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Abstract of thesis entitled:

Ideally, many application systems for distributed users should be
designed without requiring a centralized controller, for example cloud
computing or wireless sensor networks. A fundamental challenge to
developing distributed algorithms for these systems is load balancing,
which is the focus of study in this thesis. A common feature of these
distributed algorithms is that routing decisions should be derivable without
requiring much information from the system, probabilistic routing is one
example coming to mind. In this thesis, we propose a new routing strategy
based on the idea of shift-invariant protocol sequences. We study this load
balancing approach in the context of a queuing model of multi-server
system. Our model and strategy can be applied to many practical systems,
including wireless networks. Numerical studies were carried out to compare
our strategy with other routing strategies such as probabilistic routing and
random sequences routing. The results show that the proposed algorithm
has better performance than these strategies. We also implement a
simulation for multiple server system with practical assumptions such as
Poisson job arrival time and exponential job service time. Different
strategies are applied in this system and numerical results show that our
strategy has better performance than others. To overcome some limitations
of shift-invariant protocol sequences, new sets of protocol sequences based

on Chinese Remainder Theorem are used and numerical results show that



its performance is suboptimal.
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. Introduction

1. Objectives

The idea of employing deterministic protocol sequences instead of
probabilistic random accessing is first proposed in [1] for collision channel
without feedback in wireless communication. A protocol sequence is a periodic
binary sequence assigned to each user, which succinctly captures the information
of when a user can transmit (sequence values equal to 1) and when to remain
silent (sequence value equal to 0). The main property of protocol sequence is that
even users are not synchronized and their relative time offsets are unknown to
each other, the number of collisions in one period is bounded and certain level of
throughput is guaranteed for each user in all possibilities of relative time offsets.
Detail knowledge of protocol sequences will be introduced in the following

section.

Protocol sequences can also be applied to other systems where there is no
communication among users to replace probabilistic strategies. The objective of
this thesis, in particular, is to apply the idea of protocol sequences into distributed
load balancing problems where users try to distribute incoming jobs evenly to
different servers without communication among each other. Similar to wireless
communication, probabilistic routing strategies are well studied in previous works
and background of load balancing problems will be presented in section 1.3. We

will show that using routing strategies derived from protocol sequences, the
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throughput of all users can be guaranteed in all situations and the performance are

improved compared to probabilistic routing strategies.



2. Background of Protocol Sequences

Protocol sequences are first proposed in [1] to be applied in collision channel
without feedback in wireless communication. In wireless communication, many
researches are done about random accessing due to its simplicity and effectiveness
in different systems and applications [2]-[6]. In a shared channel, when users
transmit without communication, collisions will occur generally. For system
simplicity, it is desirable to have a simple multiple access protocol which does not
require stringent time synchronization, frequent channel monitoring, and
complicated processing such as backoff algorithm or random number generation
[1]. The result will be particularly useful in emerging communication systems
such as impulse radio [7] and wireless sensor networks [8] in which
well-coordinated transmissions and time offsets may be too costly to devices with
constrained resource. The idea of using protocol sequence to define random
accessing in a collision channel without feedback is proposed in [9]. In this case,
senders are not synchronized and their relative time offsets are unknown to each
other due to a lack of feedback link. Besides, packet retransmission and backoff
mechanisms are not employed. Each sender will just transmit packets at the times

governed by his own protocol sequence.

A time-slotted system is considered in [1], consisting of a number of
transmitters and one receiver. A user sends a packet within the boundaries of a

time slot. The packet is received successfully only when exactly one user is active



at that time slot. A collision occurs when two or more users transmit
simultaneously and the packets are assumed unrecoverable. If no user transmits in
a time slot, that time slot is idle. Each user repeats his assigned binary protocol
sequence periodically, and transmits a packet if and only if the value of the
protocol sequence at that time slot equals one. The transmission schedule is

independent of the data being sent and there is no cooperation among the users.

The advantages of employing deterministic protocol sequences instead of
probabilistic random accessing is that theoretically, we can derive the zero-error
capacity region for the collision channel without feedback when deterministic
protocol sequences are employed. Provided that the protocol sequences are
properly designed, it can be guaranteed that, with probability one, the throughput
of each user is greater than a positive constant regardless of their relative delay

offsets.

Under the model of collision channel without feedback, Massey and Mathys
[9] have shown that a reliable multi-access communication is indeed achievable
and a corresponding scheme with carefully designed protocol sequences was
presented in [9]. More general sequence constructions using constant-weight
cyclically permutable codes are reported in [10], [11] afterwards. A recent survey
is also presented in [12] on coding for multiple access channel without feedback.
Built on the concept of prime sequences, a family of protocol sequences, called

wobbling sequences [1], is designed to support multi-rate service and a large



number of active users. They are suitable to serve as random access protocols, in

particular for applications in some wireless ad hoc or sensor networks.

