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FOREWORD 

This Report of the Subcommittee on the Theory of Numbers is the first 
one to be published by the Committee. In broad outline it exhibits the general 
plan for all Reports in the series. In adopting this plan the Committee desires 
to make clear that the Reports are being prepared primarily for scholars and 
others active in scientific work throughout the world. 

It is recognized however that, even in the United States, those using this 
and later Reports may often be greatly hampered through lack of library facili­
ties. Because of this fact the bibliographic section of our present Report is more 
extended than it might otherwise have been. Information is there given con­
cerning the holdings, in libraries of the United States and Canada, of the books 
and pamphlets to which reference has been made. It may thus frequently be 
found that a desired publication is near at hand. The Union Lisl of Seruus 
furnishes similar information concerning serials containing tables and errata 
in the tables discussed. But these errata are often in periodicals and books 
somewhat difficult of access. Hence it was finally decided, as a matter of 
policy, to list all known errata in tables surveyed. It seemed desirable in this 
Report to group all errata together in a special section; in later Reports, 
however, they may be included in the bibliographic section. 

Authorities for all errata are indicated, and in the case of errata previously 
printed the sources are given. Professor Lehmer's personal contributions in 
this connection are very notable; where no authority is mentioned it is to be 
assumed that the discovery of the errata was due to him. The reader who 
makes checks will find that the reprinting in this Report of all known pub­
lished errata has two other great advantages over giving mere references to 
sources, namely, that they are combined with other known unpublished errata, 
and that source notations (often difficult of comprehension, except by the ex­
pert) have been made to conform with those of this Report. 

It is a pleasure to acknowledge notable courtesies extended to us. Doctor 
Arthur Beer, of the University of London Observatory, placed at our disposal 
for this Report the late Doctor Jlri Kavin's manuscript lists of errata in the 
tables of Chemac, Goldberg, and Inghirami, discovered while preparing his re­
markable FaatW Tables. Hence it may well be assumed that our lists of errata 
in the cases of the two latter are complete. The same may be said of the Gifford 
tables errata supplied by Doctor L. J. Comrie of London, the great authority 
on all that pertains to table making. 

The directions for the use of this Report in the contents and index ought to 
render all of its material readily available. 

The undersigned will be happy to hear from anyone who may notice in 
this Report any omission, inaccuracy, or misstatement. It is not expected that 
another Report will be ready for publication before 1942. 

R. C. ARCHIBALD 
December 194() CbainDan of the Committee 
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STYLE, NOTATIONS, AND ABBREVIATIONS 

In the series of Reports of this Committee there will be references to Serials, 
Books and Pamphlets, and Manuscripts. It seemed desirable to be able readily 
to determine where such material might be consulted. The serial holdings of 
libraries of the United States and Canada are indicated in the Union Lisl of 
Serials and its Supplements, of which a new and enlarged edition, in a single 
alphabet, is now in an advanced stage of preparation. The present custodian 
of all manuscripts is stated. From the hundreds of Libraries listed in the Union 
Lisl of Serials the following 37 were selected, representing Canada and 22 
states. These Libraries are as follows: 

CPT California Institute of Technology, Pasadena 
CU University of California, Berkeley 
CaM McGill University, Montreal 
CaTU University of Toronto 
CoU University of Colorado, Boulder 
CtY Yale University, New Haven, Conn. 
DLC Library of Congress, Washington 
ICJ John Crerar Library, Chicago, Ill. 
ICU University of Chicago 
lEN Northwestern University, Evanston, Ill. 
IU University of Illinois, Urbana 
InU University of Indiana, Bloomington 
IaAS Iowa State College, Ames 
IaU University of Iowa, Iowa City 
KyU University of Kentucky, Lexington 
MdBJ The Johns Hopkins University, Baltimore, Md. 
MB Boston Public Library 
MCM Massachusetts Institute of Technology, Cambridge, Mass. 
MH Harvard University, Cambridge, Mass. 
MiU University of Michigan, Ann Arbor 
MnU University of Minnesota, Minneapolis 
MoU University of Missouri, Columbia, Mo. 
NhD Dartmouth College, Hanover, N. H. 
NjP Princeton University, Princeton, N. J. 
NIC Cornell University, Ithaca, N. Y. 
NN New York Public Library 
NNC Columbia University, New York, N. Y. 
NRU University of Rochester, Rochester, N. Y. 
NeD Duke University, Durham, N. C. 
OCU University of Cincinnati 
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OU Ohio State University, Columbus 
PBL Lehigh University, Bethlehem, Pa. 
PU University of Pennsylvania, Philadelphia, Pa. 
RPB Brown University, Providence, R. I. 
TxU University of Texas, Austin 
WvU West Virginia University, Morgantown 
WU University of Wisconsin, Madison 

In the case of all Books and Pamphlets mentioned in our Reports, the hold­
ings of each of these Libraries are indicated in the Bibliographies. It may be 
noted that the forms of titles of Serials in our Bibliographies follow the forms 
in the newest Union List . Transliterations of Russian and Ukrainian names, 
and titles of articles and periodicals, are in accordance with Manual of Foreign 
L angu ages , third edition, Washington, 1936. 

A few of the Abbreviations used in the Reports are as follows: 
Abt. == Abteilung 
Acad.==Academy, Academie, etc. 
Akad. == Akademha, Akademija, Akademie, etc. 
Am.= America, American 
App. ==Appendix 
Ass.== Association 
Ast. =Astronomy, Astronomische, etc. 
Biog. =Biography 
Br. =British 
Bull.= Bulletin 
Cambridge==Cambridge, England 
col.= column 
d.=der, die, di, etc. 
Dept.= Department 
ed. =edited, edition 
f . .. for, fUr 
Fis. == Fisiche 
Gesell.= Gesellschaft 
heraus. == herausgegeben 
lost.-Institute (English or French) 
Int.== International 
1st.== Istituto ( Italian} 
J a.hresb. == J ahresberich t 
Jn.=Journal 
Kl. == Klasse 
Mat.= Matematica, Matematicl, Matematica, etc. 
Math.= Mathematics, Mathematical, Mathematische, etc. 
Mo.== Monthly 
n.s. ==new series 
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STYLE, NOTATIONS, AND ABBllEVIATIONS 

Nach.- Nachrichten 
Nat ... National 
Natw. = Naturwissenschaften 
no.- number 
nos.- numbers 
opp. = opposite 
p. = page, pages 
Phil.= Philosophical 
Phys. = Physical, Physics, Physik, Physikalische 
Proc. = Proceedings 
Rev.-= Review 
s.- series 
Sci.= Science, scientifique 
Sitzungsb. = Sitzungsberichte 
So.= Society 
Sup:= �uperiore, Superieure, etc. 
Trans.= Transactions 
trans!.= translated, translation 
u.= und 
Univ.= University, Universidade, Universite, UniversitA, etc. 
v.= volume, volumes, voor 
Wiss. = Wissenschaften 
z.= zur 
z.- Zeitschrift 
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INTRODUCTION 

The theory of numbers is a peculiar subject, being at once a purely deduc­
tive and a largely experimental science. Nearly every classical theorem of im­
portance ( proved or unproved) has been discovered by experiment, and it is 
safe to say that man will never cease to experiment with numbers. The results 
of a great many experiments have been recorded in the form of tables, a large 
number of which have been published. The theory suggested by these experi­
ments, when once established, has often made desirable the production of fur­
ther tables of a more fundamental sort, either to facilitate the application of 
the theory or to make possible further experiments. It is not surprising that 
there exists today a great variety of tables concerned with the theory of num­
bers. Most of these are scattered widely through the extensive literature on 
the subject, comparatively few being "tables" in the usual sense of the word, 
i.e., appearing as separately published volumes. This report is intended to pre­
sent a useful account of such tables. It is written from the point of view of 
the research worker rather than that of the historian, biographer, or biblio­
phile. 

Another peculiarity of the theory of numbers is the fact that many of its 
devotees are not professional mathematicians but amateurs with widely vary­
ing familiarity with the terminology and the symbolism of the subject. In 
describing tables dealing with those subjects most apt to attract the amateur, 
some care has been taken to minimize technical nomenclature and notation, 
and to explain the terminology actually used, while for subjects of the more 
advanced type no attempt has been made to explain anything except the con­
tents of the table, since no one unfamiliar with the rudiments of the subject 
would have any use for such a table. 

There are three main parts of the report: 
I. A descriptive account of existing tables, arranged according to the topi­

cal classification of tables in the theory of numbers indicated in the Contents. 
II. A bibliography arranged alphabetically by authors giving exact refer-

ences to the source of the tables referred to in Part I. 
III. Lists of errata in the tables. 
Brief comment on each Part may be given here. 
Part I is not so much a description of tables as a description of what each 

table contains. It is assumed that the research worker is not interested in the 
size of page or type, or the exact title of column headings, or even the notation 
or arrangement of the table in so far as these features do not affect the practi­
cal use of the table. Since there is very little duplication of tables the user is 
seldom in a position to choose this or that table on such grounds as one does 
with tables of logarithms, for example. However, it is a well known fact that 

[1] 

Guide to Tables in the Theory of Numbers

Copyright National Academy of Sciences. All rights reserved.

http://www.nap.edu/18678


INTJtODUCTION 

many tables in the theory of numbers have uses not contemplated by the au­
thor of the table . A particular table is mentioned as many times and in as 
many places as there are, to the writer's best knowledge, practical uses to 
which it may be put . 

The practical viewpoint was taken in deciding what constitutes a table in 
the theory of numbers, and what tables are worthy of inclusion . Tables vary 
a great deal in the difficulty of their construction, from completely trivial tables 
of the natural numbers to such tables as those of the factors of 21• + 1 ,  one ad­
ditional entry in which may require months of heavy computing. In general, 
old obscure tables, which have been superseded by more extensive and more 
easily available modern tables, have been omitted . Short tables, every entry 
in which is easily computed, merely illustrating some universal theorem and 
with no other conceivable use, have also been omitted. The present century 
with its improved mechanical computing devices has seen the development of 
many practical methods for finding isolated entries in number theory tables . 
In spite of this, many old tables, any single entry of which is now almost easier 
to compute than to consult, have been included in the report since they serve 
as sources of statistical information about the function or the problem con­
sidered. 

Most of those tables prior to 1918 which have not been included here are 
mentioned in Dickson's exhaustive three-volume Hislory of 1/u Theory of N um­
bers . Under DICKSON 14 of the Bibliography in the present report will be found 
supplementary references to the exact places in this history where these tables 
are cited, arranged according to our classification of tables in the theory of 
numbers . For example the entry 

d. v .  1 ,  ch. I, no . 54 : ch. III, no . 235. 

means that two tables of class d. (solutions of special binomial congruences) 
are cited in vol. 1, chapter I, paper 54, and chapter III, paper 235. 

For a fuller description of many of the older tables cited in this report the 
reader is referred to Cayley's valuable and interesting report on tables in the 
theory of numbers, CAYLEY 7. 

The writer has tried to include practically all tables appearing since 1918, 
and on the whole has probably erred on the side of inclusion rather than ex­
clusion . 

A few remarks about nomenclature in Part I may be made here . The 
unqualified word "number" in this report means a positive integer and is 
denoted generally by n. The majority of tables have numbers for arguments . 
In saying that a table gives values of f(n) for n �  1000 it is meant that 
f(1),f(2) , · · · , f( 1000) are tabulated. If the table extends from 500 to 10 000 

at intervals of 100 we write n - 500(100) 10 000. A great many tables have 
prime numbers as arguments, however . Throughout the report the letter P 
designates a prime which may be � 1, > 1 ,  or > 2 according to the context . 
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To say that the function f is tabulated for each prime of the first million as 
argument, we write "f{p) is given for p < 10'." Occasionally it is convenient 
to use the words decade, century, chiliad, or myriad to indicate an interval of 
10, 100, 1000, or 10 000 numbers. Frequently the arguments of a table are num­
bers (or primes) of some special form, such as a multiple of 6 plus 1. In cases of 
this sort we use such notations as n- 6k+ 1 < 1000, or 1013 � p -.�- 1 � 10 007. 

In Part I, tables are described as though entirely free from errors, with the 
exception of an occasional remark on the reliability of certain general utility 
tables where the user has some choice in his selection. 

The uninterrupted description of tables in Part I is made possible by Part 
II, where one may find complete bibliographic references, arranged by au­
thors, to the one or more places in which each of the tables mentioned in 
Part I appears. The various reprints, editions, or reproductions of a table are 
distinguished by subscripts on the number following the author's name. Thus, 
for example, CAYLEY 6t refers to the original table, while CAYLEY 6s refers to 
the same table as reprinted in his CoUeded Malhemalical Papers . In Part I 
these distinctions are rarely used, but in Part III they are convenient. 

Following each reference in Part II (except CAYLEY 7, CuNNINGBAK 40-42, 
DICKSON 14, and D. H. LEHMER 11) there appears in square brackets, [ ], an 
indication of the kind (or kinds) of tables contained in the work referred to, 
together with their location. The small boldface letters, with or without sub­
scripts, refer to the classification of tables given in the Contents. The page 
numbers following any particular classification letter not only locate the table 
for the reader in possession of the publication, but give an idea of the extent 
of the table to the reader who may not have it, and will be of help in ordering 
photostats or a microfilm of the table from a distant library. In further expla­
nation of the notation used, it should be noted that the absence of page num­
bers after a particular letter indicates that practically the whole work is 
devoted to a table, or tables, of this particular class. An asterisk placed on a 
classification letter indicates that errors in the corresponding table are cited 
in Part III. When a publication has tables capable of several classifications and 
errors are cited in all tables, an asterisk is placed after the closing bracket. 
The following examples with explanations should make these notations clear. 

[fd A list of consecutive primes occupying practically the whole work re­
ferred to. 

[dh 14-29 : d.*, 3Q-35 : ft] Tables of primitive roots on pages 14-29. Solu­
tions of special binomial congruences on pages 3Q-35, with errors cited 
in Part III. Lists of consecutive primes on practically every page. 

As already mentioned, Part III gives errata in certain tables mentioned in 
Part I and is arranged alphabetically according to authors. The list of errors 
given for any particular table is not necessarily complete. Tables mentioned 
in Part I but not in Part III, so that no asterisk appears after the reference in 
Part II, may contain errors, either unknown to the writer or too trivial to be 
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INTRODUCTION 

of any practical interest. In cases where errors have been found by others, the 
authority for the corrections, together with a reference to their source in case 
they have been published, is generally given in parentheses after the errors in 
question. In no case has an error been listed which was printed in connection 
with the table itself. 

The writer has seen nearly all the tables mentioned in this report in at 
least one of the following libraries: 

Brown University Mathematical Library, Providence, R. I .  
Princeton University Mathematical Library, Princeton, N. J. 
University of California Library, Berkeley, California 
Cambridge University Library, Cambridge, England 
The Science Library, London, England. 

The writer's best thanks are due to the chairman of this Committee, Pro­
fessor Archibald, whose unceasing efforts and expert knowledge have added 
greatly to the accuracy and reliability of Part II, and to Mr. S. A. Joffe, who 
has read all the manuscript and proof with great care, and has given many 
valuable suggestions. 

The writer also wishes to acknowledge the frequent assistance of Miss 
M. C. Shields of the Princeton University Mathematical Library. Dr. 
N. G. W. H. Beeger has kindly supplied information about lists of primes, 
Mr. H. J. Woodall, information about works of Cunningham, and Dr. S. Perlis, 
information concerning the tables in the University of Chicago dissertations. 

The part of the work on this report which was done abroad was made 
possible by a fellowship of the John Simon Guggenheim Memorial Foundation. 
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I 

DESCRIPTIVE SURVEY 
F. THEORY OF NUMBERS 

a. PEUECT AND A:U:ICABLE NUMBERS AND THEIR GENERALIZATIONS 

The number n is called perfect if it is equal to the sum of its proper divisors 
(i.e., divisors <n). Only 1 2  perfect numbers are known. These numbers are 
given by 2-1{2"- 1) for n = 2, 3, 5, 7, 13,  17, 19, 31 ,  61, 89, 107 and 127. A list 
of these 12 numbers, written in the decimal system, has been given recently by 
TRAVERS 1. 

Chapter 1 of DICKSON 4 gives a very complete historical account of perfect 
numbers up to the year 1916 with many references to old lists of these numbers. 
ARCHIBALD 1 has given a complete up to date historico-bibliographic summary 
in tabular form. 

If we use a{n) to denote the sum of all the divisors of n (including 1 and n), 
a perfect number is one for which a{n) = 2n. In case a{n) > 2n the number n 
is called abundant. A list of all even abundant numbers <:6232 is given in 
DICKSON 2 {Table III, p. 274-277) .  A rather special list of all primitive abun­
dant numbers (i.e., numbers containing no abundant or perfect factors) with 
exactly four distinct prime factors of which the second in order of magnitude 
is 5, appears in DICKSON 3. 

If n is such that a(n) = kn, then n is called multiply perfect and k is the 
index of perfection. Thus a perfect number has an index of 2. The first real 
table of multiply perfect numbers is due to CARMICHAEL 1 ,  who gave a list of 
47 such numbers including all < 10'. Later CARMICHAEL AND MASON 1 ex­
tended this list to 251 numbers. Further lists of such numbers of index k=5, 6, 
and 7 appear in PoULET 1. The most complete list to date is PouLET 2, which 
gives 334 multiply perfect numbers with 3 � k � 8. 

Two numbers nt and ns such that each is the sum of the proper divisors of 
the other, or in other words, such that a(nt) = a(ns) = nt +ns, are called ami­
cable. Euler discovered 64 such pairs, which are tabulated in DICKSON 4. More 
recent lists are found in MASON 1 and in PoULET 2 (p. 46-50) ,  the latter con­
taining 156 ainicable pairs. A list of 21 new pairs, due to E. B.  Escott, appears 
in PouLET 5 together with a table of the distribution of amicable numbers 
<1021• 

A set of k numbers nt, ns, · · · , n�:, not necessarily distinct, and such that 

a(nt) = a{nt) = · · · = a(n�:) = n1 + n, + · · · + n�: 

is called a set of multiply amicable numbers of index k. Lists of such sets of num­
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bers with 2 � k � 6 are found in MASON 1 ,  while many more for the same range 
of k are given in PoULET 2. 

A series of numbers n1, ns, · · · each term of which is the sum of the proper 
divisors of the preceding term is called an aliquot series with leader n1. The ques­
tion of whether there exists an unbounded aliquot series is at present unan­
swered. DICKSON 2 has considered all aliquot series with leaders < 1000. Table 
I (p. 267-272) gives most of these series complete. 13 incomplete series are 
given in Table II (p. 272-274) . These are corrected and extended or completed 
in PotrLET 2 (p. 68-72) and PoULET 3 (p. 188) . The longest completed series 
has 138 as a leader and contains 1 78 terms. 

In Table IV of DICKSON 2 (p. 278-290) the first few terms of aliquot series 
with leaders < 6232 are given; in each case enough of the series is given to be 
sure it is not periodic with a period � 6. If an aliquot series is purely periodic 
with proper period k then the k distinct members of the series are called 
sociable numbers of index k. Perfect and amicable numbers correspond to k-1 
and 2. PoULET 2 (p. 68) has discovered two sets of sociable numbers with in­
dices S and 28 and with leaders 12496 and 14316 respectively. 

