convex function [ is bounded in 2,, that
contains the origin. Hence 0l(0) is non empty and moreover, letting y € 01(0), we

have |y| < C(a, 2,,,2) (c.f. Lemmas A.3.12 and A.3.10). Thus for u € Q,
l(u) >10)+y-u=y-u>—-1r"Cla,,, Q).
Having k = [*, we get
k(v) = sugu v —I(u) < r*u] +rCla, 2y, Q).
ue

We exploit also the fact that k = [* and properties of [ to deduce that (c.f. Lemma

A.3.11) Lip k < r*. Hence we have for all 0 < r < rg, v € R? and u € Q:

1(0) =0; l(u) >C(a, Qpy, Q); Lip ljo, <C(a, 2, 9);
Lip k <r?; 0 <k(v) <r|v| +rC(a, Ry, Q).

Using Equation (101) again and the fact that [, I(y) —infol > 0, We get that

J(k,1,v) < c implies that

c> =1 F||prare) + Alu, 1))

c+ 1 Fllpq >A(u, ).

Hence 1 belongs to a compact set. We deduce that there exists (ko,lo, o) with
(ko,lp) € C and ¢ € S such that

_J(kOJl)?wO) = sup _J(kahw) = sup —J(k,lﬂ?)
(k,l)eC’' WeS (k,l)eCpesS

Thus we have the following Lemma.
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Lemma 5.3.5 There exists (ko,lo, 1) € C X S such that

_J(k(]?l()?d}()) = sup _J<k7l7w)
(kl)eCpes

5.4 A duality result

5.4.1 Variations of J(-,-, 1) along a special curve.

Take | € C.(R?). For € > 0, define I, = Iy + el. Define k. = (I.)*. Assume kg is

differentiable at v. There exists (Thanks to Lemma A.3.9) Ty(v) € Q such that
ko(v) + lo(To(v)) = To(v) - v.

For all € > 0, (Thanks to Lemma A.3.9) there exists T.(v) € Q such that

ko (v) + Io(T.(0) + el(T.(v)) = T.() - v. (104)

Thus we have

We deduce
S l(TO(U))v (105)

from which it follows that

ke(v) = ko(v)

< |2 oo ray (106)
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lim, ¢ k.(v) = ko(v). We exploit the later equality, the lower semicontinuity of /5 and

Equation (104) to deduce that

ko(v) + lo(lim 7. (v)) < lim T, (v) - v.

€

It follows that lim_ 7. (v) belongs to 0k(v) which has a unique element Ty (v) since ky is
differentiable at v. Thus lim_7,(v) = Ty(v). We use the later fact and the continuity

of [ in Equation (105) to deduce

I(To(v)) < (T, (v) < tim P00 o g RO 2RO )
and thus
tim ARl (107)

Combining equation (107) with Equation (106), since for almost all x € Q, k is
differentiable at F'(x) + div ¢ (z):

x:/l(T(F+divw0)). (108)

lim

e—0t €

(ko(F + diva)g) — ke(F+divw€)) d
Q

Set ug := T'(F + diviyg). One has:

J (Ko, lo, ¥o) — J (ke lo, o)

lim
e—0t €
B Ja . . F .
:_/ l—|— lim (ko( +d1vw0) ke( "—le?ﬂe)) do
Q e—0t QO €

:—/QH/QZ(UO).

As for all € > 0, having J(ko’lo’%);‘](ke’lo’%) <0, we get for all [ € C,(R?) 0 > — Jo [+

Jo, Uuo). Replacing [ by —I, we get 0 < — [, [+ [;,{(uo) and thus [, l(uo)dz = [, 1.
Thus (uo)x(xal?) = xoLl®.

5.4.2 Variations of J(ko,ly, ) along a special curve.

Let € € (0,1). Let ¢ € C.(R¥™?). Set ug = Vko(F + div ). Set ¥ = ¥ + erh.
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The term in ky. Since kq is r*-Lipchitz, we have

k’o(F + div wo) — k’o(F + div ¢e)

€

< r*|div ). (109)

Moreover, at almost every x € Q (as F' is non degenerate and the range of )y is

countable) ko(F + div 1)) is differentiable and one has

. ko(F + divey) — ko(F + div e
lim

e—0 €

= — Vko(F + div ) - div )

= — Up leZZJ

Combining with Equation (109), by the Lebesgue Dominated Convergence Theorem,

we get:

lim/Q <k0<F+diV¢o);ko(F+diV¢€))dx:—/Quo-divw.