Optimal protocol sequence sets are proposed in [13]. The “cross correlation”
of these sequences which is defined as the number of collisions of the sequences
in [1], are the same no matter how they are shifted and the variance of the
throughput is 0. This kind of protocol sequence is called shift invariant protocol
sequences (SIS). In section IV, we will employ this SIS protocol sequence to the

distribute load balancing problem.



3. Background of Load Balancing Problems

Load balancing problem has been studied in many previous works. Chow and
Kohler [14] present a queuing model for a heterogeneous multiple server system.
In the model, an arriving job is routed by a job dispatcher to one of parallel
servers. Different routing strategies are also studied in [14], classified into two
categories: deterministic and nondeterministic. As shown in figure 1, in
deterministic strategies, an incoming job is sent to a particular server to minimize
or maximize the expected performance of a related criterion function, such as
minimizing response time, minimizing system time or maximizing throughput. In
nondeterministic strategies in figure 2, an arriving job is sent to a server with
certain probability, where the routing decision is usually based on independent
probability distinctions. Performance of these strategies are analyzed and

compared in [14].
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Fig.1 Deterministic routing
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Fig.2 Nondeterministic routing

Chow and Kohler [14] show that deterministic strategies have better
performance than nondeterministic strategies. However, in deterministic strategies,
there must be a central controller to optimize their criterion function and the
computational complexity is usually high, especially in systems with large number
of servers. On the contrary, in nondeterministic strategies, the packets are routed
based on a probabilistic routing matrix, which can be distributed to users who are
sending jobs to the multiple server system and no central controller is needed. In
this thesis, we are focus on the latter class of problems, which can be defined as

“distributed load balancing”.

Load balancing problems can be viewed as a trade-off between performance
and the cost of information. As shown in figure 3, probabilistic routing and
deterministic routing with central controller lie on the two ends of this trade-off.

Probabilistic routing only requires information about the number of servers, but
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the throughput of this strategy is low. On the contrary, central controller requires
all information about the system, including number of users, number of servers,
packets arrival time, packets service time and queuing patterns of all servers and it
can reach high throughput in turn. Researches about the load balancing in recent

years can also be viewed in two ways.

Central
Exchange Controller
Information
Throughput Improve ‘and
Probability Redistribution
Matrix

Probabilistic
Routing

Information

Fig.3 Trade-off between throughput and information

Ni and Hwang [15] propose a recursive probabilistic routing algorithm. It
uses parameters of the system such as job incoming rate and service rate to form a
nonlinear programming problem with linear constraints. An optimal probabilistic
load balancing algorithm is proposed to solve this nonlinear programming
problem. The proposed load balancing method is proven globally optimum in the

sense that it results in a minimum overall average job response time on a



probabilistic basis.

Some other previous works such as [16] are focused on how to exchange
information among users and servers to distribute jobs evenly to all servers. It can
be viewed as estimating the calculation of central controller. A pre-emptive
load-balancing algorithm is proposed in [16] for a multicomputer having
homogeneous node architecture with a communication network that completely
connects all the nodes by allowing direct communication between any pair of
nodes. New jobs may arrive at any node and jobs execute equally well on any
node, independent of the node where they arrive. We also assume that no
information about the execution time of the process is available. The
load-balancing policy consists of two algorithms. The first, called the information
exchange algorithm, is responsible for the continuous exchange of the load
information between the processors. The second algorithm, called the processor
load, is used by each processor to monitor its own local load on a continuous basis.
This load is based on the ability of the processor to provide services to user’s

processes; thus it can be used to estimate the response time of that processor.

There are also many previous work about distributed load balancing for cloud
computing. An algorithm called honeybee foraging algorithm is proposed in [17].
In this algorithm, idle servers follow one of two behavior patterns: a server that
reads the advert board will follow the chosen advert, and then serve the request;

thus mimicking harvest behavior. A server not reading the advert board reverts to



forage behavior; servicing a random virtual server’s queue request. A server
successfully fulfilling a request will calculate profitability of the just-served job
and post it on the advert board with a probability. The completed server influences
system behavior by comparing its calculated profit with the colony profit on the
advert board, and then adjusts the probability to post and colony profit
accordingly. Given a robust profit calculation method, this behavior pattern
provides a distributed and global communication mechanism; ensuring “profitable”

jobs appear attractive to and are allocated to available servers.

Biased random sampling algorithm is proposed in [18]. In this approach, the
load on a server is represented by its connectivity in a virtual graph. The initial
network is constructed with virtual nodes to represent each server node, with each
in-degree mapped to the server’s free resources or some measure of desirability.
As such, a number (consistent with its available resources) of inward edges are
created, connected from randomly-selected nodes. This approach creates a
network system that provides a measure of initial availability status, which as it
evolves, gives job allocation and usage dynamics. Edge dynamics are then used to
direct the load allocation procedures required for the balancing scheme. When a
node executes a new job, it removes an incoming edge; decreasing its in-degree
and indicating available resources are reduced. Conversely, when the node
completes a job, it follows a process to create a new inward edge; indicating
available resources are increased again. In a steady state, the rate at which jobs

arrive equals the rate at which jobs are finished; the network would have a static
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average number of edges.