Tables for facilitating the investigation of perfect, abundant, and amicable 
numbers, and their generalizations are described under bs (sum and number of 
divisors, and allied functions) . 

b. NtrKERICAL FtrNCTlONS 

bt• Euler's lolienl function and ils inflerse, sum, and generalisations 

There are but two tables of Euler's totient function 41(n) , defined as the 
number of numbers not exceeding n and prime to n. These are SYLVESTER 2 
in which 41(n) is given for n <  1000 and J. W. L. GLAISBER 27, where (in Table 
I) the function is tabulated to n-10 000. The fact that there are only two 
tables of this fundamental function may be accounted for by the simple for­
mula for 41(n) , by means of which isolated values of 41 may be quickly found, 
once the factorization of n into its pr�me factors is known, namely : 

•t a1 •• a1-1 •rl al-l 
41(Pt p, · · · P• ) - Pt (p, - 1)p, (p, - 1) · · · p, (p, - 1) .  

Both tables were in fact constructed with a view to obtaining numerical data 
for the less simple functions, the sum and inverse of 41· 

There are several small tables of the inverse of 41 giving all n's for which 
41(n) has a given value. For 41(n) � 100 we may cite LUCAS S ,  and K:RAITcmx. 4. 
These also give the number of n's in each case. Two much larger tables exist : 
CAllKICBAEL 2, which extends to 41(n)::1000, and J. W. L. GLAISHER 27, 
where Table II gives all n's up to 41(n)-2500. 

A manuscript table of MILLER 1 gives odd solutions n of 41(n) - N for all 
possible N � 10 000 and was used to verify Glaisher's Table II. 

The sum function 
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" 3n' 

�(n) =: l: 4J(") =: - + O(n log n) 
-1 "'' 

has been the subject of numerous papers. A table of �(n) for n� 100 together 
with (for comparison purposes) the nearest integer to 3n'/r' is given in 
PEROTT 1 .  A more extensive table is SYLVESTER 2, which tabulates �(n) up 
to n = 1000 together with 3n'/r', correct to the second decimal place. SARKA 
1 has tabulated �(n) for n-,300(50)800 and for 820, and gives for the same 
values of n the error function 

3n' 
E(n) =: �(n) - -, 

r' 

which he states is positive for n� 1000 except for n-820. Values of �(n) and 
3n1/r' for n-1000(1000) 10 000 are given in GLAISBER 27. Isolated values of 
�(n) , at least for n � 500 000, are most easily calculated by means of the 
formula 

(Vii {[ 1J ]' [ n ] } 2�<"> - 1 - E -; "<"> + M -; (2"- 1) - M(vn)[vn]', 

where the values of the MObius function p(n) may be taken from MERTENS 1, 
and its sum function 

M(x) =: l: p(lf) 
'" . 

may be taken from the tables of STERNECK 1, 2. 
A function 1/t(n) , similar to Euler's cf>(n) , which may be defined as the least 

common multiple of the factors occurritig in the above product for cf>(n) or as 
the least positive exponent k for which the congruence 

x" e 1( mod n) 

holds for all x prime to n, has important applications in the theory of the bi­
nomial congruence. CAUCHY 1 ,  2 contain tables of 1/t(n) for n� 100 and for 
n � 1000 respectively, while MoREAU 1 has a table of the inverse of 1/t(n) giving 
all values of n below 1000 (and in most cases many larger values also) for 
which 1/t(n) has a given value � 100. 

Another special table dealing with the numbers less than and prime to n 
is due to BACKLUND 1, and gives the frequency of a fixed difference between 
consecutive members of the set of integers prime to n-=2·3·5 · · · p. for 
1 � r � 8. Thus for r = 6, we find that among the cf>(2·3·5· 7 ·1 1·13)-ct>(30030) 
= 5760 numbers less than and prime to 30030 there are precisely 1690 consecu­
tive ones differing by 6. 

Lists of the actual numbers � n and prime ton are given for every n� 120 
in CRELLE 3. 
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If all irreducible fractions between 0 and 1 whose denominators do not 
exceed N be arranged in increasing order the resulting sequence of �(N) frac­
tions is called the Farey series of order N. GooDWYN 1 ,  2 give the Farey series 
of orders 100 and 1000 respectively. The Farey series of order N less than 100 
or 1000 may be read directly from the corresponding table simply by omitting 
those fractions whose denominators exceed N. 

b,. Su m  and nu mber of divisors , and allied fu nctions 

There exists only one large table of the sum u{n) and the number v{n) 
of divisors of n (including 1 and n) . These functions are given in Table I of 
GLAISHER. 27 for all n up to 10 000. A table of u{n) for n �  100 is in GLAISHER. 
1 7,  where the function is denoted by �{n) . Table III of GLAISHER. 27 gives all 
values of n �  10 000 for which v{n) has a given value, while Table IV gives for 
each possible value of u{n) � 10 000 all those n's for which u{n) has this value. 
DICKSON 2 has published a somewhat similar inverse table of u extending only 
as far as n =  1600. These inverse tables are useful in finding multiply perfect 
numbers, amicable numbers, etc. Another kind of table useful in this con­
nection gives the decomposition into prime factors of the values of u{p•) 
= (y+-1- 1)/{p- 1),  two examples of which are EuLER 1 and KRAITcmx 7. 
The former table extends for each prime p as far as a= r t> as follows : 

p 

I 

2 3 5 7 11 13 17 19 23 29� P < 1000 

�
---

3 6
----
.
-
5
-----

9
----

10 _____ 9 _____ 7----5-----5 -----.------3----

The latter table extends for each P <  1000 over a= 2, 3, 4, 5, 6, 8, 10, 12  and 
for P < 100 (and for several larger primes) over a = 7, 9, 14, 15 ,  16, 18, 20, 24, 
and 30. 

In connection with the function v there is the concept due to Ramanujan 
of a highly composite nu mber , that is, a number which has more divisors than 
any smaller number. A list of the first 103 highly composite numbers extending 
as far as 6 746 328 388 800, which is the first number to have as many as 10080 
divisors, is give� in RAMANUJAN 1 . 

Glaisher has given several tables of numerical functions which depend upon 
the difference between the number of divisors of n of one specified form, and 
the number of divisors of n of another specified form. These functions occur 
naturally in the series expansion of certain elliptic functions and are also con­
nected with the number of representations of integers by certain binary quad­
ratic forms. The function of this kind most frequently met with is E(n) , the 
difference between the number of divisors of n of the form 4k + 1 ,  and the 
number of those of the form 4k+3. Tables of E(n) are given in GLAISHER 1 7, 
p. 164-165 to n= 100, in GLAISHER. 15,  to n =  1000. In GLAISHER. 18, and in 
GLAISHER. 19, the function E( 12n+ 1) is given for n �  100. The function H(n) 
denoting the excess of the number of 3k + 1 divisors of n over the number of 
3k+2 divisors is tabulated in GLAISHER. 19 ton= 100, and in GLAISHER. 24, 
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to n = 1000 . The function J(n) denoting the excess of the number of 8k+ 1 
and 8k+3 divisors of n over the number of Sk+S and 8k+ 7  divisors is tabu­
lated for n �  1000 in GLAISHER 25. The function Es(n) denoting the excess of 
the sum of the squares of the 4k+ 1  divisors of n over the sum of the squares 
of the 4k+3 divisors is given for n �  100 in GLAISHER 17 .  

The sum of the first n values of  the above functions has been given by 
Glaisher as follows: 

functioD raqe of • asymptotic formula refereace 
• 

E a(i) ��-1000(1000)10 000 f'IY/12 GLAJSHEll 27, p. viii 
-

. 
E"<'> ��-1000(1000)10 000 " log "+(2C-1)fl GLAISREll 26, p. 42 
-

• 
EE(i) ��-100(100)1000(1000)10 000 JW/4 GLAISB:Ell 26, p. 193 
11-1 • 
EH(i) ��-100(100)1000(1000)10 000 JW/3-./3 GLAISB:Ell 26, p. 204 
-

• 
EJ<•> ��-100(100)1000 fl'ff/2..;2 GLAISB:Ell 26, p. 213 
-

In each case the values are compared with the corresponding asymptotic for­
mula. 

For a table of all the divisors of each number up to 10 000 see ANJEKA 1 .  

ba. Miibius' int�ersion function and its sum 

The function p(n) defined for .positive integers n by 

1'(1) = 1 ,  p(p) = - 1, p(p") = 0 for a > 1 

p(mn) = p(m)p(n) (m and n coprime), 

plays a very fundamental role in the theory of numerical functions, and has the 
value + 1 or - 1  if n is a product of an even or odd number of distinct primes, 
but vanishes for all other numbers n> 1 . This function is so easy to evaluate 
for isolated numbers whose factors are known that tables of p(n) are rare and 
were constructed to study the behavior of a more complicated allied function. 
GRAM 1 gives p(n) together with the sum s .. =I::-ll' (k)k-1 for n � 300. This 
was published before Euler's conjecture that S,.--+0 as n-+ oo had been rigor­
ously proved. MERTENS 1 contains a table of p(n) and of the sum M(n) 
=I::-ll' (k) for n < 10 000 . STERNECX 1 tabulates M(n) for all n < 150 000, 
while in STERNECX 2, M(n) is given for n = 150 000 (50) 500 000 . Finally in 
STERNECX 4, 5 a table of M(n) is given for 16 values ranging from 600 000 to 
5 000 000 . These tables were computed with the hope of shedding some light 
on the still unsolved problem of the order of magnitude of M(x), a problem 
intimately connected with the Riemann hypothesis. These tables, however, 
may also be used to advantage in computing other sum functions, as indicated 
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above in connection with �(n). A list of numbers < 104 which are primes or 
products of distinct primes is given in boldface type in Table III of GLAISHER 
27. These are arranged, in increasing order, into sets according as n is a prod­
uct of 1 ,  2, 3, 4 or 5 distinct primes. This list is useful in evaluating and invert­
ing series involving p(n) . 

b._ The qu otients of Fermal and Wilson 

The integer q,. = (a,-1 - 1)/p, where p is a prime, is known as Fermol's 
qu otient and occurs in several branches of the theory of numbers. Its connec­
tion with the so-called first case of Fermat's last theorem, which dates from 
1909, accounts for most of the tables of q,. . MEISSNER 1 tabulated qs modulo p 
for p <  2000 . This table was extended from 2000 to 3697 by BEEGER 31 who 
discovered a second example p = 351 1  of qs=O (mod p) , the first being p- 1093. 
The table of  HAtrSSNER. 2 gives qs (mod p) for p� 10 009. BEEGER 4 extended 
his table from 3697 to 13999, and recently this high limit has been raised to 
p <  16 000 in BEEGER. 8. Extensive tables for q,. exist only for a =  2. HAt1SSNER 
3 gives a table of all known cases of q,. e O  (mod p) in which a<p. Tables such 
as MEISSNER. 2, BEEGER 1 ,  and CtrNNINGBA:U: 5 which give all solutions� of 
�,_1s 1 (mod p1) are described under d. (solutions of special binomial con­
gruences). 

The integer w,.- [ (p- 1)! + 1]/p, where p is a prime, is known as Wilson's 
qu otient . Only two small tables of w,. (mod p) exist, namely BEEGER 2, for 
p < 300, and E. LEHKER 1 ,  for p�211. The congruence w,.•O (mod p) has 
only two known solutions p = 5, 13. 

b,. Su ms of producls of conseculifle integers 

Two tables may be cited in this connection: GLAISHER 23 which gives the 
sums of products, kat a time, of the integers 1 ,  2, 3, · · · , n for all k < n and for 
n < 22, and MoRITZ 1 which gives the sums of products k at a time of the in­
tegers m+1,  m+2, · · · , m+n for O � m �  10, 1 � n �  12 and 1 � k� 12. Tables 
of the sums of like powers of 1 ,  2, · · · , n, as well as tables of Bernoulli num­
bers and polynomials, will be cited and described in another report of this 
Committee, Section I. 

b .. Nu merical recurring series 

There are a number of recurring series which have been computed to a 
great many terms, in particular LAISANT 1 ,  in which the Fibonacci series 
u,. (O ,  1 ,  1 ,  2, 3, 5, · · ·) and its associated series fl, =u,./u,. are both tabulated 
up to n = 120. In most cases these series are rather special and were computed 
for factorization purposes. These will be described under e,, but may be cited 
as follows: HALL 1 ,  LAISANT 1 ,  D. H. LEB:U:ER. 2, KRAITcmx 4, LucAs 1 ,  
POt1LET 3. 
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b1. Triangular numbers 

There are three tables of triangular nu mbers n(n+ 1)/2. The earliest and 
most extensive is JoNCOURT 1, which gives the first 20 000 triangular numbers. 
KAusLER 1 has a table of the first 1000 triangular numbers, with their doubles 
and their halves whenever these latter numbers are integers. More recently 
BARBETTE 1 has given the first 5000 triangular numbers. Figurate numbers of 
higher order, namely 

n(n + 1) (n + 2) · · · (n + k - 1)/k! == (n + : - 1)
, 

are essentially binomial coefficients, tables of which numbers will be cited and 
described in another report, Section I, of this Committee. 

C. PERIODIC DECIKALS 

Although tables for the conversion of ordinary fractions into decimals be­
long properly to another report of this Committee, Section A, there are a few 
such tables which are of number-theoretic interest inasmuch as they give in 
each case the complete period of the repeating decimal. 

Perhaps the best known table of this sort is due to GAuss 5, and was in­
tended for use (according to the title) in finding the complete period of the 
repeating decimal for P /Q, where Q< 1000 . Strictly speaking this is true only 
for Q<467 but the table is also available for an unlimited number of other 
fractions. We can, of course, suppose that P<Q and prime to Q and by partial 
fractions we may express P/Q by 

Pt Ps P,. 
P/Q - - + - + . . .  + -

Pta a fJs•• p, •• 

where Q- fJ�1p;• · · · p:•, the p's being distinct primes, and the P's being in­
tegers. Hence we need consider only fractions of the form P /Q, where Q is a 
prime or a power of a prime � 2 or 5. Therefore we set Q = pa, � == �( Q) 
= p-1(p- 1) = e· l, where e is the exponent of 10 and I its residue-index 
(mod pa). Let g be any primitive root of pa so that g'-10 (mod pa) . Then if 
P•-i' (mod pa) we can write 

i == kl +, (0 � k < e, 0 � " < f). 

Then 
P • g1 = (g')"g• E 101g• (mod p•), 

which shows that P and g• have essentially the same decimal expression, or in 
other words it suffices to tabulate the I really distinct periodic decimals corre­
sponding to the I fractions 

1 g g' gl-1 

p• ' pa 
1 

pa 1 • • • 1 
pa 
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In particular if 10 happens to be a primitive root of p• there is only one period 
to give. 

Such a table is given in GAuss S for p- < 467. For 467 � pa < 1000 only the 
periods for 1/ P" are given. The primitive roots used for each pa are given on 
page 420. In actual practice it is seldom necessary to anticipate which of the f 
fundamental decimal periods corresponds to a given P/p", since after the first 
few digits are determined this can be recognized from the table. 

There are three other tables similar to GAuss 5. In fact this table is an ex­
tension of an earlier one for p < 100 given in GAuss 1. Another table for p � 347 
due to HoUel is given in LEBESGUE 2 and is reproduced in HottEL 1 .  

Another and more complete set of  tables which serve the same purpose 
more expeditiously is due to Goodwyn. In GoODWYN 3 are given the possible 
periods of every fraction P/Q with Q �  1024, while the possible non-periodic 
part of the decimal (if any) may be read from GooDWYN 2. GooDWYN 1 con­
tains the same material as GooDWYN 2, 3 but is limited to fractions with de­
nominators < 100. These rare tables are described in greatest detail in 
GLAISHER 4. 

Tables giving a complete period when a rational fraction is converted into a 
"decimal" in a scale of notation different from 10 are as follows : BELLAVITIS 1 
has given a table1 similar to GAuss S for p � 383 but with the base 2 instead 
of 10. CuNNINGHAM: 12 gives the complete period of 1/n for base 2, for n <  100, 
while CUNNINGHAM: 18 contains a table of the same extent for the bases 3 and 5. 

d. THE BINO:U:IAL CONGRUENCE 

The congruence x"- aeO (mod m) is the subject of a great many tables 
many of which can be classified in several ways. The case n =  2 is not consid­
ered here but is discussed under i. There is, of course, an intimate connection 
between the binomial congruence and the binomial equation x"- a= O ,  espe­
cially when a - 1 .  Tables having to do with this equation are treated under o. 
Every solution x of the binomial congruence gives a factor m of the number 
x"- a. Hence tables of factors of x"- a  or even x"- ay", which are described 
under es, give, indirectly, solutions of the binomial congruence. 

It is difficult to give an orderly description· of the tables relating to the 
binomial congruence without making some conventions as regards nomencla­
ture and notation. Thus the real integer x (if it exists) will be called the base , 
n will be called the index of a for the base x modulo m, and a will be called an 
nth power residue of m, and we shall write (a/m)., - 1 to indicate that x exists. 
The term solution of a binomial congruence will be reserved to denote the re-

I To save space such a decimal as 

1/25 - .00001010001111010111• 00001010001111  • • •  
is written simply 41 113, thus indicating that the first half of the period (to the left of the star) 
begins with 4 zeros, followed by 1 one, 1 zero, etc. The second half of the period is complementary 
to the first. 
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sult of solving the congruence for the unknown base. The modulus m is almost 
always a prime or a power of a prime, and when a table extends to all such 
moduli not exceeding L we shall write p• ;:i! L, where it will be understood that 
a � l .  

When a = 1 ,  the following nomenclature will be used. If n = e  is the least 
positive number for which x"e 1 (mod p) ,  then for brevity e is called the ex­
ponent of x (mod p) . 1 The integer /= (p- 1)/e is called the residu e-index of x 
(mod p) ,  (after Cunningham), and is found more frequently than e in tables 
on account of its small average size. Moreover, if /= 5 for instance, then, by 
Euler's criterion, x is a fifth (but not higher) power-residue (mod p) .  Hence 
tables of f give indirectly, by setting f = k, 2k, 3k, · · · , a list of those primes 
which have x as a kth power-residue, or a list of those x's which are kth power 
residues of a given prime. Those numbers x (positive or negative) for which 
f = 1 are called primitive rools of p. 

d1. Primitive roots 

There are t/l(p - 1) incongruent primitive roots of p. The fact that there 
are so many primitive roots causes no difficulty in the theory of the binomial 
congruence but has caused considerable confusion in the tabulation of primi­
tive roots. There are only four tables giving the full set of primitive roots of p. 
These are OsnoGRADSXY 1 ,  for p< 200, reproduced in CHEBYSHEV 2, CAHEN 1 ,  
and GRAVE 3 ,  and extended in  CHEBYSHEV 25, to p � 353 ; CRELLE 1 for p � 101,  
except for p = 71 ,  and KULIK 2, where 103 � p � 349. 

In most applications it is sufficient to know only one primitive root of p. 
All the others, if need be, may be generated from a single one by finding the 
residues of 

g�•, g�•, · · · , g�• (mod p) 

where TlJ Ts, • • • , T• are the f/I(P- 1) numbers less than and prime to p - 1 .  
For P <  1000 the Canon Arithmelicus, jACOBI 2, gives these various powers. 
For this reason authors of extensive tables of primitive roots have been con­
tent to give only one or sometimes two primitive roots for each p. A confusion 
exists, however, as to which root should be given, some authors giving always 
the least positive root, some the absolutely least root, some both, but fre­
quently any convenient root, especially ± 10 when possible. It is often pointed 
out that primitive roots with small absolute values, especially ± 10, are easier 
to raise to high powers (an operation which is most frequently met with) than 
large roots. When p is quite large however this argument now-a-days has less 
weight, for in this case it is not a question of computing f by successive multi­
plications by g, but of calculating f for isolated values of k. This is best done 
by a computing machine writing k to the base 2 and using the method of 

1 Reuschle (1856) and, more recently, Cunningham use the terminology •e is the hauptexpo. 
nent of z. " This, and the above nomenclature is somewhat opposed to the older and more lengthy 
•e is the ezponent to which z belongs," in which e is thought of as possessing z. 
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successive squarings modulo p in which case one soon loses sight of the original 
root g. Perhaps the best reasons for insisting on least positive primitive roots 
are 1) that this permits the collating of tables of primitive roots, and 2) that 
there is considerable theoretical interest in the question of the distribution of 
primes with large least primitive roots. The following is a tabular description 
of the 20 extensive tables of primitive roots arranged according to the highest 
value of p tabulated. 