e—0

The term in v)5. We have

) R e
2 2

|10l Kz +61/1|2 -
i (L5 [ ) = - [
We also have

i - (= [ gt n)an [ gl el vt = [ g

Wrapping up. One has
lim ’](k0> lo;%) B J<k07l07¢6) _ _/
Q

|¢|2

—€(Yo,¥) —

Hence

e—0t €

uo-divw+w-¢o+/ g(d - v)dH .

o0

Having for all € € (0,1)
J<k07 l07 1/}0) B J(ko, lOu 1/)6)

€

>0,

We deduce
02~ [uwordivi+devn+ [ gl v)ant
Q

o0
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Replacing 1) by —1), one deduces that

og—/uo-dmﬂzﬁww/ g(v - v)dH
Q 0N

/Quo dive) = /w wo—/m (¢ - v)dH

Moreover, as 1y € S we have ¢y = Vsuyg.

and thus

5.4.3 A duality result

Suppose F' is non degenerate . Let (k,l) € C and ¢ € S. Let also u € 5. One has
2
J(k,1,0) :/ﬂ (k(F T dive) + Y ) dz + / I(y)dy — /89 g(d - v)dH
. [i]? T d—1
> [ (o) (7 dive) =t + ) 4 [ttty - [ g6 vjan
:IAl

with equality if and only if u = VE(F + dive) for a.e. z € . Next, Using u € H,

we get:

a= [ () v+ 55) - [ g

[ty Fo)+ [ (ate)- i+ W) [ soenane

Using the definition of Vgsu, we get

A1=/Qu<x>-F(x)—/stu-w/mg(zz.y)w—w/g)@_/mg@.y)d%d—l
- [P - [ Veu-ws [ L
E/Q(uF(x)—W) dx

with equality if and only if Vsu(z) = ¢)(z) a.e. Hence we have shown the following

Lemma
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Lemma 5.4.1 Suppose F is non degenerate . Let (k,1) € C and b € S. Let also
u e . Then

with equality if and only if one has Vsu(z) = (x) and u(z) = VE(F (z) +div(x))

a.e. in €.
As a consequence we have the following Theorem:

Theorem 5.4.2 Suppose F' is non degenerate. Let (kg,lo, 1) € C X S be such that

—J(ko,l(b%ffo): sup —J(k}l,lb)-
(k)eC,yeS

2
inf/M_F.u
ueH O 2

admits a unique minimizer u satisfying

The problem

u(z) =Vko(F(x) + divyo())

Vsu(z) =(z).
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APPENDIX A

USEFUL RESULTS AND DEFINITIONS

A.1 Convex analysis tools

We start this section by recalling the basic definitions in convex analysis. Classical

references are [20, Rockafellar], [6, Dacorognal and [8, Ekeland- Témam].

Definition A.1.1 o A set A C R is convex whenever for all z,y € A and all

t €10,1] one has tx + (1 —t)y € A.
o Let Q be a conver set. A function f : Q — R is said to be convex if
[z + (1 —t)y) <if(e)+ (1 =1)f(y), VEel0,1], Vo,y e,
whenever the right hand side of the inequality is well defined.

o A function f : R? — R is said to be lower semi-continuous (or closed) if

whenever im,, o z, = T in R, one has f(z) < liminf, . f(z,).
o The domain of the function f : R? — R is the set

dom f = {z € R?: f(z) < co}.

o Let A be a subset of R?. The characteristic function of A is the function defined

on R: by xa(z) =0 if v € A and xa(x) = 00 if x & A.
o The epigraph of the function f : R? — R is the set

epi f = {(x,t) € R x R : f(x) < t}.
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Legendre-Fenchel transform.

Definition A.1.2 One calls the Legendre-Fenchel transform of the function f : R —
R the function denoted f* defined for all y € R? by f*(y) = sup,cga{r -y — f(2)}.
Similarly, one defines f** to be the Legendre-Fenchel transform of the function f* so

that for all x € R, f*(x) = supyepa{z -y — f*(y) }-

Subdifferentials.

Definition A.1.3 One says that y € R? is a subgradient of f at the point x if
fl)>f2)+y-(x—2), VzeR%

The set of all subgradients of f at x is called the subdifferential of f at x. It is denoted

Of (x).

Remark that y € df(x) means either of the following

(1) y - z — f(2) achieves its maximum at x.

2) y-x— f(x) = f*(y).

Recession functions.