Active Clustering is considered in [19] as a self aggregation algorithm to
rewire the network. This procedure is intended to group like (i.e. similar service
type) instances together. Active Clustering consists of iterative executions by each
node in the network: 1. At a random time point a node becomes an initiator and
selects a matchmaker node randomly from its current neighbors; the only
condition being that the matchmaker is of a different type. 2. The matchmaker
node then causes a link to be formed between one of the matchmaker’s neighbors
that match the type of the initiator node. 3. The matchmaker removes the link

between itself and the initiator.

In this thesis, a model is presented to study the distributed load balancing
problem. There are three basic assumptions: (1) users independently distribute
their tasks to servers according to pre-assigned binary sequences, which will be
explained in following section; (2) no real-time synchronization is required; (3)
there is no centralized controller after the initial sequences assignment. These
assumptions usually hold in wireless networks without a centralized controller or
base station and do not provide guarantee that users are synchronized. Based on
these assumptions, a new strategy is proposed. It can be shown that the

performance of the proposed strategy is better than probabilistic routing.

The strategy has many applications in practical systems. For example, in

some wireless sensor network, users transfer data through different frequencies.
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As long as several users are transmitting on the same frequency, packet collision
may occur and additional techniques such as slotted aloha should be used to
resolve the contention and the effective transmitting time will increase. The
different frequencies can be viewed as different “servers” and the extra
transmitting time when frequency collision occurs can be estimated by queuing
model. Thus, the frequency allocation in a wireless sensor network can be
analyzed in the context of load distribution in our multi-server model, and our
strategy can help distribute different frequencies to users evenly in order to reduce

the transmission time.

Section |1 presents the model of distributed load balancing problems. Section
I11 analyzes the model and defines the optimization function to make the system
performance robust. Section 1V applies the shift invariant protocol sequences in
the distributed load balancing problems. Section V shows the numerical results
and the comparison among different strategies. Section VI compares performances
of different strategies in a practical simulation. Section VII introduces a
suboptimal strategy to overcome some limitations of shift invariant protocol
sequences and shows its performance in the simulation. Section VIII concludes

the thesis.
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Il. System Model

Following the model of multiple server system [14], there are L servers in the
multiple server system and K users are sending jobs to the system. We assume that
each user sends the same number of jobs to servers each time slot and we use N
to denote it. The pattern for one user at one time slot can be represented by a
binary sequence, where the positions of 1s denote the servers selected to send jobs
to by this user. For example, if there are 6 servers, user isends 2 jobs at time slot
t to server 1 and 2, we can use the sequence s’ =(1,1,0,0,0,0) to represent the

case.

In order to distribute the jobs evenly, each user is required to send jobs to
different servers in different time slots, until all servers are used once. Therefore,
each user will follow a series of sequences to send jobs and the positions of 1s in
these sequences should not overlap with each other. After using all servers once,
the user will go back to follow the same pattern of sequences and thus the series is
periodical. We define the period as P=L/Nand to simplify the model, we

assume L is divisible by N . We define this series of sequences as S, for user

S = (S, S3101Sp1 511 Sy eees Sprovs)- (1)

For example, suppose there are 6 servers and 2 users and each user sends 2 jobs
every time slot. User 1 selects server 1 and 2 at the first time slot, server 3 and 4 at

the second time slot and server 5 and 6 at the third time slot. This scenario can be
13



represented as S, =((1L,10,0,0,0),(0,0,1,1,0,0),(0,0,0,0,1,1),......) . Similarly, user

2 may follow S, =((1,0,0,1,0,0),(0,1,0,0,1,0),(0,0,1,0,0,1),......).

Figure 4 is an illustration of the system. The two users follow sequence sets

S, and S, correspondingly as mentioned above for two time slots to send jobs

to 6 servers and jobs queue in front of each server.

time slot 1

@ @ server 1
(1,1,0,0,0,0) /
@ server 2

user 1
server 3

user 2

@ server4

(1,0,0,1,0,0)
server §
servereé
time slot 2
@ @ server 1
@ ® server 2
(0,0,1,1,0,0) / ]
user 1 ® server.}
server4
user 2 @ @
(031a0,091’0)\ ® server 5
serveré

Fig.4 [ustration of multi-server system model
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As there is no communication among different users, jobs from different users
may arrive at the same server in one time slot. If more than one jobs are sent to
the same server in a time slot, we assume the queuing order for these jobs are
determined randomly. In our model, we only consider the simplest case where one
server will serve exactly one job per time slot. Under this assumption, a stationary

conditionisthat KxN <L and P=L/N>K.