Tables of Primitive Roots 

,.,_ nqe of , factodatloll t7Pe of root lllcUcatioD that 10 of l-1 Is a root 
]ACOBI 2 1-1000 yes 3 yes 
WE'RTDDI 1 1-1000 DO 1 yes 
KUia 2 1-1009 DO 1 DO 
WnTDIK 2 1-3000 yes 1 yes 
CABEN 3 200-3000 DO 1 yes 
WnTDIK 3 3000-3500 yes 1 DO 
KOUIN 1 1-4000 yes 3 DO 
btJSCBI.E 1 1-5000 yes 1, 3 DO 
W.uTDIK 4 3000-5000 yes 1 yes 
POSSE 1 4000-5000 yes 3 DO 
POSSE 3 1-5000 yes 3 DO 
WnTDDI S 1�200 DO 1 yes 
I>EsK.uuT 1 1-10 000 DO 3 Dol 
POSSE 2 5000-10 000 yes 2 DO 
Posa 4 5000-10 000 yes 2 DO 
0oLDBU0 2 1-10 160 1 
KKAITC��JJ: 1 1-25 000 DO 3 DO {CtnomfOBAM 1-25 409 DO 1, 1 ' DO 
WOODALL and CUAJt 1 { CtnomfOBAM 1-25 409 yes 1, 1 ' DO 
WOODALL and CUAJt 2 

{KKAITCIIJI: 
4 1-27 457 DO 3 DO 

(p. 131-145) 

I Yes on pace 308. 

The majority of tables give the factorization of p - 1  into powers of primes, 
information essential to the application of primitive roots to the binomial 
congruence. Whether or not this is given in a particular table is indicated in 
the center column above. The types of roots tabulated are as follows : 

1. least positive primitive root 
1 '. greatest negative primitive root 
2. absolutely least root 
3. some primitive root usually not exceeding 10 in absolute value modulo p. 
REtJSCHLE 1 gives the type 1 root for p < 1000 and one or two roots of type 

3 beyond 1000. CUNNINGHAK, WooDALL and CREAK 1 ,  2 give both 1 and 1' 
for each p. These tables are perhaps the most reliable of all. The authors also 
give interesting data on the frequencies of least positive and greatest negative 
roots. Some tables give an indication whether or not 10 is a primitive root of p. 
Thus }ACOBI 2 bases each table of his Canon Ari#hmelicus (described under da) 
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on the primitive root 10 whenever it exists. Other tables, as indicated in the last 
column of the above tabular description, mark with an asterisk the primes 
having 10 as a primitive root. Although this is not done in KRAITcmx 4 (p. 
131-145), he gives a separate list (p. 61) of the 467 primes < 10 000 of which 10 
is a primitive root. On p. 55-58 are given lists of those primes < 10 000 whose 
least positive primitive root has a given value, and also the number of such 
primes. A more extensive table of the number of primes whose least positive 
and greatest negative primitive root have a given value is given in CUNNING­
HAY:, WooDALL and CREAK 1, for p �  25 409. It is remarkable that primes have 
such small primitive roots, 1 and this fact has been of great assistance in the 
preparation of tables described above. 

ds. E�ponems and ruid..e-indices 

Interest in the exponent of � modulo p first arose in the special case of 
�- 10. It was observed that for p -F 2  or 5 the length of the period of the circu­
lating decimal representing 1/ p was a certain unpredictable factor e of p- 1, 
and that the number tot- 1 was divisible by p if and only if k was divisible 
by e, long before it was realized that these phenomena form only a part of a 
general theory of the binomial congruence (in which the base 10 is in no way 
peculiar), and in terms of which they are best described and investigated. As 
this bit of history has repeated itself in the case of countless individuals who 
have approached the theory of numbers from an interest in circulating deci­
mals, we shall consider first the tables devoted to exponents of 10. 

The earliest table is due to BncltHARDT 1 who completed the last page of 
his factor table with a table of exponents of 10 for p < 2550, and 22 larger 
primes. This table was reproduced with certain corrections by }ACOBI 2 who 
used it in constructing his Canon Aruhmaicu.s. Tables of exponents and resi­
due-indices of 10 for various ranges of p may be given the following tabular 
description. 

Tables of EzpoDents and Residue-indices of 10 
ref- I'UI&e ol moclulua G)IODellt r-'du•iadG 

BtacDARDT l t<2SSO yes DO 
DESK.UEST 1 t < lO 000 DO yes 
Rltvscm.:e 2 t< lS 000 yes yes 
SRANXS 1 t<20 000 yes DO 
:KurrcBR 1 1 <25 000 yes no { CtJNNINGBAK { /1"' < 10 000 yes yes 
WOODALL AND CREAK 1 10000<t�2S 409 DO yes 
SRANXS 3 20000<1<30 000 yes DO 
:KurrcBR 4 (p. 131-145) � � 27 457 DO yes 

•Bou t t< lOO 000 DO yes if > 2  
BuTZER 1 100000<1< 112 400 DO yes if > 2  
SRANXS 4 30000<1< 120 000 yes DO 

t All but 163 out of the 2800 primes under 25 410 have 2:!c:! 12. The smallest prime known 
to have its least positive primitive root � 71 is t•48 473 881. 

• This table is due to F. Kasler. 
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A short table for composite as well as prime moduli (based on GooDWYN 3) 
has been given by GLAISHER 4. This has for argument every number q � 1024 
and prime to 10, and gives the exponent e of 10 modulo q as well as t/>(q) and 
t/>(q)/e, where 4> is Euler's totient function. 

Tables of exponents and residue-indices of 2 may be tabulated in like man­
ner as follows : 

Tables of Exponents and Residue-indices of 2 
reference raop of modulaa apoaent residuo-indcz 

CUNNINGBAI( 4 1"< 1000 yes yes 
1 MEISSNER 1 1<2000 no yes 
1 BEEGEII. 3 2000<1<3100 no yes 

R.EuSCRLE 1 1<5000 yes yes 
1 IIAUSSNEII. 2 l::ii 10 009 no yes 
1 BEEGEII. 4 3700<1< 14 000 no yes 
1 BEEGEII. 8 14000<1<16 000 no yes 

KIWTCJUit 1 1<25 000 yes no { CUNNINGBAI( { 1"<10 000 yes yes 
WooDALL and CuAJt 1 10000<1:i25 409 no yes 
CUNNINGBAI( and WOODALL 7 1< 100 000 no yes if >2 
KIWTCHIJt 4 (p. 131-191) 1<300 000 no yes 

There are four tables of Kraitchik which give residue-indices of 2 for primes 
of special fc,rms up to high limits as follows : 

{P =  2*3115•+ 1 < 107 
KRAITCmK 4, p. 53 p = k2"+ 1 ,  3 � k � 99 (odd) , 22 � n � 36, and 

2 · 108 < p < 1012 
KRAITCmK 4, p. 192-204 p = 512k+ 1 < 107 
KRAITCHIK 6, p. 233-235 P = k2"+ 1,  108 < p < 1012, k < 1000. 

Tables of exponents and residue-indices of other bases are less numerous 
and less extensive and give this information for several bases at once. They 
may be described as follows: 

reference 
REuSCBLE 1 
lU.uTcmx 4 (p. 65) 
{CUNNINGBAI( 

WooDALL and Cu:Ait 1 

buea 
3, 5, 6, 7  
2, 3, 5, 10 

{2, 3, 5, 6, 7 
10, 11 , 12 

raoae of modulus 
1<1000 
1<1000 

{ 1"<10000 
10000<1�25409 

apoaeota residue-indica 
yes yes 
no yes 
yes yes 
no yes 

Another special table of C'!JNNINGHAK and WooDALL 1 gives for p :i! 3001 
the least positive a for which 100 2* + 1 = 0  (mod p) has a root x, and also the 
least such x. 

Two, more elaborate tables, of the same type, are given in CUNNINGHAM, 
WooDALL and CREAK 1. These give for each P"' < 10 000, and for each of the 
four values y = 3, 5, 7, and 1 1 , a set of three numbers (Xo, ao, Xff ) satisfying 
(for a certain choice of signs ± )  the two congruences 

tzt = ± y"'•, t*'Y"'' ± 1 = 0 (mod P"') , 

1 These tables give residue-indices as incidental data. The residue-indices were obtained from 
the other tables in this list. 
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where ao is the least possible such number for which %o and XI{ exist, and where 
%o and XI{ are also as small as possible. In the first table (p. 33-64), I =  2, while 
in the second (p. 65-96) , I =  10. These tables were used by the authors for find­
ing exponents of y (mod p) from the known cases y =  2 and y =  10. 

There exist also two small tables of KRAITCmK 4 (p. 63-65) , which give 
the least positive number x for which 2•= h (mod p) for all p < 1000 for which 
such an x exists, together with a list of all P <  1000 for which no such x exists. 
The first table deals with h = 3, and the second with h = 5. 

An analogue of the series of numbers a"- 1 (n = O, 1 ,  2, · · · ) is the 
Fibonacci series 

0, 1 ,  1 ,  2, 3, 5 ,  8, 13 ,  . . .  

defined by 

u,. = u,._1 + u,._., uo = 0, 

Corresponding to the exponent of a (mod p) we may define, after Lucas, the 
rank of apparition of p as the least positive value e' of n for which u,.=O 
(mod p) . Except for p = 5, e' i s  a certain divisor of p ±  1 (more precisely 
p- (5/p)) ,  and the quotient f' = (p ± 1)/e' is the counterpart of the residue­
index. KRAITCmK 4 (p. 55) gives, for each p <  1000, the corresponding value 
off'. 

An inverse table giving those p's for which the exponent of a (mod p) has 
a given value e, would be a table of so-called primitive faclof'S of a•- 1 . Such 
tables are discussed under e,. A similar table in which the residue-index f is 
given would be a table of those p's of which a is an exactfth power residue. Such 
tables are described under d .. 

d,. Powet>s and indices 

If g is a primitive root of p then the p- 1 successive powers 
go, gl,  gz, . . .  , g,_t 

taken modulo p are congruent, in some order, to the numbers 

1 ,  2, 3, . . . , p - 1 .  

A table for a fixed prime p of  powers o f  a primitive root g giving for each 
number i ,  0 ;a i;a p- 2, the least positive number n for which 

g' e n (mod p) 

may be thought of as similar to a table of the exponential function ea. An in­
verse table, giving for each number n�O (mod p) that index i = Ind,n (mod 
p- 1) for which the above congruence holds, would correspond to a table of 
natural logarithms, and can be used, as suggested by GAuss 1 who published 
such a table of indices for each prime p <  100, in precisely the same way as a 
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logarithm table for finding products, quotients, powen and roots modulo fl. 
There is one practical difference, however, between a table of logarithms and a 
table of indices ; the logarithm table can be used inversely to find anti-loga­
rithms with perfect ease because log z is a strictly increasing function of z, 

whereas a table of lnd n (mod p- 1) for n - 1 ,  2, 3, · · · , p- 2  has its values 
scattered in such confusion that, except when p is small, there may be some diffi­
culty in finding the value of n (mod p) corresponding to a given value of lnd • 
(mod p- 1).  It therefore adds considerably to the effectiveness of a table of 
indices to print a companion inverse table of powers of g (mod p).  This ap­
pears to have been done first by OsTROGilADSltY 1 for all primes < 200 in 
1837-8. This table has been reproduced in CHEBYSHEV 2 and GRAVE 3, and 
extended to p :::o 353 in CHEBYSHEV 21• CABEN 3 has reproduced the table for 
p < 200 from Chebyshev but has introduced many new errors. 

An entirely independent calculation of a set of tables of similar extent 
(including also powers of primes < 200) was made by HottEL 1, who based his 
table on absolutely least primitive roots. This table was first printed in 
LEBESGUE 2 in 1864. 

Two years after the appearance of Ostrogradsky's work, JACOBI 2 published 
his monumental Canon Aruhmelkus, which extends to p• < 1000. The part 
for p < 200 was reproduced from OsnoGRADSltY 1. Following Ostrogradsky, 
Jacobi uses the primitive root ± 10 whenever possible, otherwise usually a 
primitive root whose square, cube, or other low power is congruent to ± 10 
(mod p) .  This exceedingly useful table is still in print after 100 years. 

A small table for moduli p- and 2pe < 100 appears in WERTHEIM 5. Another 
table for p < 100 appean in USPENSltY and HEASLET 1 .  

A somewhat similar table entitled A Binary Canon has been given by 
CUNNINGHAM 4. This gives for each p- < 1000 a pair of tables, one giving values 
of 2' (mod pe), and the other giving, inversely, whenever it exists, that value 
of i < p-1 (p- 1) for which 2 '  has a given value (mod p-). For such moduli pe 
as have 2 for a primitive root this pair of tables is equivalent for most purposes 
to the corresponding pair in Canon Aruhmelkus. For the other moduli the 
tables are smaller or have blank entries since not all the powers of 2 will be 
distinct, and certain indices are necessarily non-existent. This table is intended 
chiefly for studying the binomial congruence with base 2. 

The Canon Aruhmelkus may be said to have reduced any problem to which 
it is applicable to at most a simple pencil and paper calculation. The question 
of extending the Canon to, say, p < 10000 is one which presents certain practical 
difficulties. If the original form were preserved it would occupy several thou­
sand pages. With modern computing machines in use, however, such an ex­
tensive table is really unnecessary. In fact, as remarked above, the problem 
of finding g11 for an isolated value of k (mod p) is one that presents very little 
difficulty. This means that we may dispense with that half of the Canon com­
prising the tables giving powers of g. The remaining tables of indices of all 
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numbers < /1  may now be condensed by listing only indices of primes since 
we have the multiplicative relation 

lnd (mn) a lnd (n} + lnd (m} (mod [I - 1). 

Finally if q is a rather large prime then by use of one of the relations 

Ind (q} e Ind (q ± p} a lnd (q ± 2[1} · · · (mod [I - 1) 

one soon finds a number q ± kp all of whose prime factors are rather small. 
Hence we may tabulate only the indices of rather small primes. A similar 
condensation is possible for the modulus [I" (a > 1}.  A table based on such a 
scheme has been published in KRAITCHIK 4 (p. 216-267) , which gives for each 
modulus [I" < 10000 the indices of all primes < 100. This is an extension of a 
previous table KRAITCHIK 3 giving for [I" < 1000 the indices of every prime 
< 50. KRAITCHIK 4 (p. 69-70} has also a table of the indices of odd primes � 37 
for moduli 2", n � 20, and 5", n � 16. 

Tables giving powers but not indices are either of a small extent or else 
are of rather special types. There is the table of KULIK 2 which gives for each 
[I �  349 all powers (modulo p) of the least primitive root. This table is described 
in the introduction as extending to [I =  1009 but its publication was abruptly 
discontinued in the middle of the table for p- 353. A small table giving all 
powers of all numbers (modulo [I) is due to BUTTEL 1 .  It extends as far as [I =  29. 

LEVANEN 1 constructed a table giving for each m < 200 and prime to 10 
the absolutely least value (mod m) of 10" for n = O, 1, · · · , e/2, where e is 
the exponent of 10 (mod m). 

CuNNINGHAM 1 1  has given for each [I <  100 and for some much higher 
primes the values (modulo p} of the functions E .. = 22", 28•, 31", 56" for all values 
of n. 

The primitive root tables of KoRKIN 1 and PossE 1, 2, 3, 4 described under 
d1 give for each prime in the range considered certain powers of a primitive 
root modulo p. The notation for the various powers tabulated is as follows 

f = g<r-1) /21, 
• = g <r-1l ll, 

u = g<r-1> 1 9, 

f' = g<r-U Js', 

z' = g<r-1Ha1, 

u' = g<r-1 l /91, 
where q is a prime factor > 3 of p- 1.  

j" = g <r-1Hz', . .  . 
z" = g <r-1l la1, . .  . 

u" = g<r-ll / 91, . • •  

ct.. Solulions of special binomial cong1'uences 

Tables of powers and indices of a primitive root (described under da) such 
as ]ACOBI 2 serve to solve the general binomial congruence 

(1}  x" = ,. (mod p} .  

In fact, armed with such a table, this congruence may be  replaced by the 
equivalent linear congruence 
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n Ind , x = lnd , ,. (mod fJ - 1).  
In spite of  the availability of  this general method, there exist many tables 

giving explicit solutions of binomial congruences of more or less special type, 
partly for the same reason that, in spite of the existence of tables of logarithms, 
there are numerous tables of square and cube roots, and partly because such 
tables have in most cases some important connection with the problem of 
factorization, a fact which accounts for the many extremely special tables de­
scribed in what follows. 

There is in fact only one table giving explicit solutions of the general con­
gruence (1) , and this table is very limited. It appears in CRELLE 1 ,  and is re­
produced in CRELLE 2, and gives for each n all solutions x (mod fJ), if any, of 

x" = ,. (mod fJ) 1 � ,.  � fJ - 1 ,  fJ � 101. 

The degree n ranges over all integers <fJ in case f/ < 31 ,  but for 3 1 � '/1 �  101 , 
n assumes only those values which are prime factors of p - 1 .  

Tables o f  solutions of the more specialized congruence 

X" = 1 (mod pa) 

are more numerous and extensive. REUSCHLE 3 contains tables of solutions 
of this congruence with a =  1 ,  fJ < 1000, and n � 100, besides n =  105, 120, and 
128. There is a table for each value of n giving only the tf>(n) "primitive" 
solutions of the congruence for each fJ = kn+ 1 < 1000. The n-t/>(n) imprimi­
tive solutions can be taken, if need be, from the tables corresponding to the 
several divisors of n. Similar tables with a =  1 and 2 (and for small fJ's, many 
higher values of a) have been given in CuNNINGHAK 5. However, these extend 
only to fJ �  101.  A more extensive table is due to CuNNINGHAK and CREAK 1 .  
This is arranged according to p a  and extends to pa < 1 0  000. For each such 
modulus pa there is given the least positive solution x of x" = 1 (mod pa) ,  
where n runs through the divisors of tf> =  p-1 (p - 1) with the exception of 
the trivial cases n =  1, and n = tf>. The other solutions can be found if necessary 
by taking successive powers (mod pa) of the tabulated solutions. 

Cunningham's Binomial Factorisations (CUNNINGHAM 28-34, 38, 39) , 9 
volumes of which have appeared, contain extensive tables of the tf>(n) primi­
tive solutions of x" = 1 (mod fJ'") for fJ'" < 100 000 and for numbers n from 3 
to 1 7  and their doubles. Various smaller tables are given in which p« < 10 000 
(in some cases 50 000) for the odd numbers n < 50 and their doubles, and also 
for a few higher composite values of n. The more extensive tables for a fixed n 
are not confined to one volume but are distributed over three or four volumes 
as indicated below. The sequence of prime arguments in the tables is often 
interrupted to insert a sequence of prime power arguments. On the whole the 
arrangement leaves something to be desired. The following scheme gives some 
account of what values of n are considered in the various volumes. 
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values of n 

4, 8, 16, 32 : 3, 6, 12,  24 : . . . 
5, 10, 15, 20, . • . 
7, 14, 2 1 ,  . . .  : 9, 18, 27, . . . 