Definition A.1.4 Let f : R* — R be a convex function. The function f. : R* = R
defined for all y € R? by foo(y) = SUDueqom f1f (@ +y) — f(x)} is called the recession
function of f.

We turn next our attention to recession functions of closed convex functions.

Lemma A.1.5 Let f : R* = R be a convex function. If f is closed and dom f # 0,
then for any x € dom f,

fooly) = SUp{f(x + A\y) — f(-’L’)} ~ lim {f(x + Ay) — f(x)

A>0 A A—00 A

}, VyeR%L
Lemma A.1.6 Assume f:R? — R is proper, convex and closed. Then

foolx) = sup z*-x.
z*edom f*
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Minkowsky functional. Throughout this paragraph, A C R? is an open bounded

convex set and we assume that there exist r, R > 0 such that B(0,7) C A C B(0, R).

Definition A.1.7 One defines the Minkowsky functional (or gauge ) of A for all

r €RY by pa(x) =inf {t >0:2 € tA}.
The following Lemma gives the main properties of the Minkowsky functional.
Lemma A.1.8 We have

1. For all x € RY R7Yx| < pa(z) < v~ Yx|. In particular pp(x) =0 if and only if

x=0.
2. For allz € R?, pp(z) =inf {t > 0: 2 € tA}.

3. For all x € R? such that x # 0, one has 7 € A. Moreover,
A= {xERd pa(z <1} A= {xERd pa(z <1} and
O\ = {l’ e R%: pA = 1}

4. The function py is semi-linear, i.e

(a) pa(z+y) < palz) + paly), for all z,y € RY;

(b) pa(tx) =tpa(x) for all z € R?, for all t > 0.

Moreover, py is conver and continuous.

Lemma A.1.9 For x € R, one has:
1. w € dpp(x) = pa(z) =2 - w.
2. pa s differentiable almost every where and for a.e. x, one has:

[Voa(z)| € [R,r7.
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Support function of a closed convex set Throughout this paragraph, let A C R¢
be open and convex. We assume that there exist r, R > 0 such that B(0,r) C A C
B(0, R). Set g = xx, the characteristic function of A. Define the function f : R? — R
by

f(v) =supu-v. (110)

u€A

Definition A.1.10 The function [ defined by Equation 110 s called the support

function of A.

Lemma A.1.11 (Some properties of f) 1. For all v € R? there erists u € A

such that f(v) =u-v. In particular, dom f = R?.
2. f(v) =0 1if and only if v = 0.
3. For allv e R?, f(v) > 0.
4. For all 0 # v € RY we have
{uel:flv)=u-v}={u€dA: f(v)=u-v}.
Lemma A.1.12 For all v € R%, one has

Ofw)y={uelA: flv)y=u-v}={ucdA: f(v)=u-v}.

Measurable selection. We will need the following Lemma.

Lemma A.1.13 Let f: R = R be a convex lower-semicontinuous function and let

O be a non-empty open set of int(dom f). Then there exists a measurable function

S:0 — R? such that S(z) € Of(z) for all z € O.

See for e.g. [21, Rockafellar-Wets], for more information.
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A.2 Tools from measure theory

A.2.1 'Weak convergence of measure

Good references for this topics include [7, Dellacherie, C. and Meyer|] and [1, Ambrosio-

Gigli-Savaré|.

Definition A.2.1 (weak convergence of measures ) A sequence of bounded mea-

sures {1, }5°, on X is said to converge weakly to u € My(X) if and only if

lim [ odu, :/ edp, Vo € Cy(X). (111)
X X

n—oo

We write pi, — p.

Here follows a proposition that allows us to get a result similar to Equation (111)

under weaker conditions.

Lemma A.2.2 Let {11,}°2, be a sequence of probability measures on X weakly con-

verging to (.

1. Let f be a continuous function on X such that lim, ., sup,, flf\>a | f|dp, = 0.

Then we have lim,,_, o fX fdu, = fX fdu.

2. Let g be a bounded below lower semicontinuous function on X. Then we have

lim [ gdp, > / gdp.
X X

n—oo
We also have

Lemma A.2.3 Let {11,}%°, be a sequence of measures on X. Suppose f : X — R
and g : X — R satisfy |f| < alg| for some constant a > 0. Assume in addition
©(t)

that there exists ¢ : [0,00) — [0,00) measurable such that lim;_, 5= = oo and

sup,, [ ©(|9])pn < 00. Then

lim <sup/ |f|Mn> = 0.
N n J{|f1>a}
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In the remaining of the sequel X denotes a metric space. Let M, (X) be the space

of bounded measures on X.