Moreover, as the users are independent, the time to start sending jobs are not
synchronized and thus we need to introduce a time difference for each user when

the whole system starts. We define the rotation RS, of S, by
RS, = (S}, S}, Sp, St S5, Shy e )

Then we introduce the concept of a time difference 7, €[0,P—1] for user i so

that when the system starts, user ifollows z; rotations of S,
RS, = (S, 115, .p1+15p1 511 Sy (3)

In the previous example, if 7,=0 and 7, =0, two users will just follow the
sequences in S, and S,. However, if 7, =0 and 7, =2, the sequences for user
2 will become ((0,0,1,0,0,1),(10,0,1,0,0),(0,1,0,0,1,0),......) because user 2
already goes to the third sequence in S, when the system starts. Therefore,
different combinations of z=(z,7,,...,7) result in different queuing patterns

for servers.

Under this system model, we can derive the average waiting time for all jobs

15



from all users in terms of sequence sets and time difference for the users. The
average waiting time is an important parameter to describe the performance of the

whole system.

16



I11. Analysis and Results

For a particular combination of 7, we can determine the queuing pattern for
all servers by the following notations. We use s/(I) to represent the value of
position | in s'. It is just the number of job user i send to server lat time t
(either 1 or 0). Note that s/(l)is dependent of z, and we use s/(l) instead of
s'(l,z,,7,,....,7) here for short form; notations of A(l) and Q/(I) which are
defined later should be interpreted similarly. As one user only sends one job to a

particular server in one period, we have
S/ (1) + Sty (1) o SLp, (1) =1. @)
One user sends N jobs each time slot in total to all servers in one period, so

> si()=N. (5)

We further use A/(l) to denote the number of jobs server | receives from

all users at time t, thus A (I) can be computed directly from s/(1).

A =iZS! (). (6)
Similarly, we have

AD+A. . D+.+A-,1)=K; (7
ZA(I):NxK. (8)

As s/ (I) is periodical,

17



A =A). (9)

Q,(I) is defined as the number of jobs queuing in server | at time t, it can be

expressed by the following formula, provided that we let new jobs come and get

served immediately, then compute Q,(I) by

Q) =QM+AM-1)". (10)

Q,(I) is also periodical except for the first P time slots. The proof of this is given

in Appendix A. That is,
Qt = Qt+P (1). when t>P (11)

Finally, we can define an average waiting time for a random job by

3> Q7 Ty

T T mi) = —— (12)

As Q,(I) is computed under one particular combination of shifts as defined by

z,T,(5,7,,...7,) can be represented as a function of 7.

We can use T, (z,,7,,...7¢) to evaluate the performance of the whole system
and a desirable goal is to minimizeT,(z,,7,,...7,) . Obviously, T, (z,,7,,....7)
can assume different values for different combinations of z, for a fixed set of
sequences allocated to users. Moreover, we cannot predict the time differences z
for all users in practice. Therefore, we try to find a set of sequences to minimize

the possible maximum value of T,(z,,7,,...7,) among all combinations of time

18



differences 7. That is, our goal is to determine the

argmin(max (T, (z,, 7, .. 7, )))- (13)

81,555k

For example, suppose S, =((110,0,0,0),(0,0,110,0),(0,0,0,0,13),......)
and S,=((0,0,110,0),(0,0,0,0,11),(1,10,0,0,0),......) , when 7,=0 and
7, =0, no jobs will go to the same server at any time slot and thus the waiting
time T_W(l,l):O. However, when 7, =2 and 7, =4, the sequences that two
users follow are exactly the same and the waiting time becomes much worse
T_W(l,3) =0.5. To determine the optimal strategy, we only need to consider the
worst case for each sequence set. For example, in this example, the worst case

over all shiftsis  T,(1,3)=0.5 and thissetof S, and S, is not the optimum.

To find the solution for the optimization problem (13), we rely on the

following theorem:

Theorem: Z T, (z,,7,,...7,) = C where C is a constant for any sequences

Ty, Tp e T

S,,S,, Sy
The proof is as following.

We can compute the average waiting time 'ITW(rl,rz,...,rK) from another
direction. We define o as the time slot at which server | receives a job from

user i in one period P, which means
s\ ()=1,6{=12,..,P

19



The jobs sent to server | in one period can be represented by the sequence
(0),0p,.....,0y) and A(l) can be computed by counting the number of ts that
appear in (o},0y,.....,0y). Q) can further be computed from A(l) by (8).

Therefore, the total waiting time for jobs on server | is a function of o .
TW(I,rl,rz,...,rK):g(all,aé, ...... ,O'L (16)

T, (2., 7,,...,7,) can be further computed by

ZTW(I,z'l,rz,...,z'K)

T (2, Ty 7y ) = T (17)

Therefore,

ZTW(l,Tl,TZ,...,TK)
|
Lx K

S T (@)=

71,79 e TR T1,T) e TK

z Zg(al',a;, ...... ,0:()