1 1 , 22,  33, . . .  : 13, 26, 39, . . . 

17 ,  34, . . .  : 19, 38, . . .  : 23, 46, . . . 
p, 2p, 29 � p � 47 

volume numbers 

1 ,  4, 8. 
2 ,  6, 8, 9. 
3, 7, 8, 9.  
5, 7, 8, 9. 
8, 9. 
9. 

For n = 8, Cunningham's table of the solutions of %4+ 1 e0 (mod p) 
(CUNNINGHAM 28, 29) bas been extended from fJ =  100 000 to fJ =  200 000 by 
HOPPENOT 2.  

So far we have discussed the special congruence 

in which n is fixed throughout the table. There are several tables in which 
n = p - 1 .  Tables of solutions % of the congruence 

(2) %,_1 e 1 (mod P') 

which occurs, for instance, in the discussion of Fermat's last theorem date 
from JACOBI 1, who gave all solutions of (2) for 3 � p � 37. BEEGER 1 gives a 
more extensive table, in fact for /1 < 200. MEISSNER 2 gives only one root % 
of (2) for p < 300, and a root of 

%,_1 e 1 (mod p1) 
for p < 200. A very short table of all solutions of 

%,_1 e 1 (mod P'") 1 � a � 12 ,  

is given in  BERWICK 1 .  

fJ � 13 

Another set of tables in which n depends on p is  that of CuNNINGHAM 22 
in which roots of 

%,. E ± 1 (mod fJ'") 
are tabulated, and in some cases roots of 

q = 2, 3, 5, 6 P'" < 10 000, 

Special tables of the general binomial congruences 

%" a ,. (mod p) or u" s 1 (mod p) 

may be cited as follows : CuNNINGHAM 21 ,  giving solutions of 

fJ � 19. 

%4 = ± 2 (mod p) and 2%4 e ± 1 (mod p) for p < 1000, 

and Gf:RARDIN 3, giving all 4 solutions of 
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2x' e 1 (mod p) for 1000 < p < 1600, 

extended by V ALRO:r:r 1 up to p < 5300. 
CuNNINGHAM and WooDALL 9 have given tables of roots of the congruences 

2• e w (mod pa) , 2• e - z (mod pa) , y2r E 1 (mod pa) , x2• e - 1 (mod pa) , 

for p < SO, and ; = 73, 89, 127, 257, and for pa < 1000 when a > 1 and p � 1 7 ;  
for 43 � p � 199, values of w, s, y if � 100 and values of x if � 250 ; for 
199 � p <  10 000, values of w and s if � 100; for 199 � p <  1000, and for certain 
selected primes < 10 000, values of y if � 100, and values of x if � 250. 

Finally we may cite here a rather special table of LAWTHER 1 which gives 
for each integer N < 140 the least positive solution x of 

x4 = ± 1 (mod N) , 
which is "primitive" in the sense that 

� ,a ± 1 (mod N) 
for any positive b < d. Here d is the largest possible exponent for which such 
an x exists. For example if N is a prime, then d =  (p- 1)/2 and x is the least 
quadratic non-residue of p. This table is for use in the splicing of telephone 
cables. 

d,. Higher residues 

By a higher residue modulo p we shall mean the residue of an nth power, 
where n � 3. The case n = 2 will be dealt with separately under is. A list of all 
the nth power residues modulo p may be found by taking every nth entry in 
a table of powers of a primitive root as described under c:la. If the greatest 
common divisor of n and p- 1 is 8, this process will give in fact all the 8th 
power residues, or in other words one can confine oneself to the case in which n 
divides p- 1 so that p is of the form nx+ 1 .  

KRAITcmx. 3 has given a table of all nth power residues for 

n = 3, 4, 5, 6, 7, 8, 9, 10, 12 ,  14, 16, 18  

with respect to  the first 20  or 25  primes p = nx+ 1 in each case. 
A table of all three-digit cube-endings, i.e., cubic residues, modulo 1000, 

is given in MAnES 1 .  
For the case n = 4, GAuss 2 has a short table giving for each p = 4x+ 1 <  100 

not only its biquadratic residues but also those numbers < p which have each 
of the other three biquadratic characters. The corresponding table for cubic 
characters by STIELTJES 1 extends to p = 6x+ 1 � 61 .  

A rather special table of NIEWIADOKSKI 1 gives all the pth power residues 
(mod p2) for each p < 200, and is used in connection with criteria for Fermat's 
last theorem. 

Some tables give lists of those primes p having a given number a as an 
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nth power residue. It has been pointed out before that such primes may be 
picked out of the tables, described under d,, which give the residue-index of 
the base a modulo p. DESKAllEST 1 and GiRARDIN 1 each gave lists of primes 
< 10 000 of which 10 is an nth power residue. Similarly, KRAITCHilt 4 gives 
lists of primes < 10 000 of which 2 and 10 are nth power residues for all possi­
ble n !6; 2. REUSCHLE 1 has listed all primes p < 50 000 having 10 for a cubic 
residue, and all primes P <  25 000 having 10 as biquadratic and octic residues. 
CuNNINGHAII 2 1ists all primes < 25 000 having 2 as an octic residue, indicating 
those which have 2 as a 16th power residue. 

GossET 1 has a table for finding the biquadratic character of q with respect 
to p == a'+b2 in case the value of b/a (mod q) does not exceed 8 in absolute 
value. Tables in CuNNINGHAM and GossET 1 serve to determine the biquad­
ratic character (qfp)4 when q contains no prime factor exceeding 41 ,  and the 
cubic character (q/P)a when q contains no prime factor exceeding 47. These 
tables are reproduced in CuNNINGHAM 36 (p. 130-133) . These restrictions on q 
are less drastic than would appear at first sight, since it is frequently easy to 
replace a given q by another congruent to it modulo p, and having only small 
prime factors. The "quadratic partitions" 

p == a2 + b2 and 4p == L2 - 27 M1 

are supposed to be known. Tables of these partitions are cited and described 
under Js. 

Finally there are tables giving merely the frequency of primes having a 
given number a as an nth power residue. These have been obtained from tables 
of residue-indices by counting the number of p 's having a given entry. CuN­
NINGHAM and WooDALL 7 give the number of primes p in each 10 000 up to 
100 000 for which (2/p),.== 1 for all n � 40. These are based upon corresponding 
enumerations of primes having given residue-indices. 1 CuNNINGBAII 23 has 
given similar tables for each of the bases 2, 3, 5, 6, 7, 10, 1 1  and 12.  For the 
bases 2 and 10 the number of primes in each 10 000 up to 100 000 for which 
(2/p),. ==  1 and (10/p) ,.=  1 respectively is given for n � 40. A smaller table gives, 
for each ·of the bases mentioned above, the number of primes less than 10 000 
having this base as an nth power residue (n � 40) . These are based on a set of 
tables giving for each base the number of primes having a specified residue­
index. 

de. Cont�erse of FermiU's theorem 

It is a well known fact that the fundamental theorem of Fermat 
(1) <�"= a  (mod n) , if n is a prime 
has a false converse. Four tables giving examples of composite numbers n for 
which the congruence (1) holds may be cited here. Two of these are sufficiently 

1 The number of primes :ii z for which (a/ p ),. • 1  is clearly the sum of the numbers of primes 
:;iz for which the residue-indez of a has the value kn (k• l, 2, 3, · · • ). 
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complete to be used in connection with the problem of identifying primes, and 
will be described from this point of view under g. 

Isolated examples of composite numbers n satisfying the congruence (1) ,  
usually with a == 2, date from 1819. In 1907 EscoTT 1 gave a list of  50 miscel­
laneous composite numbers n for which 
(2) 2"= 2  (mod n) .  

Another miscellaneous list is given by  MITRA 1 for a == 2, 3 ,  5, 6 ,  7 ,  and 10. 
D. H. LEmlER 6 gives a list of ail S-digit composite n satisfying (2) , and having 
their least prime factor .P > 3 13. The factor p is given with each n. This list 
has been augmented by Poui.ET 4, who has listed all composite n <  108 for 
which (2) holds. Each n is given with its least factor provided this factor ex­
ceeds 30, otherwise the largest prime factor is given. The list comprises 2037 
numbers. Many of these numbers n are such that (1) holds for every a prime 
to n and are accordingly marked with an asterisk. 

e. FACTOR TABLES 
No other kind of table in the theory of numbers is as universally useful as 

a factor table. The problem of factoring has long been recognized as a very 
fundamental one, and factor tables, as a partial solution of this problem, have 
a long and interesting history. This is especially true of the first of the two 
kinds of factor tables described below which we have called "ordinary." These 
factor tables were constructed for general use, the entries being found either 
by a sieve or by a multiple process. Tables of this sort, in which the entries 
are obtained readily, but not in their natural order, and in which an isolated 
entry cannot be easily found by direct calculations, exemplify the ideal table 
in the theory of numbers. The history of ordinary factor tables may be found 
in Chapter 13 of DICKSON 4, and in the sources there referred to, where an 
account will also be found of the numerous very old tables that are of historical 
interest. More recently, a bibliographic list of 16 ordinary factor tables, both 
old and new, beyond 100 000 has been given by Henderson in PETERS, LoDGE 
and TERNOUTH, Gil!'l!'ORD 1 (p. xiii-xv) . 

Tables of factors of numbers of special form are as a rule not published 
separately, but are scattered through periodical literature. An effort has been 
made to give a reasonably complete account of such tables. 

e1. Ordinary factor ta!Jles 

By an ordinary factor table we mean a table which gives at least one di­
visor > 1 ,  or indicates the primality, either of every number within its range, 
or else of all the numbers not divisible by the first k primes. We can classify1 
such tables into types, according to values of k. A factor table of type 0 would 

1 To be sure, there are a number of small factor tables which omit only multiples of 2 and 5, 
and these eacape our classification. 
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be a table dealing with all integers in its range, a type 1 table would consider 
all odd numbers in its range, a table of type 3 would deal with numbers prime 
to 30, etc. All large tables are of types 3 and 4. Theoretically the higher the 
type the more condensed the table becomes since a higher proportion of the 
natural numbers is thereby excluded. A table of type 25, for example, dealing 
with only those numbers whose least prime factor exceeds 100, would thus 
eliminate from consideration 88% of all numbers as compared with about 77% 
for a table of  type 4. It is  not difficult to see that the advantages of  condensa­
tion gained by raising the type number are soon more than offset by the diffi­
culties of arranging and ordering the table, if indeed one is to maintain the 
usual condensed form in which the number, whose least factor is given, is 
indicated merely by the position which that factor occupies in the body of the 
table. A factor table of high type and of very considerable extent could, how­
ever, be arranged in a form similar to a list of primes in which the last few 
digits of each number considered are given together with some symbol for its 
factor. The almost universal use of computing machines makes the omission 
of small factors from a table of high type a less serious objection than formerly. 

Factor tables may also be classified according to the range of numbers 
about which information is given and also according to the amount of informa­
tion given. The only table which gives the fullest information possible is that 
of ANJEKA 1. This rare table lists for each number � 10 000 the complete set 
of all its divisors. A dash (or two dashes in case n is a square) separates those 
divisors which are < .Yn from the others. This table is quite useful for experi­
mental work on certain numerical functions and Dirichlet series. All other 
tables give either the canonical factorization into products of powers of primes, 
e.g. , 360= 21 · 32 •  5, or else the least prime factor of each number considered. 

Of the many small factor tables to 10 000 or thereabouts GLAISHER 27 
(which was taken from BARLOW 1) and STAGER 2 are typical in that they give 
the canonical factorization of every number less than 10 000 and 1 2  000 respec­
tively, and are at the same time quite reliable. An unusual table to 10 000 is 
due to CAHEN 2. It is a table of type 5, which omits primes as well. Only the 
least factor is given of each composite number, prime to 2 · 3 · 5 · 7 · 1 1 ,  and less 
than 104• Some idea of the condensation this achieves may be gained from the 
fact that it occupies only three and one half small pages. 

Turning now to medium-sized factor tables we find 10 tables with upper 
limits ranging from 50 000 to about 250 000. The most useful and reliable of 
these are KAvAN 1 and PETERS, LODGE and TERNOUTH, GIFFORD 1. Both are 
of type 0 and give canonical factorizations of all numbers up to 256 000 and 
100 000 respectively. The arrangement in the latter table in which consecutive 
numbers lie in the same column rather than in the same line, is more conven­
ient for many of the purposes for which such a table would ordinarily be used. 

Other tables in this group giving canonical factorizations are of type 3. 
These are 
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Lidonne's table is actually of type 0 as far as 10 000. The tables of Gifford and 
Goldberg should be used carefully, since each contains numerous errors. 
Poletti's table is of a handy pocket size but has quite a number of misprints. 

The other tables in this group give only the least prime factor. LEBESGUE1,  
which is a table of type 4, extends to 1 15 500. INGmRAIU 1 deals with all num­
bers prime to 10 and less than 100 000, but is quite unreliable. GRAVE 3 is a 
type 3 table extending to 108 000. 

The largest table giving canonical factorizations is the monumental 
Cribrum Arithmeticum of CHERNAC 1. This is a type 3 table and it extends to 
1 020 000 . It is remarkably accurate considering the number of entries and the 
era in which it was produced (1811) ,  although a complete examination of this 
table has never been undertaken. 

All other large tables list only the least prime factor of the number n con­
sidered, blank entries indicating that n is a prime. If the entry is a prime p 
> V'n, then the quotient n/ p is also a prime. If p � V'n, it might be necessary 
to consult the table again (or perhaps some smaller more convenient table) 
for the least factor of n/ p in case the complete decomposition of n is desired. 
A single examination of the table yields the often sufficient information that 
the number n is composite. 

The nineteenth century saw the production and publication of such factor 
tables for the first 9 millions. BUllCKHARDT 1, 2, 3 set the style with his table 
of the first three millions. These tables, almost always bound together, are, 
because they deal with the first three millions, more frequently useful than 
those of J. GLAISHER 1 ,  2, 3 for the fourth, fifth, and sixth millions and those 
of DASE 1 ,  2, 3, for the seventh, eighth, and ninth millions. All nine tables are 
of type 3 and are quite uniform in their arrangement. The page is split into 
3 parts by two horizontal partitions, and entries in the same line, but in ad­
jacent columns, refer to numbers differing by 300. This arrangement makes 
for ease in entering the table. This advantage to the user was paid for at the 
price of numerous errors (many of which occur in the eighth million) due to 
the fact that the practically mechanical and self-checking stencil or sieve proc­
ess could not be employed to advantage for primes p much beyond 300 on 
account of the lengthy stencils required. Instead, recourse was had to the 
"multiple method," and numerous entries were put in the wrong place in the 
tables. 

In referring to nineteenth century tables mention should be made of the 
huge manuscript table of KULIK 3 which extends from 4 000 000 to 109 330 201. 
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This is a type 3 table arranged exactly like Burckhardt's tables, except that the 
two horizontal partitions which divide the page into three parts are missing. 
Kulik used a system of one- and two-letter symbols to represent the primes, 
so that no entry requires more space than two letters. In this arrangement the 
use of stencils was feasible up to p = 997, the "multiple method" being used for 
4-digit primes. 

Early in this century D. N. Lehmer began the construction of his monu­
mental Factor Table for the First Ten Milli01U (D. N. LEHKER 1) ,  which ap­
peared in 1909. This is a type 4 table with a simpler arrangement than that 
used by Burckhardt, Glaisher, and Dase; that is to say, the arrangement is 
simpler for construction, but less simple for use. Entries in the same column, 
but in adjacent rows, refer to numbers differing by 210 = 2 · 3 · 5 · 7. There are 
naturally c/>(210) = 48 columns. This arrangement enabled the use of stencils 
throughout the construction of the table. The user will find it a little more 
troublesome to enter this table than, for example, Burckhardt's. An auxiliary 
sheet enables one to find the exact row and column in which the least factor 
of one's number is given. This loose sheet, entitled "Auxiliary Table," which 
is reproduced on the reverse side of page 0, is apparently missing by now in 
many copies, since many writers contend that in order to enter the table it is 
necessary to divide the given number by 2 10, the quotient giving the page and 
line numbers, and the remainder giving the column number. Although this is 
not necessary, it is certainly sufficient and those users, to whom an electric 
calculating machine with automatic division is available, will find this method 
very effective where frequent use of table is required. The user can be turning 
to the proper page while the machine is operating. No error has as yet been 
found in the 2 372 598 entries of Lehmer's table. 

A manuscript table for the sixteenth million was computed by DuuEE 1.  
The table, which is  on 500 sheets of heavy paper, appears to have been copied 
from a type 5 table. Those numbers, whose least factor is 1 1 ,  were later inter­
polated in red ink. The result is a type 4 table. 

GOLUBEV 1 computed manuscript tables of the eleventh and twelfth mil­
lions. 

Cunningham and Woodall have published many short tables beyond 10 
million incidental to their determination of successive high primes. These 
tables will be cited under f1 where these lists of primes are described. Similarly, 
KllAITcmx and HoPPENOT 1 have two factor tables for the ranges from 1011 
to 1011 ±  104• These are of type 1 ,  and give only the least divisor. The first of 
these from 1011 - 104 to 1011 was reproduced in KllA!Tcmx 12 .  

es .  Tables of factors of numbers of special form 

The factorization of numbers defined in some special way has been the 
subject of countless investigations. In many cases short tables giving the re­
sults of a particular investigation liave been published, mostly in periodical 
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literature. Sometimes these results are used to obtain further factorizations. 
Often, however, each entry reJ)J'esents a great deal of hard work, in no way 
lessened by the existence of the other entries of the table. Occasionally, the 
complete factorization of a certain number is not known, but only one or two 
small prime factors are given. Again, there are often gaps in the table where 
even the prime or composite characters of the corresponding numbers are un­
known, and may well remain so for centuries to come. It would therefore be 
difficult, and perhaps valueless, to give a precise account of just what factoriza­
tions are given in each of the many ancient and modern tables of factors of 
numbers of special form. Fortunately, writers have a tendency to reproduce 
the old tables along with their new entries. Thus it has been possible to neglect 
quite a number of historically interesting tables and to cite in each case the 
two or three modern ones by which a particular class of tables has been super­
seded. 

By far the majority of tables of factors of numbers of special form deal 
with what are, in the last analysis, the factorization of certain cyclotomic 
functions. The Fermat numbers 22.+ 1 ,  the Mersenne numbers 2�>- 1 ,  and 
more generally the numbers 2"± 1 ,  10" ± 1 ,  a" ± 1 ,  a" ± b", the Fibonacci num­
bers, the functions of Lucas and their generalizations comprise the class of 
numbers referred to. 

If we denote by 

Q,.(x) = xf(A) + ' ' ' = n (x"'' - 1)1'(1) 
"" 

the irreducible cyclotomic polynomial 'whose roots are the ct»(n) primitive nth 
roots of unity, so that we have the factorization 

x" - 1 = n Q,(x) ,  
. , .. 

• 

then the tables referred to may be said to give the factors of x" - 1 , when x 
is integral or rational, or (when x is algebraic) of the norm of x" - 1  taken with 
respect to the field defined by x or a subfield of that field. In all cases Q,.(x) or 
its norm is the essential factor, the other factors Qa(x) ( 6 < n) having appeared 
before in the table. The� other factors are quite often given separately and 
are called the algebraic or imprimilive factors; occasionally they are omitted 
entirely and only the factors of Q,.(x) , styled as the irreducible or primitive 
factors are given. 