Definition A.2.4 (Polish space) A polish space is a separable topological space

which has a compatible metric that is complete.

Definition A.2.5 (Tightness of a family of probability measures) A sequence
{n}22, of My(X) is said to be tight if for every e > 0, there exists K., a compact
set of X such that :

sup i, (X \ Ke) <.

Lemma A.2.6 A sequence {u,}5>, of My(X) is tight if there ezists a function ¢ :

X — [0, 00] whose sublevels {x € X : p(x) < ¢} are compact in X such that

sup/ o(x)dp, < oco.
b

n

Theorem A.2.7 (Prokhorov) Let X be a Polish space. Then a family of probability
measures on X is relatively compact (has a subsequence that converges weakly ) if

and only if it is tight.
A.2.2 Parametrized measures

We begin this subsection by giving definitions of some useful spaces.

Definition A.2.8 Let Q C R? and let X be a Banach space with norm || - || and dual

X'

1. A function f : Q — X is said to be simple if f can be writen in the form

f(x) =377 ulp, for E; C Q measurable and u; € X .

2. A function f : Q — X is said to be strongly measurable if f is the a.e. limit of

a sequence of simple functions { fn}o2 .
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3. One defines the space
LP(Q, X) = {f]f 1 Q —= X f is strongly measurable and / | f(z)||Pdx < oo} .
Q

The space LP(Q, X) is endowed with the norm || f||Lro,x) = [o, IIf (z)||Pdz.

4. A function g : Q — X' is said to be weakly star measurable if for every u € X,
the map g, : Q@ — Ryx — (g(x),u) is measurable. The set of weakly star

measurable functions from Q to X' will be denoted LY.(Q, X').

5. One defines the space

120X = {glg € LX) Lol € @), [ ool < oo}
0
The space L},.(Q, X') is endowed with the norm ||g||r, o.xn = [o llg(z) |5 dz.

The next theorem gives the essence of parametrized measures. We refer the reader

to [19, Pedregall.
Theorem A.2.9 Let the sequence {u,}>2, C LP(Q,R?) be such that
Jimsup LY € Q: |uy(x)] > M} =0. (112)
—00 g

then there exists a subsequence {un, }32, of {u,}2%, and p € L(Q, My(RY))  such
that for a.e. x € S, u, s a probability measure on R? and whenever ¢ : 2 x R4 — R?

is Caratheodory function such that {{(-, up, (-))}n is uniformly integrable, then

¢(7umc<)) - 77[) n Ll(QaRd) with 77/}(.17) = @/)(ZL’, )‘)d,uz (113)

Rd
Corollary A.2.10 Assume that the sequence {u, }>°, C LP(Q,R?) is such that u, —
u in LY(Q,RY). Then a subsequence of {u,}>, generates a parametrized measure .

Moreover, for a.e. x € §2, one has:

u(z) = /Rd Adpt. (114)
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Corollary A.2.11 Assume that the sequence {u,}°2, C LP(Q,R?) converges weakly
to u in LP(Q,RY) and {u,}>, generates a parametrized measure . Assume that for

a.e. © € €2, one has: iy = Oy(ry. Then {u,}52, converges strongly to u in LP(Q,R?).
The next lemma proves to be useful.

Lemma A.2.12 Assume that {u,}>>, C LP(Q)) converges weakly to u. Assume that

f: R4 — R 4s strictly convex and

lim f Up,) / f(u

n—yo0
Then {u,}22, converges strongly to u in LP(£2).
Proof. It is enough to show that every subsequence has a subsequence converging
strongly to w. Consider a subsequence of {u,}>, again denoted {u,}°,. Since
{un}oe, € LP(Q) converges weakly to u, thank to Corollary A.2.10, a subsequence
{un, }72, of {u,}22, generates a Young measure p that satisfies u(z) = [p, Adp, for

a.exz € .

Thanks to A.2.11 , it is enough to show that ji, = d,(,) for a.e. x € (2. The following

/f dx—hm/funk ))da
= [ v ) o
>/f(/ Adum>dx
- [ #uto

/ ( [ e = 1 (/R Adm)) 0.