For example, if $,=(110,0,0,0),(0,0,110,0),(0,0,0,0,11),.....) and
SZ = ((O,l; O, O,:L O), (0,0,1, O, 0,1), (1, O, 0,1, 0,0), ...... ) , When T, = 0 and T,= 0 ’
server 1 will receive one job from user 1 at the first time slot and one job from

user 2 at the third time slot, thus o, =1 and o, =3,

As user 1 will send exactly 1 job to server | in one period P, we can always
finda 7 =7 whereuser I sends the job to server | at the first time slot, which
means o =1, Then if 7 =T_—1, ol =2 In this way, as the domain size of 7

| .
and o; are both P, we can always find exactly one 7; correspond to one value

20



of oi. Therefore 7; and o are one to one mapping. Thus, summing up 7
from 1 to P is the same as summing up ol from 1 to P. Meanwhile, time

differences for different users are independent and i is only affected by 7,

we have

7T i |
Lx K
zzz...ZQ(al',oé, ...... ,G:(
_ g g I
- Lx K
DI I I AT T
_ o o ok
- Lx K

Which is the same no matter what sequences are used.

For example, if S =(110,0,0,0),(0,0,110,0),(0,0,0,0,1,1),.....) and
S,=((0,10,0,1,0),(0,0,1,0,0,1),(1,0,0,1,0,0),......), when we fix 7, and only
consider server 1, we can find that o; =1 when 7,=0, 0, =2 when 7, =2
and o, =3 when 7, =1, Therefore, when summing up all possibilities for 7, it
is the same as summing up all possible values for oy, Similarly, all values of o,
are included once when summing up 7,. Patterns on other servers can also be
computed in this way and thus

ZT_W(Tl’Tz) = Z ZT_W(TUTZ) =

71,7 7,=017,=0 |

> > d(oy,03)

6
=1 o‘ll =loy=!

iN

= Z[g(l,l) +9(12)+9(L3)+9(2,1)+g(2,2)

+0(2,3)+9(B,)+9(3,2) +9(3,3)]

(18)
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When we change sequences to
S, =((0,1,0,0,0,0),(0,0,1,0,0,1),(1,0,0,1,0,0),.......) and
S,=(40,10,0,0),(0,1,0,14,0,0),(0,0,0,0,1,1),......), we can find that the
relationship changes to 0; =1 when 7,=2, 0;=2 when 7 =1 and o; =3
when 7,=0. However, when we sum 7, and 7, up, we still get the same

expression as (18) and the result is irrelevant to what sequences used. Therefore,

Z T, (z,,7,,...,7,) =C where C is a constant for any sequences S,,S,,...,S, .

70472 e TR

Based on this theorem, as the sum of T, (z,,7,,....7,) iS constant, a shift
invariant sequence set that yields the same value for all 7, if it exists, is optimal.
In the next section, we will show that such solution exists for some system

parameters.
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IV. Applications of Shift Invariant Protocol Sequences

The conditions of the collision channel is quite similar to the distributed load
balancing model, so we try to apply the protocol sequences to solve the

optimization problem in our model.

As the cross correlation of shift invariant protocol sequences are the same
among different shifts, and the response time is related to the cross correlation, we
find that shift invariant protocol sequence is one of the sequence sets that can
make the response time equal among all shift patterns. In other words, shift

invariant protocol sequence is one of the optimal solutions to (13).

Figure 5 shows one set of shift invariant protocol sequences and the resulting
routing patterns for different users. Table | shows the response time for all 7 s,
which is constant. We further studied the case when all users use the sequences for
user 3 in previous case. Although the respond times for some z s are smaller than
that of shift invariant sequences, the maximum one is much larger. Therefore, shift
invariant sequences set is one of the optimal solutions to (13) and thus has a

robust performance.
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Shift Invariant Protocol Sequences

(1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0)
(1,1,1,0,0,0,0,0,0,1,1,1,0,0,0,0,0,0,1,1,1,0,0,0,0,0,0)
(t1,2,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)

User 1:

(1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0)
(0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0)
(0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1)
User 2:

(1,1,1,0,0,0,0,0,0,1,1,1,0,0,0,0,0,0,1,1,1,0,0,0,0,0,0)
(0,0,0,1,1,1,0,0,0,0,0,0,1,1,1,0,0,0,0,0,0,1,1,1,0,0,0)
(0,0,0,0,0,0,1,1,1,0,0,0,0,0,0,1,1,1,0,0,0,0,0,0,1,1,1)
User 3:

t2221111,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)

(0,0,0,0,0,0,0,0,0,1,1,2,2,2,1,1,1,1,0,0,0,0,0,0,0,0,0)
(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,1)

Fig.5 Example of shift invariant protocol sequence. Adapted from [20]

Time Differences

(0,0,0)

(0,0,1)

(0,0,2)

(0,1,0)

0,1,1)

(0,1,2)

(2,2,2)

Average waiting
time for shift
invariant sequences

0.444

0.444

0.444

0.444

0.444

0.444

0.444

Average waiting
time for same
sequences

0.333

0.666

0.333

0.666

Table 1  Average Response Time for Different 7. Adapted from [20]
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However, the existence of shift invariant protocol sequences depends on the
value of server number Land period P. For P users, the minimum value of L

isPP.