To begin with, up-to-date tables of the factors of the Fermat numbers 
22.+ 1  are given in CUNNINGHAM and WOODALL 10 (p. xvi) and in KRAITCHIK 
5, 6 (p. 221) .  These give one or more factors of 22• + 1 for n= 5, 6, 9, 1 1 ,  12 ,  15, 
18, 23 , 36, 38, and 73. For n=O, 1,  2, 3 and 4, 22• + 1 is a prime as noted by 
Fermat. The numbers 227 + 1 and 221 + 1 are composite, but no factor of either 
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number is known. Another table, lacking the entry for n = 15, is given in 
KJtAITcmx. 3 (p. 22) . 

A table of the latest results on Mersenne numbers 2P- 1 ,  where p is prime, 
is given in ARCHIBALD 1. Here the reader will find a history of the problem 
with complete references to the original sources. A short table giving merely 
the number of prime factors of 2P- 1 for p � 257 known in 1932 appears in 
D. H. LEHY:ER 4. Older tables of the factors of Mersenne numbers are in 
CUNNINGHAM: and WOODALL 10 (p. xv), CUNNINGHAM: 19 and WoODALL 1 .  
This last table includes the forms of the factors of  the numbers not then com­
pletely factored. KRAITCHIK 4 (p. 20) gives a list of small factors of 2P- 1 for 
59 primes p, 79 � p < 1000, together with a list of the 85 primes p between 100 
and 1000 for which no factor of 2P- 1 is known. 

Tables of the factors of the numbers 2" ± 1 really begin1 with LANDRY 1 ,  
reproduced in  LucAs 1 (p. 236) , who gave in  1869 the complete factorization 
of 2" ± 1 for all values of n � 64, except 281 ± 1 and 2"+ 1. Recent tables are 
due to CUNNINGHAM: and WOODALL 10 (p. 1-9) , and KRAITCHIK. 7 (p. 84-88) . 
The first of these gives all information known in 1925 as to the factors of 
2"± 1 for n odd and < 500, and of 2"+ 1 for n even and � 500. Naturally, for 
such large ranges of n many entries are incomplete or even blank. However no 
factor < 300 000 has been omitted. The table really gives the factors of Q,.(2) 
for n odd and < 500, and for n even and � 1000. The KltAITCHIK 7 (1929) 
table is an extension of one given in KltAITCHIK. 3 (1922) and gives complete 
factorization of 2" ± 1 as follows : 

2H+2+ 1 

2"- 1 n odd, n = 1-77, 81 ,  87, 89, 91 ,  93, 99, 105, 107, 1 17 ,  

127. 

2"+ 1 n odd, n = 1-65, 69, 75, 77 ,  81 ,  83, 87, 91 ,  97, 99, 105, 

1 1 1 , 135. 1 2U+1- 2 H1+ 1 , 4k+ 2 = 2-138, 150, 154, 162, 170, 1 74, 182, 198, 

210, 270, 330. 

221:+1+ 2 H1+ 1 ,  4k+ 2 = 2-130, 138, 146, 150, 154, 162, 170, 174, 

182, 186, 190, 198, 2 10, 234, 258, 270. 

4k = 4-84, 96. 

Primitive and algebraic factors are given separately. The facts that 

2101 - 1, 2 101 - 1, 2 101 - 1 ,  2 117 - 1 ,  2 111 - 1 ,  2267 - 1 ,  2128 + 1 ,  221• + 1 

are composite are also entered in the table. No factors of these numbers are 
known. Three factors of 2111- 1 are also given. 

1 The comparatively insignificant table of REoSCHLE 1 (p. 22) antedates this by 13 years. 
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This table has been brought up to date in 1938 in KRAITCBllt 13. Fac­
torizations are given here of 

2" - 1 

2" + 1 { 22'+1 - 2 H1 + 1 
2U+2 + 1 

22H1 + 2 '+1 + 1 

2U + 1 

for n = 79, 85, 95*, 1 1 1 .  

for n = 73, 93, 95. 

for 4k + 2 = 146*, 186*, 190*, 234*, 250*. 

for 4k + 2 = 142, 158*, 222*. 

for 4k = 88, too•, 108, 120. 

where • indicates that there is some doubt that certain large factors of these 
numbers are actually primes. The number 2241 - 1  is given as composite but 
without known factors, but there is no mention of the fact that the number 
2m- 1 belongs in the same category. A table giving the factors of 2n+ 1 for 
4k -= 4 - 88, 96 appeared in KRAITCHIK 8. A table (p. 24-26) of KRAITCHIK 4 
gives all prime factors < 300 000 of 2" ± 1 for n odd and < 257 and of 24'+2+ 1  
for 4k+2 < 500 in those cases where the complete factorization of these num­
bers had not then been found. 

Next to the numbers 2"- 1 ,  the numbers 10"- 1 have been most frequently 
under consideration. These correspondingly larger numbers are especially in­
teresting from the point of view of repeating decimals. The rational fraction 
k/p has a decimal expansion of period n if and only if p divides 10,.- 1 .  This 
period is "proper" only in case p is a primitive factor of 10"- 1 .  

An early table of  factors of  10"- 1 i s  due to REUSCHLE 1 .  It  i s  limited to 
n � 42, and is naturally incomplete in many of its entries. Another old but 
readily accessible table is due to SHANKS 2, which gives all factors < 30 000 
of 10"- 1 for n <  100. Actually only the factors of Q,.(lO) are given. In twenty­
five cases n is marked with an asterisk to indicate that the factorization is 
complete. As a matter of fact it is also complete for n -= 19, 23, 25, 26, 27, 34, 
36, 38, 46, 48, 50 and 62. Similar tables are found in BICKMORE 1, 2, and 
GfRAII.DIN 1. In 1924 KRAITCHIK 4 (p. 92} gave the complete factorization 
of 10"- 1 for n odd, n = l-21 ,  25, 29 and of 10"+1  for n = l-17, 2 1 , 23 and 
25. CUNNINGHAM and WOODALL 10 give all factors < 120 000 (if any) of 10" ± 1 
for n odd and � 109 and of 10"+ 1 for n even, � 100. There are of course many 
incomplete entries. Many new complete factorizations have been discovered 
since the publication of this table. 

The most up-to-date tables of the complete factorizations of 10" ± 1 are in 
KRAITCHIK 7 (p. 95} . These give all prime factors of 10" - 1 for all odd n � 29, 
and of 10"+ 1 for n = l-21 ,  23-25, 27, 30, 3 1 ,  36 and 50. (The case of 
10"- 1 is in doubt.) 

Besides the numbers 2 "- 1 and 10" - 1 other numbers of the form a" - 1 
have been the subject of factor tables. Thus REUSCHLE 1 gives the factors of 
a"- 1 for a = 3, 5, 6, 7, for n � 42, and similar tables by BICKMORE 1 give corre-
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sponding results for a = 3, 5, 6, 7, 1 1 ,  12 for n � 50. (Both these tables deal also 
with a =  2 and 10 as mentioned above.) These tables are far from complete. 

The most extensive tables of this kind are CuNNINGHAM and WooDALL 10, 
reproduced in KRAITCHIK 7. For the bases a - 3 , 5, 6, 7, 11 and 12 Cunning­
ham and Woodall give, together with many complete factorizations, all prime 
factors p < 100 000 dividing either a" ± 1 for n odd and � 109, or a"+ 1 for 
n even and � 100. Only the factors of Q,.(a) are given. For these bases little 
attempt to factor individual numbers was made by the authors, the results 
being obtained indirectly from tables of exponents. As a result a goodly num­
ber of blank entries have now been filled in by various computers since the 
volume appeared. Most of these for the bases 3, 5, 6, 7, have been included in 
KRAITCHIK 7 {p. 89-94) . This gives the complete factorization of a" ± 1 as 
follows : 

3" - 1 n odd, { n � 6k + 3, 
3" + 1 

n = 6k + 3,  

s• - 1 n odd, 

5" + 1 

6" - 1 n odd, 

6" + 1 

7" - 1 n odd, 

7 "  + 1 

= 1-41 , 45, 47, 49, 5 1 ,  75, 105. 

= 1-31 , 35, 37, 40, 41,  42, 47, 48, 60, 84. 

= 3-1 17 ,  135, 165. 

- 1-29, 33, 35, 45, 75. 

n = 1-22, 24, 25, 27, 30, 34. 

- 1-23. 

n = 1-22, 24, 26, 28, 30, 33, 35, 42. 

= 1-17 ,  27. 

n = 1-16, 18, 2 1 ,  22, 35. 

A small separate table giving the latest information on the factors of 6"+ 1 
appears in KRAITCHIK 1 1 . This gives the complete factorization of 6"+ 1 for 
n = l-32, 42. 

For the bases a from 13 to 30 (exclusive of 16, 25 and 27) CuNNINGHAM 37 
has given as far as known the factors of a" ± 1 for all n � 21 .  

Thus far we  have spoken of tables of factors o f  numbers of  the form a" ± 1 
in which a may be thought of as small and fixed while n ran to high limits. 
There is also another set of tables in which n is small and fixed, while a varies. 
Obviously the numbers in these tables do not increase as rapidly as those in 
the tables in which a is fixed and n varies. On the other hand less information 
about the possible factors of these numbers is available. 

The first table of this sort is due to EULER. 2 {1 762) . This is a factor table 
for numbers of the form a'+ 1 extending to a � 1500. Only factors < 1000 are 
given as the table was constructed by a sieve process. 

Surprisingly enough, this is the only factor table of its sort ever published, 
although other such tables have existed in manuscript from which have been 
extracted lists of primes of the form x2+ 1 to be mentioned under fs. There are 
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two tables giving factors of a2+ 1 for very large but scattered values of a. The 
first of these is GAuss 8, which gives the complete factorization of a'+ 1 or of 
(a2+ 1)/2 for 7 1 2  values of a ;;:!  14 033 378 7 18, in those cases in which no prime 
factor exceeds 200. This table is only one of a set of 9 tables giving the factors 
of a2+b2 to be described presently. 

The other special table of factors of a2+ 1 is CuNNINGHAM 8. If (x, y) is a 
solution of the Pell equation x2 - Dy2 = - 1 , then the factors of x2+ 1 = Dy2 are 
obtained from those of D and y. A list of the 97 values of x between to• and 
lOU for which the factorization of x2+ 1 is thus possible (for D< 1500) is 
given, together with the factorizations of the corresponding D's and y's. This 
table is extended and greatly ramified in CUNNINGHAM 28 (p. 106-1 12).  

Tables of factors of a" ± 1 ,  with n > 2  and fixed, occur in REUSCHLE 1 for 
a <  100 and n ;;:!  12,  with many gaps. 

The largest collection of such tables occurs in the first, second, third and 
fifth volumes of Cunningham's Binomial Factorisations : CuNNINGHAM 28, 30, 
32, 33. Many of these tables are extremely special and short. The essential 
factor Q,.(a) of a"- 1 ,  though an irreducible polynomial in a, may become re­
ducible as a polynomial in x when a is replaced by any one of a large number of 
appropriate functions of x. Thus we get cases of relatively easy factorizations 
of numbers of the form Q,.(a) where a is of special type. The 185 factorization 
tables in these four volumes are largely of this special type. Nineteen refer to 
Q,.(a) and are in no way special. Their extent and location are given as follows : 

• limit of • volume paces 
5 1000 2 106, 108, 1 10, • • • 1 18 
7 250 3 154-158 
8 1000 1 1 13-119 
9 250 3 178-181 

10 1000 2 107, 109, • • •  1 19 
1 1  100 5 104-105 
12 1000 1 157-163 
13 100 5 1 13-1 14 
14 250 3 154-158 
15 200 2 185-188 
16 200 1 140-141 
18 250 3 1 78-181 
20 200 2 177-178 
21 40 3 172 
22 100 5 104-105 
24 200 1 215-216 
26 100 5 1 13-1 14 
30 200 2 185-188 
36 54 3 191 

There are also tables where n is a multiple of the n's listed above, but these are 
more than half blank. 

Most of those entries in the above tables which are complete factorizations 
have been reproduced, with a few additions, in a more compact form by 
KRAITCmlt 7. Here one finds tables of the factors of Q,.(a) for a <  100 and for 
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n == 1-12, 14, 15, 16, 18, 20, 24, 30 (p. 96-107) , with some gaps, together with 
many supplementary results for other values of n up to 60. Numerous tables 
are given of the factorization of x" ± 1 (really of Q,.(x) and Qt..(x)) for values of 
n < 50. These are without gaps and extend to various limits of x as indicated 
in the following scheme. This description includes special tables in which the 
factorization of Q,.(x) is rendered easier for the special values of x indicated, 
on account of an algebraic decomposition as mentioned above. A simple ex­
ample of this phenomenon is 
Qu(2a2) == {2a2}'- {2a2} 2+ 1 == (4a'- 4a1+ 2a2- 2a+ 1) {4a'+4a1+ 2a2+ 2a+ 1) .  

Factorization of 

s"-l s"+l 
• aeaenl s IP'Cial s  aeaenJ s  IP'Cial s  

4 - - �:�409 {p. 1 16-117) -
5 �<400 (p. 1 18-119) �-Sal, CJ:i 100 

(p. 122-123) s<400 (p. 120-12l) -
6 - - s<400 (p. 126-127) s- 2CJ', CJ < 130 (p. 128-9) } 

�-6CJI, CJ< 70 
7 s:iSO {p. 130-131) - s :ij SO  {p. 130-131) s- 711', CJ<20 (p. 130) 
8 - - � :i 32, 34, 36 (p. 132) -
9 s:tSO (p. 132-133) - s:t50 (p. 132-133) s-34', CJ:i 21 (p. 134) 

10 - - s :i 60 (p. 135) s- 211', CJ<25 } 
�- 1&1, CJ<8 (p. 135) 

For larger values of n, in fact for n -= 1 1-16, 18, 2 1 ,  22, 24, 26, 27,  30, 33, 35, 39, 
42, and 49 there are small tables with many gaps. For further addenda in 
Cunningham's tables see BEEGER 5 and HoPPENOT 1 .  

There are several tables giving factors of numbers of the form p• ± 1 .  We 
have already pointed out that several tables of primitive roots give in addition 
the factorization of p - 1 .  These are described in da. Similarly, Cunningham's 
tables of quadratic partitions (described under is) also give this information. 
These tables are found in CuNNINGHAM: 7, p. 1-240, and CuNNINGHAM: 36, 
p. 1-55. These lists have been useful in discussing primes of the form kn+ l .  

CUNNINGHAM: and CREAK 1 (p .  1-91) give all divisors of p- 1 (except 1 
and p - 1} for p < 10'. EULER 1 gave factorizations of g(p•) == (p«H - 1)/(p- 1} 
as noted under bt. A more extensive table is in KRAITCHIK 7 (p. 152-159) . 
This gives fact�rs of p• ± 1 for a ;a! 15,  as also noted under bt. Two small special 
tables may be noted. GERARDIN 2 gives a table of the factorization of those 
numbers of the form (P+ 1} {p2+ 1},  p < 1000, all of whose factors are less than 
1000. GLAISHER 21  gives the factors of p8- ( - 1) <r-•>Ja for all P < 100, ex­
cept p == 79 and 83. 

Finally, there are two small tables of factors of n"- 1 .  LucAs 1 (p. 294} 
gives the complete factorizations of (2m)2"' - 1 for m = 7, 10, 12,  14 and 15, 
while CuNNINGHAM: 24 gives factors of y•± 1 for y ;a! 50, many incomplete. 
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Turning now to more general numbers a" ± b" with b > 1 , we find a few 
tables of their factors. The earliest is a special table of GAuss 8 for n - 2, al­
ready referred to in connection with a2+ 1 .  The complete table gives for 2452 
numbers of the form a2 +b2, b � 9  their complete factorization. The numbers a 
are so chosen that all the prime factors of a2+b2 are less than 200. For each 
value of b there is an inverse table showing for each pc;>ssible p all those a's 
for which the greatest prime factor of a2+b2 is p. The fact that the number of 
these a's appears to be finite in each case must have led Gauss to conjecture 
for the first time that the largest prime factor of x2+ A tends rapidly to infinity 
with x, a fact established by Ivanov in 1895. However, this table was really 
intended to be used in discovering arccotangent identities. 

Numerous small tables of factors of a" ± b" occur in Cunningham's Bi­
nomial Fad01'isaJiom as follows : 

form "· Nel form "· Nel 
st+)' 1 99 sU ± ,U s 106, 107, 109, 111  
zl+>' 1 149-150, 152, 221 zli+,U 1 217 
�+,. 1 120-129, 220 zll± yl' s 1 15-116 
st-yl 2 120-123, 130, 133-146, �+1" 3 169-171 

148, 154, 158 �-T' 2 189, 193 
st+yt 2 124-129, 131-133, �+r' 2 192-193 

147-149, 155, 159 �+T' 1 143 
�+Y' 1 164-171 , 174-179, st•+ra 3 191-192 

181-189, 220 sll ± ,U 3 173-174 
z' ±y' 3 160-168 zll+yll s 1 12 
zl+y' 1 142-143 z"-y" 3 193 
z' ± y' 3 185-187, 189 zll+y" 2 195 
st•+r' 2 179, 183 

KltAITCBIK 7 (p. 107-109) contains the complete factorization of 3" ± 2• 
as follows: 

3" - 2", n odd, = 1-27 ,  33, 35, 105 

3" + 2", n = 1-27, 29, 30, 3 1 , 33, 35, 36, 42, 45, 54, 63, 70 and 75. 

CUNNINGHAM 26, which is an extension of CuNNINGBAY: 17 , contains tables 
of the factors of x" ± (x- 1) " for n - 3, 5, 7, 9, 1 1 ,  and 15,  with x �  100, 100, SO, 
SO, 40, and 40, respectively. CUNNINGBAY: 27 gives factors of x" ± (x- n)"  for 
n = 3, 5, 7, 9, 1 1 ,  and 15 and for x � 74, 187, 60, 74, 43, and 49 respectively, 
with some gaps. Both of these tables reappear in Binomial FaclorisaJiom as 
noted above. 

A short table of the factors of �· ± ,., for 15 pairs (x, y) is given in CuN­
NINGBAY: 24 (p. 74) . 

The essential factor a•<">Q,.(a/b) of a"- b" can, by a formula of Aurifeuille, 
be expressed in the form X2- nabY2, where X and Y are certain homogeneous 
polynomials in a and b, tables of whose coefficients are described under o. 
In case n, a and b are so chosen that nab is a perfect square this essential factor, 
generally irreducible, breaks up into two factors. Tables of factors of a" ± b" 
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in this case have been given by KRAITCBIIt 2. Here b, a �  100, and n is usually 
less than 50. Quite a large number of factorizations are within the range of 
factor tables. There are comparatively few blank entries. 

The technique of factorization developed for a• ± b" is also applicable, with 
slight modifications, to the function U,. = (a" -/J")/(a -/J) of Lucas (and its 
generalizations) in which a, fJ are algebraic integers. For example the Fibonacci 
series 

1 ,  1 , 2, 3, s, 8, 13, 21 ,  34, 55, 89, . . . , u ... . . .  ; u-+1 = u,. + u,._lt 

where a = (1+v'S)/2 , /J - (1 - v'S)/2, has been the subject of factor tables. 
The first such, due to LucAS 1 (p. 299) , gives the complete factorization 

of U,. for n � 60. KRAITCmlt 4 (p. 77-80) gives the factors of both U,. and 
V,. =  Us .. /U. as follows:  

u .. .  " odd, == 1-7 1 ,  75, 81 ,  85, 87, 95, 99, 105, 129 

V,., n � 5 (mod 10) , == 1-72,  77, 78, 80, 81 ,  84, 87, 90, 93, 99, 102, 1 1 1 ,  120 

V,., n = 5 (mod 10) ,  == 5-175, 195, 205, 2 15, 225. 