Exploiting Jensen Inequality and the fact that for a.e. x € €2, one has

[ v~ 1 ( I3 Aduz) >0,

107

holds

One deduces that



one obtains that for a.e. x € €2, one has

Ndp, — My, | = 0.
Rdf()u f(/Rd M) 0

Using Jensen’s inequality one more time together with the strict convexity of f yields
that for a.e. x € €, we have p, is a Dirac measure. Since u(z) = fRd Ay, we get

Ha = Ou(z) for ae. z € Q. O

A.3 Other results
A.3.1 Change of variable Formula

In this subsection we assume that © C R? is an open set and f € W!(Q,R?). We
set Jy(x) := det(Df(z)). For a non zero positive integer k, Jj(x) denotes a matrix
whose elements are the determinant of the k-dimensional sub-matrices of D f(x). For a
subset F of Q and y € RY, N(f,y, E) denotes the cardinality of the set EN f~({y}).
The proof of the results in this subsection can be found in [17, Maly]. We refer the

reader also to [13, Fonseca-Gangbo| and [11, Evans-Gariepy]
A.3.1.1 Change of variable via the area formula

Definition A.3.1 (Area Formula) Assumed > d. One says that the area formula
holds for f if for all measurable set E C Q, one has that the function RY > y —

N(f,y, E) is H-measurable and

[ s = [ NG E)ar), (115)

Theorem A.3.2 Assume d > d and the area formula holds for f. If u : Q — R is

measurable and E C ) is measurable, then

[u@l@lae= [ [ X ute) | an (116)
o RO \zeBnf1({h)

provided that either uw > 0 or the left hand side is well defined.

Theorem A.3.3 Ifp>d, d >d and f € W'P(Q,R?), then the area formula holds.
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A.3.1.2 Change of variable via the coarea formula

Definition A.3.4 (Coarea Formula) Assume d < d. One says that the coarea
formula holds for f if for all measurable set E C Q, one has that the function RY >

y—= HEYEN 1 ({y})) is measurable and

[ @l = [ wE 0 )y (1)

Theorem A.3.5 Assume d' < d and the coarea formula holds for f. If u:Q — R

s measurable and E C §) is measurable, then

/Eu($)|Jf(a7)|dx = /]Rd (/Emfl({y}) u(x)d?—[d_d/(x)) dy, (118)

provided that either uw > 0 or the left hand side is well defined.

Theorem A.3.6 If p > d, d < d and f € W"P(Q,R?), then the Coarca formula
holds.

A.3.2 Ascoli-Arzela theorem

In this subsection we recall the definitions of equicontinuity and the Ascoli-Arzela’s

theorem. A proof of the later can be found for instance in [12, Folland].

Definition A.3.7 (Equicontinuty) A family of functions {f;}icr defined on R? is
said to be uniformly equicontinuous if for all € > 0, on can find 6(¢) > 0 such that

for all z,y € R satisfying |x — y| < 5(¢) and all i € I, one has

|fi(z) — fily)| < e

Theorem A.3.8 (Ascoli-Arzela) Let {f,}5°, be a family of real valued continuous
functions on R? that are uniformly equicontinuous and uniformly bounded. Then there
exists a continuous function f and a subsequence { fn, }7>, of {fu}o2, that converges

uniformly to f on every compact sets.
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A.3.3 Results on weak convergence, convexity and Lipchitz functions

Lemma A.3.9 Let Q be bounded set. Let f : RY — R be lower semicontinuous.

Assume that f = +oo on RT\ Q. Then for every vy € RY there exists ug € Q0 such

that f*(vo) = uo - vo — f(uo).
Proof. Let vy € RY. As f = +o00 on R?\ Q,

f(vo) = sup{u-vo — f(u)} = sup{u-vo — f(u)}.

u€Rd ueQ
Consider a maximazing sequence {u,}22; of sup,cq{u - vo — f(u)}. We assume
without lost of generality that {u, }°°, converges to some ug in Q. Then, as f lower

semicontinuous,
f(vo) = limninf Up - Vo — [(un) < ug-vo— flug) < f*(vo).
Thus f*(vo) = uo - vo — f(uo).

Lemma A.3.10 Let LR > 0. Assume f : R — R is convexr and L— Lipchitz on

B(xg, R). Then 0f(xq) is nonempty and for all y € 0f(xy), we have |y| < L.

Proof. The nonemptyness of 0f(zg) follows from the convexity and the bounded-

ness of f on B(xg, R). Next for y € df(zo)

Lyl = Lly + xo — x| > f(y + x0) — f(20) =y - (y + 20 — x0) = [y
We deduce that |y| < L.