When the number of servers does not satisfy the requirements of shift
invariant sequences, we propose a simple way to generate a suboptimal sequence
set. Note that if there are two sequence sets S,and S, with same user number K
and period P, suppose their server numbers are L andL,, we can append S,at
the end of S, and let them shift in their own range with period P. In this way,
we construct a new sequence set for L, +L, servers with the same user number

K and period P.

Therefore, if there is a shift invariant sequence set S, for server number L,
we can generate optimal sequence set for nL (where n is an integer) by adding n
S, together. Based on it, for any server number L>P®, we can firstly find the
shift invariant sequence set S,for P" servers, and then define a minimal shift
invariant sequence set for L by adding n, S, together where n  is the
maximal integer that satisfies n_xP” <L. For the remaining part, we currently

append a sequence set with same sequences for all users.

Figure 6 shows an example. For L = 30, K = 3 and P = 3, we find the shift
invariant sequence set for L = 27 and append the same sequences for L = 3 at the

end of sequences allocated to each user.
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L=30
User 1:
(1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0)
,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0)
(0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1)
User 2:
(1,1,1,0,0,0,0,0,0,1,1,1,0,0,0,0,0,0,1,1,1,0,0,0,0,0,0,1,0,0)
(0,00,1,1,1,0,0,0,0,0,0,1,1,1,0,0,0,0,0,0,1,1,1,0,0,0,0,1,0)
(0,0,0,0,0,0,1,1,1,0,0,0,0,0,0,1,1,1,0,0,0,0,0,0,1,1,1,0,0,1)
User 3:
t21121111,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0)
(0,0,0,0,0,0,00,0,2,1,1,2,2,2,1,1,1,0,0,0,0,0,0,0,0,0,0,1,0)
(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,2,1,1,1,1,1,1,1,1,0,0,1)

Fig.6 sequences allocated to users (L = 30, K = 3, P = 3). Adapted from [20]
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V. Numerical Results

1. Simulation Settings

The settings of our simulation are the same as mentioned in section Il. There
are 27 servers and 3 users in the system and each user sends 9 jobs to different
servers every time slot. We further introduce a parameter T, to denote how long a
single job needs to be served. It is assumed to be one time slot in previous part
and it can vary from 1 to 1/3 in our simulations. (Jobs will not cumulate if Tis
less than 1/3, because even if a server receives 3 jobs in one time slot, it can serve
them all in that time slot). We compute average response time for one job which
equals average waiting time defined by (12) plus the service time of one job.
Three routing strategies are compared in our simulation: probabilistic routing,

random sequence routing and shift invariant sequence routing.

In probabilistic routing, each user selects 9 different servers out of 27 with
equal probabilities among all servers in each time slot to send jobs. Users behave
independently among different time slots and their routing strategies are not

affected by previous selections.

In random sequence routing, sequence sets defined by (1) are generated
randomly and allocated to users at the beginning. Users send jobs following the
sequence sets in one period P = 3 time slots. Then new sequence sets will be
generated randomly in next period. The effect of this strategy is equivalent to

probabilistic routing with memory, which means that users send jobs randomly to
27



all servers at the beginning, memorize the selected servers and send jobs

randomly to remaining servers in next time slots.

In shift invariant routing, we allocate the shift invariant sequences for L = 27,
K =3 and P = 3, as shown in figure 2, to users instead of random sequences in

previous case to do routing.
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2. Results

Figure 7 shows the comparison result. The triangle line is probabilistic
routing and the performance is the worst. The system is even not robust as T,
goes to 1 and the average response time tends to infinity. Diamond line represents
the performance of random sequence routing. We can see its average response

time is larger than that of shift invariant sequences routing, which is denoted by

star line.
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Fig.7 comparison of average response time. Adapted from [20]

In practice, users usually divide one piece of job into several parts and
distribute them to servers and the total waiting time is determined by the part that
returns latest. It is exactly the property of protocol sequences to guarantee the
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throughput of the worst case. To simulate this, in previous system we further
compare the maximum respond time for jobs sent in one time slot from one user.
Figure 8 shows that the shift invariant sequences routing performs much better

than others in this case.

6 :
probability
——random sequence
3 RN S W SR NN O, ——shift invariant sequence ||
4 LesessnssedsnasnenaneReenenenenasibaananananiinananenem bt s sl s s s S =

max response time for 1 job

1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2

service time for 1 job

Fig.8 comparison of maximal response time in one time slot. Adapted from [20]
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V1. Practical Simulation

1. Simulation Settings

In section Il, a model is proposed to study the distributed load balancing
problems and optimization functions are provided to find the best routing strategy.
However, the assumptions are quite strong in order to do mathematical derivations.

Therefore, a simulation with more practical conditions is presented in this section.

The assumptions are as following:

1. The job arrival time for each user follows Poisson Process with parameter

A foruser i.