Another factor table of what is essentially a Lucas function is due to 
D. H. LEHKER 2, and gives for n � 30 the factors of y,., where x! - 2y! =  1 ,  
(�, y,.) being successive multiple solutions o f  this Pell equation. 

The Fibonacci series increases more slowly than the series of numbers 
2"- 1 ,  and hence more terms can be factored before the numbers become too 
large. A more slowly increasing series than the Fibonacci series has been fac­
tored by HALL 1. Here the complete factorization of the norm N(a"- 1) ,  a 
function introduced by T. A. Pierce, in the field defined by the root a of 
:el - x- 1  = 0, is given for n �  100. 

Still slower series are factored by PoULET 3. In case f(x) is an irreducible 
reciprocal equation, the norm N(a"- 1) taken with respect to the field defined 
by the root a ofj(x) - O will be a perfect square. The sequence U,. = y'N(a• - 1) 
i s  a recurring series of order a t  most 2r, where 2r i s  the degree of j(x) , and the 
possible factors of U,. are restricted to certain linear forms nx+b, permitting 
the factorization of quite large numbers U ,., especially when U,. increases 
slowly. PouLET 3 has published a number of series U,. and V,. == Us,.fU,., the 
terms of which are completely factored. He gives 

7 series of order 2 (Lucas' functions) 
7 series of order 4 
1 series of order 8 to 138 terms 
1 series of order 16 to 250 terms 
1 series of order 32 to 382 terms 
1 series of order 64 to 230 terms. 

The least rapidly increasing of these is the series of order 32 defined by the 
reciprocal equation 
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%10 + %. - %' - %. - %1 - � - %. + % + 1 = 0. 

In fact Uaa • 360 429 381 874 489 • 16199093 · 22249973. The average value 
of U •+1/ U,. is only about 1.0845. The author mentions the construction of 
about 40 other series of this sort and gives many algebraic formulas of use in 
constructing such series. The conjectured parts of this memoir have been 
proved by the present writer. 

We turn now to the consideration of tables which give factors of binomials 
which are not cyclotomic, such as for example ka"+ 1 or a'+4b'. Some of the 
methods and tables employed in the cyclotomic case are applicable here also. 
KIAITCHut 6 (p. 222-232) has given a complete factor table of all numbers of 
the form k2 " + 1 lying between 101 and 1011 with k < 1000. Only the least fac­
tor is given. This is an extension of the previous table, KliiTCHIK 4 (p. 12-13) , 
for numbers of this form between 2 · 101 and 1011, with k <  100, and 21 � n � 38 
with some gaps. 

D. H. LEHKEJt 10 gives factors of numbers of the form k2"- 1 for k • 3 ,  5, 7, 
and 9, and n � 50 with some gaps. Factors of 6is ± 1 have been given by 
BEEGEit 6. 

CuNNINGHAM and WooDALL 1 gave a table of factors of 1o-2• ± 1 for a �  10, 
% � 30 (with gaps) and for several higher valu�s of a and %. CuNNINGHAK 25 
gives the factors of %• ± y- for 128 pairs of integers (%, y) . 

CUNNINGHAK AND WOODALL 9 has considered the factors of 2' ± q and 
of q2• ± 1. All factors are given for q � 66. For 67 � q � 260 only small factors 
are given of q2• +  1. These numbers are remarkable for being nearly all com­
posite. 

CuNNINGHAK 21 has tables of factors of y' ± 2 and of 2y' ± 1. These extend 
to y �  100, and to several higher values of y. 

A short table in KliiTCHIK 4 (p. 14) gives the complete factorization of the 
numbers PlPt · · · p,. ± 1 ,  where p,. is the nth prime, for all n � 8. 

LEBON 1 contains a table (part II) of all factors of numbers of the form 
N, • 2 · 3 · 5 · 7 · 1 1 · 13k+ 1 for such values of k � 4680 as make N • composite. 

Tables of factors of numbers not associated with binomials are as follows: 
CUNNINGHAK and WOODALL 8 co.ntains the factorization of numbers of the 

form 2 .. ± 2• ±  1 for % < a < 27, and several higher numbers of this form. 
V ANDIVEJt 1 gives a list of small factors of Bernoulli numbers B,.. All values 

of n � (p - 3)/2 are given for which the numerator of B,. is divisible by p for 
3 17 � � � 617 . 

ALLIAUKE 1 has published decompositions of n l  for all n <  1200. In Table I 
he gives the factorization of n l  into products of powers of primes, while in 
Table II, n l  is expressed as a product of powers of "prime factorials" 

P�Pt · · · Pr, where Pr is the rth prime. This table is useful in computing values 
of log n l. PETEJtS and STEIN 1 have a table of the canonical factorization of the 
binomial coefficients up to those of the 60th power. 

Finally, we may cite the table of CUNNINGHAK 36 (p. 162-170) which gives 
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canonical factorizations of all numbers � 10', all of whose prime factors are 
< 13. This table has a number of interesting uses, especially in connection with 
the calculation of logarithms and the binomial congruence. Tables of the same 
sort, but very much more extensive, are given in WESTERN 4, together with 
tables showing the mere number of numbers N having small prime factors 
only, for many very large values of N. MILLER and LODGE 1 gives the number 
of numbers � 10' having a given prime p as least (and also greatest) prime fac­
tor for all possible primes p. 

f. LISTS OP PJU)(ES AND TABLES OP THEIR DISTRIBUTION 

Tables of this sort naturally fall into two groups according as the primes 
considered are consecutive or not. Tables giving information on distribution 
phenomena are mostly concerned with consecutive primes. Lists of primes 
themselves have mainly two uses : 1) they may enable one to decide whether 
a given number is a prime or not, and 2) they serve as a source of statistical 
information about properties of primes. In spite of the existence of ordinary 
factor tables, the first use, whose importance is often not fully appreciated by 
those interested in distribution phenomena, is perhaps the best reason for the 
publication of lists of primes. Here, again, lists of consecutive primes are more 
useful than lists of primes of special form. 

f •• Consecutifle primes 

Lists of consecutive primes are of two sorts, those giving all primes less 
than a given limit, and those giving all primes between two high limits. Most 
lists of primes of the first sort occur as argumenls in numerous tables, such as 
those of the binomial congruence (d., ds) , and certain "quadratic partition" 
tables cited under j,. Among the more extensive of these lists we may cite for 
example KRAITCHIK 4 (p. 13 1-191) , giving a list of primes to 300 000. The 
tables of SIMONY 1 and SucHANEK 1 contain a list of primes to 21'- 16 384, 
and from 2" to 100 000 respectively. These tables give the primes also in the 
binary scale, or rather in a condensed form of binary scale in which, for ex­
ample, the prime 2243 instead of being written 10001 100001 1  is abbreviated to 
.3242, the dot being the symbol for 1 .  

Among those lists of primes which are not the incidental arguments of 
other tables, many small ones are to be found in textbooks on the theory of 
numbers, and even in certain handbooks for engineers. J. GLAISHE:R 1 has a 
convenient list of primes to 30 341 ,  giving also a column of differences which 
occasionally is useful. LEBESGUE 1 has given a list of primes to 5500 at the 
same time showing how each prime may be represented by a pair of symbols, 
a device similar to that employed by Kulik in his factor table. 

By far the most extensive list of primes is Lehmer's list of primes from 1 
to 10 006 7 2 1  (D. N. LEHME:R 2) , which appeared in 1914. This list, containing 
665 000 primes, 5000 on each page, is based on his Factor Table (mentioned 
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under e1) , and on previous factor tables. The arrangement makes possible the 
rapid determination of n when the prime p,. is given ; the user should be careful 
to note that here 1 is counted as a prime. 

Other fairly extensive lists of primes are VEGA 1 ,  for primes from 102 001 
to 400 313, and PoLETTI 2 {p. 3-67} for primes under 200 000. The latter, being 
in a handy pocket size, is quite convenient for occasional use. 

We tum now to lists of consecutive primes between high liinits (beyond 
10 million) . There are, surprisingly enough, as many as 69 such lists. Most of 
these cover only a short range of natural numbers and all but 8 of them have 
their lower liinit ;:;! 100 000 000. 

The following list has been kindly prepared by Dr. N. G. W. H. Beeger, 
who is the best authority on large primes. In each case are given the upper and 
lower limits of the range in which all the primes are determined. U, in addition, 
the author includes a factor table for the range considered, this fact is indicated 
by an asterisk. 

rauge reference 
10 000 ooo- 10 001 020* CUNNINGHAK and WOODALL 5 
10 000 ooo- 10 100 000 POLETTI 1 
10 000 ooo- 10 100 009 POLETTI 2 
10 076 676- 10 078 712* CuNNiNGHAM 35 
10 088 152- 10 088 651 CUNNINGHAM 35 
10 324 364- 10 324 517 CUNNINGHAM 16 
10 761 41 1- 10 761 949* CUNNINGHAM 16 
11 000 ooo- 1 1  000 250 CUNNINGHAM 20 
1 1  1 10 889- 1 1  1 1 1  333 CUNNINGHAK and WooDALL 5 
1 1  184 451- 1 1  185 169 CuNNINGHAM and WooDALL 4 
1 1  184 451- 1 1  185 169 CuNNINGHAK and WoODALL 2 
12  093 036- 12 093 435 CUNNINGHAK 35 
12  201 521- 12 201 702 CUNNINGHAK 16 
12 206 762- 12 207 301* CUNNINGHAM 16 
12 499 ?So- 12 500 250 CuNNINGHAK and WOODALL 5 
13 421 558- 13 421 988 CUNNINGHAK and WOODALL 6 
13 450 87o- 13 451 536 CUNNINGHAK 35 
14 285 429- 14 286 000 CUNNINGHAM and WooDALL 5 
14 285 715- 14 300 000 POLETTI and STUIANI 1 
14 347 889- 14 349 923* CUNNINGHAM and WooDALL 4 
14 912 97o- 14 913 191 CUNNINGHAK 16 
15 1 16 295- 15 1 16 794 CUNNINGHAM 35 
16 275 683- 16 276 399* CUNNINGBAK 16 
16 666 334- 16 667 000 CUNNINGHAM and WOODALL 5 
16 776 197- 16 778 233* CUNNINGHAK and WooDALL 4 
16 776 197- 16 778 233 CUNNINGHAK and WoODALL 3 
19 173 819- 19 1 74 103 CUNNINGHAK 16 
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rauge 
19 486 153- 19 488 187* 
19 999 600- 20 000 400 
20 155 059- 20 155 725 
20 1 76 304- 20 177 303 
2 1  522 822- 21  523 899* 
22 369 263- 22 369 980* 
24 413 524- 24 414 600 
24 999 500- 25 000 500 
26 843 346- 26 843 745 
30 232 589- 30 233 587 
32 258 065- 32 261 290 
33 332 667- 33 334 000 
33 553 417- 33 555 451* 
33 553 41 7- 33 555 451 
34 482 7 59- 34 486 206 
40 352 608- 40 354 606* 
43 045 643- 43 04 7 800* 
43 478 261- 43 482 608 
44 738 91o- 44 739 575 
48 827 047- 48 829 201* 
49 999 ooo- so 001 000 
52 631 579- 52 636 842 
58 823 53o- 58 829 41 1 
60 465 177- 60 467 1 75* 
61 621 56o- 61 7 1 1  650* 
67 107 787- 67 109 941* 
76 923 077- 76 930 769 
99 998 ooo- 100 002 000* 

100 000 ooo- 100 001 000 
100 000 ooo- 100 001 000 
100 000 ooo- 100 001 699 
100 000 ooo- 100 005 000 
100 000 ooo- 100 010 01 1 
100 000 ooo- 100 100 000 
134 216 729- 134 218 727* 
999 999 001- 1 000 1 19 1 19* 

1 000 000 ooo- 1 000 001 000 
1 000 000 ooo- 1 000 010 000 
1 000 000 ooo- 1 000 100 009 

999 999 990 ooo-1000 ooo ooo ooo• 
999 999 990 ooo-1000 000 000 000* 

1000 ooo ooo ooo-1000 ooo 010 ooo• 
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Tables having to do with the distribution of consecutive primes p,. are of 
5 types. 

(A) Tables of r(x) , the number of primes � x, with or without the corre­
sponding values of some approximating function. 

(B) Tables of r(nh) -r ( (n- l)h J ,  i.e. , tables of the number of primes in 
each successive interval of length h of the natural numbers. 

(C) Frequency tables, giving the number of centuries having a prescribed 
number of primes in each of a series of intervals. 

(D) Tables of anomalies in the distribution of primes. 
(E) Tables of�,.p-" and of n,.,. (1 - p-1) . 
In tables of type A values of r(x) usually have been extracted from lists 

of primes and factor tables. Meissel and Bertelsen have however evaluated 
r(x) independently for use in checking factor tables. As already mentioned, 
isolated values of r(x) for x<  107 can be determined at a glance from D. N. 
LEBKER 2. A graph of r(x) for x<  12000 is given in STAGER 1 ,  2. A small table 
of r(x) for consecutive integers x is included in GRAll 1 ,  where r(x) is tabulated 
along with the function 

l[l(x) = E log p 
,., . 

for all x<300, and for x -p•, 300< p• < 2000. 
All other tables give r(x) for wide intervals of x. The best such table is 

D. N. LEBKER 2, where r(x) is tabulated for x = 50 000(50 000) 107 and for 
x - k · 101, k = 2, 9, 10, 100. These last four entries, due to Bertelsen and 
Meissel, are compared with the corresponding values by Riemann's formula 

• l'(n) Li (x1'") 
P(x) == E · 

-· ,. 

All other entries of this table are compared not only with Riemann's formula, 
but also with those of Chebyshev and Legendre, which are f• dx x -- and respectively. 

s log x log x - 1 . 08366 

Other tables of r(x) may be cited and described briefly as follows: 
GLAISHER 16. This gives r(x) for x= 100 000(100 000)9 000 000 compared 

with formulas of Riemann, Chebyshev and Legendre. This table is repro­
duced in J. GLAISHER 3. GLAISHER 5 gives r(k · lO') for k =  .25(.25)4 compared 
with various modifications of Legendre's formula. 

GRAll 2 gives r(x) for x - k · lO', k = . 1 (. 1) 1 (.025)3(. 1 )7(.05)9(.1) 10, as well 
as k = 20, 90, 100, 1000. These values due to Bertelsen as already mentioned 
were computed directly by Meissel's method. All but the last four were verified 
by direct count in Lehmer's Factor Table. PoLETTI 2 (p. 243) gives r(x) for 
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z-k · 10'. k - .2(.2) 1 (1 }10 and k - 20, 90, 100, and 1000, with comparisons with 
the formulas of Riemann, Legendre, Chebyshev, and Cesaro. 

Tables of type B are more numerous than those of type A and are more 
indicative of the average density of primes in the region under consideration. 
The scope of each type B table which gives the number of primes in each sue-
cessive interval of h natural numbers between the limits a and b may be given 
the following tabular description: 

reference G i b 
GAUSS 6 1 1 000 1 000 000 

1 000 000 10 000 3 000 000 
1 000 000 1 000 000 3 000 000 

GLAISHER 1 1 50 000 1 000 000 
8 000 000 50 000 9 000 000 

GLAISHEJl 3 1 10 000 100 000 
100 000 50 000 400 000 
400 000 100 000 3 000 000 

GLAISHEll 2 6 000 000 100 000 9 000 000 
GLAISHER 6 1 250 000 3 000 000 

6 000 000 250 000 9 000 000 
GLAISHEJl 1 1  3 000 000 10 000 4 000 000 

1 250 000 4 000 000 
GLAISHEJl 13 4 000 000 10 000 5 000 000 

1 100 000 5 000 000 
1 250 000 5 000 000 

GLAISHEJl 14 5 000 000 10 000 6 000 000 
1 100 000 9 000 000 
1 250 000 9 000 000 
1 1 000 000 9 000 000 

HUSQUIN 1 1 1 000 000 10 000 000 
DURFEE 1 15 000 000 100 16 000 000 

Tables of type C date from GAuss 6 and give for all possible n the number 
of centuries containing n primes in each successive interval of h natural num­
bers between the limits a and b, and the total number of such centuries for the 
whole range a to b. The distribution always has a single mode about which 
there is a vague symmetry. The frequency tables in GAuss 6 are due. to Gold­
schmidt and, though inaccurate, are more detailed than any published later. 
There are 20 tables, each covering a range (a, b) of 100 000 between 1 000 000 
and 3 000 000 for which h - 10 000, and two summarizing tables for the sec­
ond and third million in which h is now 100 000. Other tables of type C may 
be given the following description : 
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reference tJ i b 
GLAISHEJl 7 

{1� 10' 3 · 10' 
9 · 10' 

GLAISHER 3 1 10' 3 · 10' 
GLAISHER 2 6 · 10' 10' 9 · 10' 
GLAISHEll 1 1  3 · 10' 10' 4 · 10' 
GLAISHEll 13 4 · 10' 10' 5 · 10' 

1 10' 5 · 10' 
GLAISHEJl 14 1 10' 9 · 10' 
KliAITCIDK. 4 {p. 16) 1 10' 10' 
HUSQUIN 1 1 10' 107 
KllAITCIDK and HoPPENOT 1 1012- 10' 1()1 1012 
KllAITCIDK and HoPPENOT 1 1012 1()1 101'+ 10' 
KJlAITCIDK. 12  1012 1()1 1012+10' 

The table of HusQUIN 1 and that of GLAISHER 13 show several discrepan­
cies. Presumably this is due to errors in old factor tables. 

Tables of type D mainly relate to large gaps in primes, that is, long series 
of consecutive composite numbers. A few tables relate to the distribution of 
"twin primes" differing by 2, "triplets," etc. 

GLAISHEll 7 gives for the ranges 1-3 000 000 and 6 000 ooo-9 000 000 
all those gaps of 99 or more (79 or more for the first million) in the list of primes. 
Gaps of 1 1 1  or more for the aame millions are given in GLAISHER 6. Gaps of 
99 or more for the fourth million are listed in GLAISHER 11 ,  for the fifth million 
in GLAISHEll 13, for the sixth million in GLAISHER 14, where one also finds the 
largest gap in each of the first nine millions. Finally in GLAISHER 16 all gaps 
greater than 130 in the nine millions are given, arranged in order of length of 
gap. The largest gap in the first 10 millions is 153, following the prime 
4 652 353. DURFEE 1 discovered an equally large gap following the prime 
15 203 977. 

All the tables of types A-D cited so far that are due to Glaisher have 
been reproduced by J. GLAISHER 1 ,  2, 3 in the introductions to his factor tables 
of the fourth, fifth and sixth millions. Tables relating to the full 9 millions ap­
pear in the introduction to the last of these volumes. 

WESTERN 3, using in part the data of Glaisher, constructed a table of those 
primes p,. < 107 whose difference p,.- p,._1 exceeds that of all smaller primes. 
This useful table has been reproduced by CHOWLA 1. The first 13 such primes 
had been listed by KRAITCmK 4 (p. 15). 

There are a few tables giving facts about the distribution of twin primes. 
GLAISHER 8 gives the number of twin primes in each successive chiliad (1000} 
in each of the first hundred chiliads of the first, second, third, seventh, eighth, 
and ninth millions. There is also a companion table giving the number of these 
chiliads containing a prescribed number of twin primes. A summary of these 
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results in GLAISHER 9 gives the number of twin primes in each of the ten suc­
cessive myriads of the first 100 000 numbers of the above mentioned millions. 