O

Lemma A.3.11 Assume f : R — R is proper, bounded below and f = 400 on
R\ B(0,r). Then f* is a r— Lipchitz function.
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Proof. Call m := inf f. There exists 7o € B(0,7) such that f(x¢) € R. Let y € R%.
It holds that

—f (o) = 7yl < —f(wo) + 20 -y < f(y) < rlyl —m.

This implies that f*(y) is always a real number.
Let y1,92 € RYand € > 0. As f* is a real valued function, there exists z; € B(0,7)

such that f*(y1) — e <@y -y1 — f(x1). furthermore, x1 - yo — f(x1) < f*(y2). Thus

Fran) = () <o (i —y2) +e<rlyr — | +e

Having f*(y1) — f*(y2) < rly1 — y2| + € for all €, we deduce

) = [ (y2) < rlyr — vl

Similarly, one proves that f*(y2) — f*(y1) < r|y1 — 32| and deduce

|f (1) = [ ()] < 7lyn — val,

which shows that f* is a r—Lipchitz function

The next Lemma may be drawn from [11, Evans-Gariepy]

Lemma A.3.12 Let Q C R be a an open set. Let K be a compact set contained in
Q and let « > 0. Then there exists a real number C(a, K, Q) depending only on «,
K and Q such that for all f: Q — R convez satisfying Jo If] < a, we have

sup | f ()] <C(a, K, Q);

zeK

esssup |V f(z)| <C(a, K, Q);

zeK

Lipfix <C(o, K, Q).
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Lemma A.3.13 If f : R? — RU{co} is conver, then the functional F : LP(Q) — R
defined by

Flu) = /Q F(u)dz

15 weakly lower semicontinuous. In particular, F' s strongly lower semicontinuous.

Lemma A.3.14 Assume Q C R? is is a finite measure measurable set. Consider
a sequence {u,}5°, such that |u,| < C for all n. Assume the sequence {v,}>2

converges weakly to v in L*(Q2). Moreover, assume that u, — u a.e. Then

lim Up Uy = | u-v.
n—oo Q Q

Proof. Set M := sup, |vn|r1). Take § > 0. As {v,};2, converges weakly to v,

there exists ¢ > 0 such that for all measurable set F,
B <e:>/ lva] < 8, ¥n.
E

As || < oo, by Ergorov theorem, there exists a compact set K, such that [Q\ K| < €
and u,, — u uniformly on K..

Let

I, = /(un - u)”n - / (un - u)vn + / (un o u)vn = ap + by
Q O\ K. c

One has |a,| < fQ\KE 2Cv,| < 2CH. Moreover

|bn| §sup|un—u| ||
€ KE

<M sup |u, — ul.
Ke

As u, — w uniformly on K., there exists N; € N such that for all n > Ny, one has
supg. |u, —u| < 9. Hence for all n > Ny, one has |I,| <2C6 + Mo.

As {u, }o2, € L°(Q) and {v,};2, converges weakly to v, setting 11, = [, u(v — vy),
there exists N > Ny such that n > N implies |I1,| < ¢. Having [, up v, — [qu-v =

I, + I1,, one gets the result.
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A.3.4 Disintegration Theorem

The proof of the next Theorem may be found in [7, Dellacherie, C. and Meyer|. We

refer the reader also to [15, Gangbo]

Theorem A.3.15 (Disintegration Theorem) Let (X, d;) be a separable complete
metric space and let u be a finite Borel measure on (X, A(X)). Let (Y,d2) be a
separable metric space and let v be a finite measure on (Y, B(Y)). SupposeT : X — Y
1s measurable and satisfies T#p << v. Then there exists a family of finite measures

{1ty tyey on X unique up to a v-negligible set such that
1. Forv-a.ey €Y, one has py,({x € X : T(z) #y}) = 0.
2.If f: X = [0,00) and g : Y — [0,00) are measurable, then

(a) The map Y 3y — [, f(x)g(y)py(dzx) is measurable.

(b) One has:

[ s@aremin = [ ([ st ) vian

If in addition T#p = v, then for v-a.ey € Y, the measure ji, is a probability measure.
We have the following application.

Theorem A.3.16 Let X,Y be two separable metric spaces and let ji be a Borel mea-
sure on X XY and suppose that the map 11 : X xY — X : (z,y) — = pushes p
forward to a measure o on X. Then there exists a familly { . }zcq of Borel probability
measure unique o a.e.  such that for all f : X xY — [0,00] measurable, one has

that the map X 3 x — [, f(x,y)pa(dy) is measurable and

XxY f (@, y)plde, dy) = / (/ [, y)ps dy)) o(dx).
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