2. The job service time follows exponential distribution with parameter .

3. There are 27 servers and 3 users. When a packet arrives at one user, it will
divide the job into 9 pieces and send them to the servers based on different
routing strategy. The response time is defined to be the time when all the
pieces of this packet are served, which is the same scenario as the second

simulation in section IV.

4. The arrival time and service time for all jobs are pre-generated and all
routing strategies use this same set of data in one run to guarantee a fair
comparison. The average response time for 10000 runs of simulation with

different arrival and service time sets are taken and compared.
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5. The ratio between the overall job incoming rate and the overall server

A

capacity =— varies from1t0 0.1.
U

Four routing strategies are compared in the simulation: probabilistic routing,
random sequence routing, shift invariant protocol sequence routing and same
server routing. The first three routing strategies are basically the same as the
settings in section IV. The only difference is that in this simulation, the time is

continuous instead of slotted, thus sequences are used only when new jobs arrive.

In same server routing, each user is just assigned 9 servers and it will always
send jobs to them without shift. The reason to show its performance is that in the
model in section Il, the waiting time is 0 and the performance is the best if we use
the same server routing. However, we argue that users should shift to different
servers in practice. The reason is that in the previous model, the service time is
equal to the job arrival interval and thus if one user always send jobs to the same
set of servers, jobs do not cumulate. On the contrary, in this simulation, as well as
in practice, job arrival time and service time are randomly distributed and it is
highly possible that the former jobs are not completed when new jobs come.
Therefore, if we use same server routing and other servers are idle in such case,
the waiting time must be longer comparing to those routing strategies that shift the

Servers.
Another important issue is that in practice, the number of users is much larger
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and we may assign the same set of sequences to a group of users. With same
server routing, if this group of users are active simultaneously, the server is highly
congested. However, if these users are assigned the same set of sequences, they

still can distribute jobs to different servers and the response time is smaller.

33



2. Results

Figure 9 shows the result with the same job arrival rate for all users. The circle
line is same server routing and the triangle line is probabilistic routing. Their
response times are both much larger than other strategies. Diamond line represents
the performance of random sequence routing. We can see its average response
time is larger than that of shift invariant sequences routing, which is denoted by

star line. The performance of all routing strategies tends to be the same as the ratio

2h

between job arrival rate and job service time - goes to 0, because the system
U

is not congested and collision seldom occurs. Moreover, the same server routing

2A

u

performs better when is small, because there is few collision from the

same user as mentioned in section V.1.

70

same server

probability
—o-random sequence
—+shift invariant sequence

average response time for 1 job

1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
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Fig.9 comparison of average response time with same A
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Figure 10 shows the result with different job arrival rate for different users.
The ratio of arrival rate for 3 users is 1:2:3 and the overall arrival rate remains the
same as in figure 9. We can see that in this case, same server routing performs
even worse, because with different A for different users, there are many jobs
arrives at user 3 with largest arrival rate when the other two users are not active
and same server routing cannot distribute jobs evenly to all users in this case. It is
also shown that the shift invariant protocol sequence routing still performs much

better than others in this case.

70 H H H H ! ! ; '

s s s s e same server

1 1 1 | i probability
60 s i +-—-random sequence

: : : : i | shift invariant sequence
50 e - St SO S _

average response time for 1 job

Fig.10  comparison of average response time with different A
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VII. Suboptimal Strategy
1. CRT Protocol sequences

As mentioned in section Ill, there is a limitation on the number of servers L
and period P. To relax the limitation and to apply the routing strategy to arbitrary
number of servers in practice, a new set of protocol sequences called CRT

protocol sequences is presented in this section.

CRT Protocol Sequences
User 1: (1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0)
User 2: (1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0)

User 3: (1,0,0,1,0,0,0,1,0,0,0,1,0,0,1,1,0,0,1,0,0,0,1,0,0,0,1,0,0,1)

Fig.11  Anexample of CRT protocol sequences

CRT protocol sequence is proposed in [21], which is based on the bijective
mapping between one-dimensional sequence and two-dimensional array by the
Chinese Remainder Theorem (CRT). The cross-correlation, as defined in section
1.2, between these sequences are highly concentrated around the mean value under
different shifts of the sequences. It is equivalent to say that the differences among
T_W(rl,rz,...,rK), defined by function (12), under all possible zs are limited.
Therefore, the CRT sequence is a suboptimal solution to the optimization function
(13).

Another important property is that the relationship between number of servers
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L and period Pis L=PxQ where Q is a positive integer that is relative prime to
P. Therefore, the limitation for the number of servers L is relaxed to L =0(P?),

thus it is much easier to find this kind of sequences for given number of servers.

CRT protocol sequence can be generate by computing linear operations in
modular arithmetic and the detail algorithm to generate such sequences can be
found in [21]. An example of CRT protocol sequences for 15 servers and 3 users
is shown in figure 11 and performance comparison among CRT protocol sequence

and previous routing strategy will be shown in next section.
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2. Numerical Results

The simulation with same assumptions as section V is done to compare the
performance of the suboptimal strategy by CRT protocol sequences with other
strategies. In this simulation, there are 30 servers and 3 users and we use the CRT
sequence as shown in figure 11 to do routing. Other strategies including same
server routing, probability routing and random sequence routing are the same as

mentioned in section V and the job arrival rate for all users are the same.