PoLETTI 2 (p. 244-245) gives the number of twin primes in each of the first 
10 myriads beyond to• for k -= 0, 5, 7, and 9. 

STACKEL 1 gives the number of twin primes not exceeding x for 
x=  1000(1000) 100 000, while SuTTON 1 tabulates the same function for the 
same values of x and for the more extensive range x= lO 000(10 000)800 000. 

Short tables relating to twin primes and triplets appear in JLuDy and 
LITTLEWOOD 1 .  

Five tables of type E ,  which date from Euler, may be cited . MERRIFIELD 1 
gives 15-place values of 

l:,. = L p-" for 1 < n � 35. 
Jl 

This table is reproduced in GR.Ui l (p. 269) . GLAISHER 20 gives 24-place values 
of l:s• and of ( 1/h)l:s• for 2 � 2h � 80. The corresponding entries l:,. for n odd 
have been supplied by H. T. DAVIS 1 ,  where l:,. is given to 24 decimals for 
all integers n from 2 to 80. 

There are only 2 tables of the function 

P(x) = II (1 - p-t) .  
p;S s 

In LEGENDRE 1 ,  2P(x) is given to 6 decimal places for x�  1229, except in 
LEGENDRE lt, where x� 353. In GLAISHER 22, P(x) and its common logarithm 
are given to 7 decimals for x< 10 000. 

f,. Primes of special form 

As in the case of consecutive primes, lists of primes of special form often 
occur as arguments of tables giving further information about these numbers. 
Thus in giving primitive solutions of the binomial congruence 

x• e 1 (mod p) 

one needs to consider only those primes that are of the form kn+ 1 .  Lists of 
these primes therefore occur in tables cited under d., especially in CUNNING­
BAH 28-34, 38, 39, where lists of primes of the form kn+l,  for n�  17 ,  are given 
up to p < 100 000, and for many larger values of n up to p < 10 000. These 
lists are sometimes useful in searching for small factors of numbers of the form 
a•- b•. 

Other lists of primes of the form kn+l  are in GLAISHER 17  for p = 4n+1 
< 13 000, and KRAITCBIJt 4 (p. 192-204) for p = 512n+ 1 < 10 024 961 .  

Other important special forms of primes are those linear forms associated 
with a given quadratic residue. Those primes p for which the Legendre symbol 
(D/p) has a given value ( +1  or - 1) belong to certain linear forms depending 
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on D, tables of which are described under fs. Tables of "quadratic partitions" 
of primes p - �2 - Dy' naturally extend over those primes p for which 
(D / p) = + 1 .  Hence such tables (described under Ja) give incidentally lists of 
these primes. In particular the tables of CUNNINGHAM 7, 36 give at a glance 
those primes p < 100 000 and 100 OOO< p � 125 683 respectively, for which the 
symbols (- 1/p) ,  (- 2/p) , ( - 3/p) have given values, taken separately or to­
gether. The factor stencils of D. N. LEBKER 3, 4 (described under g) give, in 
effect, all those primes � 48593 and � 55073 respectively for which (D/p} has 
a given value for I D l  < 239, and I Dl < 250 respectively. 

A rather special table relating to primes belonging to linear forms is due to 
DICKSON 1 .  This gives all sets of 3 primes which for a fixed value of n �  10, 
are values of atn+bt, a.n+bt, aan+b• for 64 selected sets of three such linear 
forms. 

Tables giving the number of primes belonging to given linear forms and 
less than certain limits date from ScHERX 1 (1833} . This table gives the num­
ber of primes belonging to each of the forms 4n ± 1 in each chiliad up to SO 000. 
GLAISHER 12 gives this information for each myriad between k · lOS and 
k · 10'+101 for k - 0, 1 ,  2, 3, 6, 7, 8. These results are summarized in GLAISHE:t. 
10. GLAISHER 9 gives this information for k - 0, 1 ,  and 2 only. 

CUNNINGHAK 14 gives for n - 4, 6, 8, 10, 12  the number of primes < 10' 
of each of the forms n�+a, <� - o, 1 ,  · · · ) for each a,< n  and prime to n. 
For the special form n�+ l and for n = 2k < 60, and 15 higher values � 210, 
the number of primes � � of this form is given for x - 10' and 101. For n - 8p, 
100 < p < 250, the same information is given for � - 101 and 5 · 10'. These re­
sults extend those given in CuNNINGHAK 7. These numbers are compared with 
r(�)/41(k) . The number of primes in each successive myriad up to 10' and be­
longing to the form kn+ 1 for all n from 1 to 30, for all even n from 30 to 60, 
and for 19 other values > 60  is given in CuNNINGHAK 23. 

PoLETTI 2 (p. 244-245) gives the number of primes > 5 of each of the 8 pos­
sible forms 30n+r (r- 1 , 7, 1 1 ,  13, 17,  19, 23, 29) in each of the 10 successive 
myriads beyond 10• for k = O, 5, 7, 9. 

Tables of the number of primes of each of the forms 6n ± 1 ,  10n ± 1, 10n ± 3  
in the first and second 100 000 numbers, and of the form 4n+ 1 and Sn+ 1 
in the first myriad appear in K:t.AITcmx 4 (p. 15-16} , where also is given the 
number of primes of the form 512n+ 1 in each 100 000 numbers and in each 
million from 1 to 101• K:t.AITcmx and HOPPENOT 1 give the number of primes 
of each possible form (modulo m) in each chiliad between 1012- 10' and 101t 
for m - 4, 6, 8, 10 and 12. The same information for the range 1012 to 101'+ 10' 
is given in K:I.AITcmx and HoPPENOT 1 and also in K:t.A!Tcmx 12 .  

Twin primes (p, P+2) ,  p > S, are of  three sorts, according as p - lOn+l,  
lOn+ 7 or 10n+9. The number of twin primes of each sort in the 100 000 
numbers beyond 10• for k - 0, 7 and 9 is given in POLETTI 2 (p. 246) . 

We tum now to lists of primes of the form a" ± b" or prime factors of such 
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numbers. These are in large part by-products of factor tables of numbers of 
this form (described under e,). 

Under this heading come lists of primes of the form p - a'+b1 already 
mentioned under the "quadratic partitions" tables of Ja, to which section of 
the report the reader is again referred. The special case in which b - t is, how­
ever, particularly interesting, and more extensive lists of these primes have 
been prepared. These date from EULER 2, who gave a list of all primes f> - a2+ t 
less than 2 250 000 as well as all values a < t500 for which {a2+ t)/k is a 
prime for k - 2, 5, and tO. 

CUNNINGHAM 6 gives lists of all primes beyond 9 · t0' of the forms a•+ t  and 
(a1+ t)/2 with a �  5000. KRAITCmK 4 (p. 1 1) lists the 3t2  numbers a for which 
a•+ t is a prime < t01• 

WESTERN t gives the number of primes of the form a•+ t less than x for 
various values of x up to x -=  225 000 000 as compared with Hardy's conjec­
tured formula : .68641 Li(xllt) 

Many lists of high primes dividing a" ± b" appear in Cunningham's Bi­
tWfiJial FacltWisalions. These may be given the following tabular description : 

form limit no. of primes v. pages 
x•+ t 225 · t0' 4430 t 238-244 
x'- t  225 · t0' 4884 t 245-252 
x' -y' tO' 472 t 259-260 

x'+y4 to•• 778 t 253-255, 28t-284 
x' ± t to•• t565 2 200-2t0 

�+y' to•• t065 t 256-257, 26t-264, 
285-288 

x'� ± y'� to•• t83 3 t96-t98, 203 
x'+y' 4 · t011 9 t 258 

x'± 'l to•• t82 3 200-202 
x••+y•• to•• 87 2 2 1 1-2t2  
xn ± yn to•• 42 5 1 19  
x"+y" to•• 20 t 258 
xll ± yll to•• t72 2 21 1-2t4 

Some of these lists have been published separately as follows : 

form limit reference 
(a'- t)/(a- t) t6 000 000 CUNNINGHAM 6 

at- (a- t)1 t 000 000 CUNNINGHAM t 7  
a4+b4, a'+b' to•• CUNNINGHAM tO 

a' ± b' to•• CUNNINGHAM t3 
a1 ± t  25 000 000 CUNNINGHAM 3 

We now tum to lists of primes which are binomials other than of the cyclo­
tomic form a" ± b" just considered. 
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Lists of primes represented by the binary quadratic form x1 ± Dy1, in which 
x and y are also given, are listed under j,. However, we take this occasion to 
cite the list of t88 primes of the form x2+ t848y1 lying between tO 000 000 
and tO tOO 000 of CUNNINGHAM and CULLEN t ,  reproduced in CUNNINGHAM 
36 (p. 74-76) . 

Three tables have been published of large primes of the form k · 2"+ 1 .  
KRAITCHIK 4 (p. 53) gives 43 primes of the form k · 2 "+ t between 2 · to• and 
tOtt with 3 � k < tOO. This was later extended in K.ltAITCHIK 6 (p. 233-235) to 
include all such primes between to• and t011 with k < tOOO. CuNNINGHAM 36 
(p. 56-73) gives a list of primes of the form k · 2"+ t ,  9 � n � 2t up to various 
high limits < to•. 

DINES t has lists of k and s, 6 � k � tO, for which 6•s ± t are primes for all s 
less than tOO, and in some cases 400. Certain cases left in doubt have been dis­
posed of by BEEGEJl 6. 

All primes of the form 2�3'5•+ t < t07 have been given by KllAITCHIK 4 
(p. 53) . The t84 sets (x, y, s) corresponding to these primes appear on p. 9-tO. 

Poletti, Sturani and Gerardin have constructed by a sieve process factor 
tables up to high limits of numbers of the form An1+Bn+C (n = t , 2, · · · )  
for different choices of A ,  B, C, from which they have extracted long lists of 
high primes. The actual primes are not always given, but instead the values 
of n for which the function A n2+ Bn+C is a prime are tabulated. The chief 
interest in such tables lies in the empirical information which they give con­
cerning the distribution of primes of this form. Whether their number is finite 
or not is an unsolved problem. 

The first such table is due to PoLETTI 2 (p. 249-255) , and gives all primes 
of the form n2 -n- t up to tO 400 000. POLETTI 3 gives all primes between 
tO 0t8 20t and 24 t23 06t of the form Sn1+Sn+ 1 .  POLETTI and STURANI 2 
list those n's for which either of the two numbers 2n1+2n ± t is a prime 
< 250 000 000. A table is given of the number of primes in each tOOO terms of 
the series 

2n + t ,  n1 + n ± t ,  2n1 + 2n ± t 

up to n = 1 1  000. 
PoLErlt 4 gives all primes < t2t  millions of the form n2+n± t with a 

table of their distribution. PoLETTI S contains a table of nearly t 7  200 primes, 
arranged in increasing order, and extracted from the series n2+n ±  t ,  
2n2+2n ± t ,  n1+n+4t, 4tn2+n+ t,  6n2+6n+31 .  

In  attempting to construct quadratic functions containing more primes 
than Euler's E(n) = n1+n+41, Lehmer and Beeger have suggested 

L(n) = n1 + n + 19 42 1 ,  B'(n} == n2 + n + 27 94t , B"(n) = n1 + n + 72 491 .  

Poletti h as  investigated the frequency of primes in all four functions and his 
results are given in BEEGER 7 (p. SO) , where is found the number of primes 
represented by each function for n < x, x == tOOO(tOOO) tO 000. These facts 
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would suggest that B'(n) and B"(n) are more, and L(n) less, fruitful sources 
of primes than E(n) . 

PoLETTI 7 gives all primes represented by L(n) , B'(n) , and B"(n) between 
tOT and 2 · t07• 

POLETTI 6 contains primes represented by about 200 different quadratic 
functions An2+Bn+C, tOT < p < 3 · tO•. 

G:b.A1U>IN 6 contains over 2000 values of n for which An1+Bn+C is a 
prime > tOT for the following polynomials and ranges of n 

2n1 + 2n + t for t5800 :ii! n � 23239 

t0tn1 + 20n + t for 3t5 � n � t542 

t22n1 + 22n + t for 286 :ii! n � t369 

t0n1 ± 6n + t for 3t6t � n � 4620 

26n1 ± tOn + t for t2t6 � n � t774. 

High primes represented by the trinomial 2• ± 2• ± t for x < a < 27 and 
many more pairs (x, a) are given in CuNNINGB.AK and WooDALL 8. 

KR.AITCHIK 9 gives a list of the 94 largest primes known, and in KR.AITCHIK 
tO is a list of t6t primes exceeding t011• 

g. TABLES FOR FACILITATING FACTORING AND IDENTIFYING PRIMES 

Besides factor tables and lists of primes there are tables available for the 
easy application of known methods of factoring and tests for primality. 

For instance, the method of factoring depending on quadratic residues, as 
described by Legendre, makes use of certain lists of linear forms or "linear 
divisors" of quadratic forms x1 - Dy1• These are described in detail under ia. 
To render this method still more effective, D. N. LEII)(ER 3, 4 devised the 
facltw stencils. These give in place of the linear forms an actual list of the 
primes belonging to these forms. More particularly, in D. N. LEII)(ER 3, all 
the primes � 48593 belonging to linear forms dividing x2- Dy2, or what is the 
same thing, all the primes having D for a quadratic residue are given for 
I Dl < 239. Actually the primes for each D are not printed but are represented 
by holes punched in a sheet of paper. Since the primes for D = k2D1 are the 
same as those for Dh only the D's without square factors, of which there are 
195, need be considered. Each of the t95 sheets is ruled in 5000 square cells, 
25 to the square inch, 50 columns by tOO rows. A cell, by virtue of its row and 
column number, represents one of the first SOOO primes p, and if (D/P) = + t , it 
is punched out. All factors � 48593 of a given number N having D as a quadratic 
residue are among those primes whose corresponding cells are punched out of 
the stencil for D. Having found a suitable number of quadratic residues D 
of N, the mere superposition of the corresponding stencils reveals only a few 
open holes, among which the factors � 48593 of N must then lie. In this way, 
the discovery of all factors of N (if any) below this limit is reduced to the dis-
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covery of a certain number, not exceeding ten or a dozen, of quadratic residues 
less than 239 in absolute value. Thus the device will handle completely all 
numbers less than the square of 4861 1 ,  i.e., 2 363 029 321 ,  and, of course, 
can be used in factoring much larger numbers. 

In D. N. LEHKER 4, the same method is used in a different form. Here use 
is made of Hollerith cards of 80 columns and 10 rows. For each D there are 
7 cards of different color, each color dealing with 800 primes. By superposing 
cards of the same color for different D's, all prime factors of N less than 55 079 
may be found. Besides extending the number of primes from 5000 to 5600 
Elder has extended the range to I D l < 250. The new edition has been entirely 
recomputed by Elder and, in addition to being more reliable, is more con­
venient to use than the old, especially when N is comparatively small, so that 
only two or three colors are needed. 

The tables of D. H. LEmlER 6 and PotJLET 4 serve to test for primality 
any number n below 101 in 20 to 25 minutes at most. These tables give lists 
of composite numbers n for which 2"• 2 (mod n) together with a factor of n. 
The table of Lehmer is restricted to contain only such entries n >  107 as have 
their least factor >313, while the more extensive table of Poulet contains all 
possible n's up to 101• In using the Poulet table one notes first if the given 
number n is in the table. If so, a factor of n is given. If not, then 2"= 2 (mod n) 
is a necessary and sufficient condition for primality of n. Whether this congru­
ence holds or not can be decided quickly by a method of successive squarings 
described in D. H. LEmlER 6. In using Lehmer's table, there is the additional 
possibility that n contains a small factor � 313. If so, this factor can be quickly 
discovered by a greatest common divisor process therein described. 

Factorization methods, depending upon the representation of the given 
number by quadratic forms such as x1- y1, x'+y', x' - Dy', are greatly facili­
tated by the use of certain tables cited and described under it. 

The list of 65 Idoneal numbers D (such that the unique representation of n 
by x'+Dy' insures the primality of n) is given for example in MATHEWS 1 and 
CUNNINGHAM 36 {p. ii) . 

SEELBO!'!' 1 contains lists of binary quadratic forois especially devised for 
factorization purposes. 

Tables giving the final digits of squares are sometimes used in factoring 
small numbers. These are cited under it and i,. A table of this sort, especially 
designed for representing n by x' ± y' with x < y < 2500, is given in KtJLIK 1 
(p. 408-418) .  

A table of reciprocals of primes < 10  000 to 8 significant figures with differ­
ences is given in PETERS, LODGE and TERNOUTB, GI!'PORD 1 .  This is intended 
to replace trial divisions by a series of multiplications by the given number, 
and is useful when the available computing machine has no automatic division 
or no keyboard. 

The detailed account of the application of commercial and specially made 
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computing devices to the problem of factoring numbers and identifying primes 
will appear in another report of the Committee : z. 

h. TABLES OP SOLUTIONS OP LINEAll DIOPHANTINE 
EQUATIONS AND CONGRUENCES 

The solution of the general linear Diophantine equation 

a1x1 + asxs + · · · + a,.x,. = k 
depends ultimately upon the solution of 

(1} ax + by = c 

and tables of solutions of such equations with more than 2 unknowns are non­
existent. A solution (x, y) of (1) gives at once a solution x of the linear congru­
ence 

(2} ax • c (mod b) 

and conversely, a solution of (2} gives a solution of (1) with y- (c- ax}/b. 
The equation (1) ,  if it has a solution, can be reduced by cancelling common 
factors of a and b to the case in which a and b are coprime. All solutions 
(x, y) of ( 1) are then given by the formulas 

x = kb + �c 
y = - ka + fJC, 

where k is any integer, and (�, '1) is any solution of 

(3} a� + hfl = l. 

Hence it is sufficient to tabulate a solution of (3) or of the congruence 

(4} a� • 1 (mod b) . 

C:aELLE 3 gives a solution of (3} for each coprime pair (a, b) with b < a �  120. 
A similar table by CUNNINGHAK 36 extends to a< 100, b< 100. 

Tables of solutions of the linear congruence ( 4} may be found in WEKTHEIK 
5, KKAITCHIIC. 4 (p. 27}, and CuNNINGHAK 36. In these tables b is taken as a 
prime p, the composite case being readily reducible to this case. In Wertheim's 
table a < p < 100. 1t is even possible to restrict a to be a prime, and this is done 
in Kraitchik's table where a, b < 100, and are both primes. Cunningham's table 
(p. 158-161) gives for each prime p < 100 solutions of both congruences 
a�• ± 1 (mod p} for every a <p. 

K:aAITCHIIC. 4 (p. 69} has a table for the combination of two linear congru­
ences, whose moduli are 2" and 5". In fact the two congruences 
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give when combined 

N = rs (mod 2") 

N a ra (mod 5") 

N e Asrs + A ,r, (mod 10") .  

The coefficients As and A, are tabulated for n �  16. 
For the combination of many linear forms, a problem which arises in many 

different ways, graphical and mechanical methods are available. These are dis­
cussed in another report of this Committee (Z) . 

A special table due to J. L. BELL 1 ,  useful in checking Bernoulli numbers 
B,, - Nu/Du, gives for each n �  62 a solution (a,., b,.) of the congruence 

a,.N t+t,._t = b..Dt+t,._l (mod q) , 

where q is any odd prime not in the set of excluded primes there listed. 

i. CONGRUENCES OP THE SECOND DEGREE 

it. Solutions of quadratic congruences 

The general quadratic congruence in one unknown may be reduced by a 
linear substitution to one of the form 

( 1) x2 = D (mod m) . 