Moreover, we compare the performance of a suboptimal routing strategy
derived from shift invariant protocol sequences as shown in figure 6. The reason
is that as mentioned above, the relationship between the number of servers L and
period P for CRT sequences is L=PxQ where Q is a positive integer that is
relative prime to P, while for SIS sequences, L =P". Therefore, we cannot find
an L to satisfy both condition and there is no L that has both CRT sequences and
SIS sequences. Thus we compare the performance of the suboptimal routing
strategy derived from SIS sequences to give a rough idea of the differences

between CRT and SIS sequences.

We can see in figure 12, the performances of CRT protocol sequence routing is
slightly worse than the suboptimal SIS sequence, both better than that of all other

strategies.
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VI1II.Conclusions

In this thesis, we present a model of distributed load balancing problem,
which can be applied to many applications including frequency channel allocation
in wireless sensor networks. We define an optimization problem in order to
minimize the maximal response time for all combinations of time differences
among the users. Under suitable technical conditions, we derive optimal solutions
to the problem, which are based on shift invariant protocol sequences.
Numerical results show that our algorithm performs better than other strategies
such as probabilistic routing and random sequences. However, there are some
limitations on the number of users. A simulation with practical conditions proves
that our algorithm can improve the performance, as predicted in our mathematical
model. A suboptimal routing strategy is also proposed based on CRT protocol

sequences to relax the limitation on the number of users.

Further investigation about other optimal solutions for (13) is required to see
whether there are better sequence sets that are easier to generate and have fewer
limitations. Moreover, there is not always an optimal solution for every number of
servers L and a practical routing algorithm for arbitrary number of servers need to
be developed. A simplest version of routing algorithm is proposed in section 111.2,
but obviously we can achieve better performance by merging existing optimal and

suboptimal sequences and it worth a closer look in the future.

Besides, it is common that users have different job arrival rates in practice
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and employing protocol sequences with different duty factors may give better
throughput comparing to the result in section V. Such sequences have yet not been

studied in previous researches.

Another direction of future work is to study the performance of our load
balancing algorithm in real applications such as frequency channel allocation in
wireless sensor networks and cloud computing. Practical implementations suitable
for those systems are required and routing algorithms can be developed

accordingly.
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APPENDIX A

Considering one particular server, |1 useQ(t) to represent the queue length at

timetand A(t) to represent number of jobs arrive at time t.

Define D(t) as the number of jobs served at time t. (At time t, new jobs come

first, then get served immediately. Q(t) is computed after that.)
Q(t) =Q(t—1)+ A(t) - D(v); (14)

D) :{1 Q-1 +A(t)>0 (15)

0 Qt-D)=A(t)=0

from (13), Q(P) = i At) - i D(t) +Q(0)

zP:A(t):K, if Q0)=0 and Q(K)=b, then ZP:D(t):K—b. As D(t) is

either 1 or0, P—(K—b) of D(t) areOsand others are 1s.
Let D(t)=D(,)=...=D(tp_x,)) =0
(t, <t, <..<tp_«_y), We can divide the scenario into several parts.

from (14), D(t)=0=>Q(t,~1)= At)=0

Q(t,-1) = tliA(t) —f D(t)+Q(0) =0 and

t=1

Appendix A and have been published in [20].
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Q) =A)=0

=
D D(t)=t,—1 because only

D(t,)=D(,)=...= D(tpf(be)) =0
similarly,

D(t,) =0=0Q(t, -1) = A(t,) =0

t,-1

Q-1- 3 AW~ D +Q(t) ~0and

t=t+1 t=t+1

Q(tz) = A(tz) =0

t,-1

> D(t)=t,—t,—1 because only

D(t,)=D(t,)=...= D(tpf(be)) =0

Now, | change the original condition Q(0)=0 to Q'(0)=b and consider

the same points as before.

Q-1 =3 A-Y D(1)+Q'(0)=b, D'(t)=1 and Q't)=b-1

-1
(because A(t) does not change, ZD(t) cannot be larger.)

t=1

similarly,
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QE,-)= ti A(t)—f D(t)+Q'(t) =b-1, D'(t,)=1 and Q'(t,)=b-2

t=t +1 t=t+1

As P>K, b<P—(K-b),

Qt-D= 5 AD- 3 DO+Q(t.)=1, Dt,)=1 and Q(t)=0

t=t, ,+1 t=t, ,+1

Q '(tb+1) =Q I(tb+2) =..=Q '(tpf(be)) =0
exactly b time points when D(t)=0 become D'(t)=1 for t<t, ,, and

P
> D(t)=K
t=1
therefore,

QK)-Q(K) =3 D\~ > D)+ Q0) - Q)
=-b+b=0

Q'(K)=Q(K)=b
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