When m is not too large, this congruence, when possible, is easily solved1• 
Nevertheless, it is very convenient in many applications to have these solu­
tions tabulated. Existing tables are of two sorts : according as m is a power of 
10, or a prime (or prime power) . Tables of the first sort occur in tables of the 
endings of squares. KuLIK 1 gives for each possible D, the two solutions of 
x2s D  (mod 10'} ,  which are < 2500 from which all solutions may be discovered. 
Similar tables for the moduli lOS and 10' occur in CUNNINGHAM 36 (p. 90-92} .  

Tables of the second sort date from EuLER 2,  who gave solutions ±x of 

(2) x1 + 1 = 0 (mod P") (a !6: 1} 

for all primes p = 4k+1 up to P" < 2000. A table of solutions of (2) with a - 1 , 

and p = 4k+ 1 < 1000 is given in KB.AITCHIK 4 (p. 46} and for p < 100 000 in 
CUNNINGHAM 28, 29. 

The quadratic residue tables of GERARDIN 4 and CUNNINGHAM 36 give 
solutions ± x of (1)  with m =  p, for all possible D (mod p) and for p < 100. The 
latter table contains in addition solutions of (1) for m = P" �  1 25, (a > l) .  

There are several very useful tables of solutions of quadratic congruences 
in two unknowns. The first of these is due to GAuss 10 and gives all solutions 
(x, y) (mod p} of the congruence fx' + gy2 = A  (mod p} 

l Especially if one uses the new stencil device of RoBINSON 1. 
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for all possible congruences of this sort with p � 23. KULI.It 1 gives solutions � 
of the congruence 

�� ± y1 = N (mod 10') .  

That i s  to say, the last four digits of possible numbers � in the equation 
N - z' ± y' are given for all possible four-figure endings of N. A similar table 
for 3-digit endings is given in BIDDLE 1 .  

K:aAITCmJt 3 (p. 187-199) gives tables of all solutions a ,  b ,  z ,  y ,  s ,  I of the 
congruences 

z2 - y1 a N (mod pta) , a2 + b' • N (mod pta) , s1 + m2 = N (mod pta) 

and 11+nv2s N  (mod pta) for all possible N (mod pta) , where r is any quadratic 
residue, and n any quadratic non-residue (mod pta) for all primes p < 50, and 
all pta � 128, except 12 1 .  An abridged table (p. 200...204} gives solutions z of 
the congruence 

(3) z2 + Dy2 • N (mod pta) 

for all possible D and for N = 1 and n (mod pta) , where n is the least non-residue 
(mod pta) , for p < 100, and for all powers of 2, 3, 5, 7, 1 1  up to 211, 31, 5', 72 
and 1 12• 

A short table showing all solutions z of (3) with D =  - 1  in case certain 
numbers R are known to be quadratic residues of N occurs in K:R.AITCHI.It 4 
(p. 87}. The moduli considered are pta = 8, 16, 32, 3, 5, 7, 1 1  and 13, while the 
values of R are - 1  and ± 2, when p is even, and ( - 1/ p)p, when p is odd. A 
more complete table of the solutions of (3} with D =  - 1  occurs in K:aAITCm.lt 6. 
Here are found the solutions z for all possible N and for all primes p � 67. The 
table is in two parts, thus separating the two cases (N /p} = ± 1 .  In case 
(N/p) = + l ,  half the solutions z are impossible if it is known that ( - 1/p)p 
is a quadratic residue of N. 

CUNNINGHAM 36 (p. 103-123) gives, for all possible N, solutions z of (3) 
for D =  - 1, 1 ,  2, 3, for all p � 41 ,  and pta � 64 (a > 1),  as well as for the modulus 
100. 

D. H. LEHMER 8 gives, in effect, all solutions z of 

az1 + bz + c = yt (mod pta) 

for all possible a, b, c, (mod pta) and for all pta � 128 with the exception of 125  
and 127. 

All these tables are, of  course, designed for the application of Gauss' 
method of exclusion and serve to reduce such problems as the representation 
of a number by a given binary quadratic form to the mere combination of 
linear forms, and thus to make applicable a certain graphical and mechanical 
technique fully described under another report of this Committee : Z. 
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is. Quadratic residues and characters and their distributiots 

There are many small tables of quadratic residues giving for the first few 
primes p the positive quadratic residues of p arranged in order of their size. 
The more extensive of these may be described as follows : 

BuTTEL 1 gives for each p �  101,  the list of its quadratic residues and non­
residues. FROLOV 1 gives quadratic residues for all p � 97, omitting, for p � 23, 
those residues which are actual squares. CUNNINGHAM 36 (p. 1oo-102) gives 
quadratic residues and non-residues for all primes p �  131 .  KRAITcm:rc. 3 
{p. 205-207) gives quadratic residues for all p < 200. CuNNINGHAK 36 (p. 93-95) 
gives lists of residues (mod P"') for p <  100, and P"' � 169. These are arranged 
in the order of their least positive square roots. 

Since the even powers of a primitive root of P"' are the quadratic residues 
of P"', while the odd powers are the quadratic non-residues, a table of powers 
of a primitive root gives in particular a table of residues and non-residues. 
Such tables were cited and described under da. Quadratic residues and non­
residues for P"' < 1000 are thus obtainable from ]ACOBI 2. 

There are several tables of quadratic residues modulo to•. These are usu­
ally described as tables of "square endings," since they give the possible last k 
digits of squares. These are of two kinds : those which list all the actual end­
ings in order of magnitude, and those tables which enable the user to decide 
at a glance whether a given ending is a square ending or not. 

A list of all 159 three-digit square endings appears in ScHADY 1 .  Kuu:rc. 1 ,  
ScHADY 1 ,  and THtBAULT 1 list all the 1044 four-digit square endings. In 
Schady's table with each four-digit ending are given all possible fifth digits. 
Thus the entries · 2489 and g4676, for example, indicate respectively that any 
digit may precede 2489, while only even digits may precede 4676. 

CuNNINGHAM 1 has a one page table showing at a glance whether a pro­
posed 1, 2, 3, or 4-digit ending is a square ending or not. This table is repro­
duced in CuNNINGHAM 36 {p. 89) . A similar table of three-digit square endings 
to the base twelve, due to Terry, appears in E. T. LEHKER 2.  

A few tables give the values of the Legendre symbol (a/b) of quadratic 
character. GAuss 1 gives the value of (a/q) for every odd prime q <  100, and 
for every prime a <  100, as well as a =  - 1 . This table is extended in GAuss 4 
to q � 503 and a <  1000. In both these tables a dash indicates either that 
(a/ q) = + 1 or that a =  q, while the absence of any entry indicates that 
(a/q) = - 1. 

A small table in WERTHEIM 5 gives (p/q) for all p <  100 and q <  100, and 
is intended to give a graphic representation of the Law of Reciprocity. 

A. A. BENNETT 2 gives for all odd primes p � 3 1 7  and for all positive num­
bers n < p, the value of x in (n/p) = ( - 1)". That is, the table gives x = O  or 
x =  1 according as n is or is not a quadratic residue of p. 

D. N. LEHKER 3, 4 give the values of (a/q) for all q � 48 593 and q � 55 073 
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and for I a l < 239, and I a l < 250 respectively. In fact in the stencil (or stencils) 
for a the nth cell is punched out or not according as a is or is not a quadratic 
residue of the nth prime. 

Finally four tables relating to the distribution of quadratic residues may 
be cited. 

GAuss 3 gives the number of quadratic residues in each of the r intervals 
of length pfr of the numbers from 1 to p for the following values of r and the 
corresponding ranges of p :  

,. == 4, 

,. = 8, 
,. == 12 ,  

p == 4n + 1 < 400 

p < 400 

p == 4n + 1 < 275. 

For r - 4  the actual number of quadratic residues in each quadrant is not 
given, but follows at once from the given values of m by the formula 
(p- 1 - ( - 1)i4m)/8, where k - 1 ,  2, 3, 4, is the number of quadrant. 

A. A. BENNETT 3 gives the number of consecutive quadratic residues and 
non-residues for all primes p � 317 .  

KllAITCmJt 4 (p. 46) gives for each p � 47 the least non-square N, of the 
form Sn+ 1 which is a residue of all odd primes � p. This table is extended to 
p� 61 in D. H. LEIDlER 1 .  

D. H .  LEIDlER 7 gives for each r< 28, the positive integer Nr= 8n+3 such 
that - N r is a quadratic non-residue of all odd primes not exceeding the rth 
prime Pr· Also Nst> 5 · 10•. 

ia. Linear forms diriding x1- Dy2 
The term linear diflisor of x1- Dy2 is due to Legendre, who published the 

first real tables of such forms. These linear forms are nothing more nor less 
than the arithmetic progressions in which lie all primes p for which (D / p) == + 1 ,  
these being the only primes which will divide numbers of the form x1- Dy1, 
in which x is prime to Dy. The linear forms dividing x2- k2D1y2 are clearly 
those dividing x1- D1y1, so that tables of these forms deal only with those D's 
which have no square factor > 1. In general we may speak of the linear di­
visors of any binary quadratic form f as the set of arithmetic progressions 
to which any prime factor of a number properly represented by f must belong. 
The tables of LEGENDRE 1 1ist the linear forms for each of the reduced (classi­
cal) quadratic forms of determinant D for - 79 � D � 106. If all such forms for 
a fixed D are taken together we obtain the set of linear divisors of x2- Dy1• 
Legendre's tables are the only ones in which this separation of the linear di­
visors of x'- Dy' is attempted. The tables of CHEBYSHEV 1 really give a part 
of this information, however ; in fact for each D<33 are given the possible 
forms (mod 4D) of those numbers which are properly represented by the 
forms x2- Dy2 or Dy2- x'. 
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The tables of Legendre were reproduced and extended somewhat by 
CliEBYSHEV 2, who gave all linear forms dividing x1 - Dy1 for I D l � 101 , 
carrying over most of the many errors in Legendre's table. Chebyshev's table 
is reproduced in CAHEN 1 with more errors. 

KKAITcm:rc. 3 published a table of linear forms for I D l < 200. When D>O, 
the form 4D+x is always accompanied by the form 4D- x  so that only those 
x's which are < 2D are given with the understanding that both ± x are to be 
taken. This table is extended in KRAITCm:rc. 4 where 200< I D l < 250. 

These are the only large tables of linear divisors published. Unfortunately 
all contain numerous errors. D. N. LEH:U:Ell 5 extends to I D l = 300 and was 
used by him and Elder in the preparation of the factor stencils (D. N. LEHMER. 
3, 4) .  

Three small tables of linear forms may be  cited. LucAs 4 gives the linear 
forms dividing x1 - Dy1 for I D l < 30. WEllTHEI:U: 5 has a similar table for 
I D l < 23. The table of CAHEN 3 gives linear forms mx+r (m = 2D or 4D) 
dividing x1- Dy2 for I D l < 50. This table is peculiar in that the r's are chosen 
to be absolutely least (mod m) and are arranged according to increasing ab­
solute values. 

CuNNINGHAK 36 gives a small table of linear divisors and non-divisors of 
x2- Dy2• That is to say, the forms of primes for which (D/p) = + 1  and 
(D/p) = - 1  are listed for I D l < 12 .  The tables of LEVANEN 2 give for 62 se­
lected binary quadratic forms of negative determinant > - 385 the corre­
sponding linear divisors. 

j. DIOPHANTINE EQUATioNs o:r THE SECOND DEGllEE 

The solution of a large number of interesting problems in the theory of 
numbers, algebra and geometry may be made to depend on Diophantine or 
"indeterminate" equations. Problems resulting in equations which are of the 
second degree are particularly interesting, and solutions of such equations 
have been subjects of a great many tables. These tables fall naturally into 
three classes: those giving information about the equations 

(1) x1 - Dy2 = t� ,  (I =  ± 1 ,  ± 4, 

where D is a positive non-square integer, those dealing with the more general 
equation 

(2) 

and those dealing with quadratic equations involving more than two unknowns 
such as x2+y2 = s2• The equations (1) have long been recognized as funda­
mental and are known as Pell equations, although the term "Pell equation" 
is sometimes restricted to the case of t1 = 1 , and sometimes generalized to cover 
(2) . The equations ( 1) and those equations (2) for which N < VD are inti-
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mately connected with the continued fraction expansion of v'D, tables of 
which are cited and described under m. 

J1• The Pell equations x2 - Dy' = (T, (T =  ± 1 ,  ± 4  

Although these equations, especially with (T - 1 ,  have a very long history, 
the first tables of their solutions (x, y) were given by Euler. Since Euler's time 
the importance of the Pell equation to the theory of binary quadratic forms 
and of quadratic fields K( vfJ) has been fully realized and Euler's original 
tables have been greatly extended. 

The first sizable table of the solutions of 

x' - Dy2 = ± 1 

appeared in LEGENDRE 1 in 1 798. The table extends to non-square D's � 1003, 
except in the second edition of LEGENDRE 1 ,  where D �  135.  The fundamental 
solution of 

(3) 

is given whenever possible, otherwise of 

(4) x' - Dy2 = + 1 .  

A glance at  the final digits of x ,  y and D tells which of these two equations is 
satisfied by the given x, y. This table for D �  1003 is reproduced in LEGENDRE 
1,, 1,. 

Table 1 of DEGEN 1 gives solutions of (4) for D �  1000. Table 2 gives solu­
tions of (3) for all possible D not of the form n2+ 1 ,  in which case the funda­
mental solution is obviously the trivial one (x, y) = (n, 1) .  Unlike Legendre's 
table, Degen's Table 1 contains also the elements of the continued fraction 
for VfJ. 

CAYLEY 6 may be considered as a continuation of Degen's Table 1 for 
1000 < D �  1500, except that when (3) has a solution, that solution is given in 
place of the solution of (4) as indicated by an asterisk. This table was com­
puted by Bickmore. 

WmTFORD 1 gives for 1500 < D �  1700 solutions of (4) and also of (3) if 
possible, the latter being easily distinguished by their relative smallness. The 
corresponding continued fraction developments are given separately for 
1500 < D � 2012.  

These are the main published tables of the solutions of (3) and (4) . D. H. 
LElDlER 9 gives these solutions for 1 700 < D � 2000. An announced table, 
G:f:aARDIN 7, up to D = 3000, is probably incomplete. 

There are 6 small tables giving the solutions of (3) and (4) for non-square 
D's < 100. These are CAYLEY 6 (p. 75-80) , WERTHEIM 5, CuNNINGHAM 7, 
PERRON 1, CAHEN 3 and KRAITCmK 4 {p. 48-50) . The tables of Cayley and 
Perron give in addition the continued fractions for y"jj, The tables of Cayley 
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and Cunningham give solutions of (4) and also of (3) when possible. The 
others give solutions of (3) when possible, and otherwise of (4) . 

A special table of NlELSEN 1 gives solutions of (4) for those D's of the 
form a2+b1 for which the expansion of the continued fraction for VD has 
an odd period with D <  1500. 

INCE 1 gives solutions of (3) or (4) with D� k1D1 whenever 

(5) x1 - Dy1 == + 4 

has no coprime solutions (x, y) for D< 2025. 
The omission of the solutions of (4) when (3) has a solution (x, y) is not 

important since the fundamental solution of (4) is in that case (2x1+ 1 , 2xy) . 
The problem of telling "in advance" whether or not (3) is solvable has 

never been satisfactorily solved. Three small tables give information on this 
question. SEELING 3 gives the list of all those D's < 7000 for which (3) is 
solvable. A shnilar list only for D � 102 1  appears in KRAlTCHIIC. 4 (p. 46) . 
NAGELL 1 gives the number B(n) of D's not exceeding n for which (3) has a 
solution together with the number A (n) of non-squares � n  which are 
sums of two coprime squares, and also the difference A (n) - B(n) for 
n == 100, 500, 1000(1000) 10 000. 

Thus far we have been speaking of fundamental (or least positive) solu­
tions of (3) and (4) . If (x., y1) is such a solution of (4) , the successive multiple 
solutions of (4) are given by (x,., y,.) , where 

x,. + VDy .. - (x1 + VDy1) " (n == 1 , 2, · · · ) 
and are connected by the second order re

.
cursion formulas 

x-+• == 2x.x,. - x-1 

Y-+1 == 2x.y,. - Y-1 · 

If, on the other hand, (x. , y.) is the fundamental solution of (3) , then (x,,., y,,.) 
and (Xt-+t• Yt-+1) are all the solutions of (4) and (3) respectively. 

Only two tables give multiple solutions of (3) and (4) . CuNNINGHAK 7 
gives the first multiple solutions of both equations for D � 20. A table of y,. 
in x!- 2y!- + 1 is given for n � 30 in D. H. LEmt:ER 2. 

Four tables give solutions of (5) and of 

(6) x1 - Dy1 = - 4. 

These are used in constructing automorphs of indefinite binary quadratic 
forms, or the units of the real quadratic field K(VD). 

Equation (5) is always possible since a solution is (2x, 2y) where (x, y) 
is a solution of (4) and by the same device (6) may be solved when (3) is pos­
sible. These solutions are uninteresting, however. For some D's (5) and (6) 
have no coprime solutions. In fact it is necessary that DaO, 4, or 5 (mod 8) . 
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The first two cases are uninteresting since, if D - 4Dh a solution (x, y) of (5) or 
(6} implies and is implied by the solution (x/2, y) of (4) or (3} respectively 
(with D =  Dt) . Therefore tables of the solutions of (5) and (6} are concerned 
solely with D•5 (mod 8} . The first such table is ARNDT 2 which gives solutions 
of (6) when possible, otherwise of (5) if possible for D �  1005. A similar table 
for D � 991 is due to CAYLEY 1 .  Solutions of (5) and (6} are given whenever 
possible with 1005 < D � 1997 in WmTFOllD 2. INCE 1 gives solutions of (5) or 
(6) whenever possible for D < 2025 as units of the field K(vD) . 

If (6) has a fundamental solution (x, y) (for D=5 (mod 8}} the solutions of 
(5) , {3) and (4) are respectively 

(x2 + 2, xy} ,  ((x• + 3x}/2, y(x2 + 1}/2} 

and 

((x• + 6x' + 9x2 + 2)/2, y(x2 + 1} (x1 + 3x}/2} . 

If (5) has a fundamental solution (x, y) with DeS (mod 8} , then that of (4) 
is ((x'- 3x)/2, y(x2- 1}/2) .  Hence these tables may be used to find solutions 
of (3} and (4} if necessary. 

Many writers have suggested methods for solving Pell equations, which 
avoid the explicit use of continued fractions. It is safe to say however that 
those methods which are practical for solving isolated equations like, for ex­
ample, x2- 1 141y2 = 1 in which x and y have 28 and 26 digits, are equivalent 
to the continued fraction method. The application of the continued fraction 
algorithm by modem mechanical methods will be treated in another report of 
the Committee : Z. 

Js. Other equations of the form x2 ± Dy2 = ± N 

Besides the tables of the Pell equations, there are tables of solutions of the 
equation 

(1)  x• - Dy2 = ± N (N � 1 ,  4) . 

These are of two kinds, according as D is positive or negative. In tables of the 
former kind, N is comparatively small. Those of the latter kind extend over 
prime values of N up to high limits for a very few negative values of D. 

An important special case of (1) for D > O  is that in which N < v'D. In 
this case the continued fraction development of v'D will disclose whether or 
not ( 1} is possible. In fact, by a theorem of Lagrange, ± N  will appear in the 
denominator of a complete quotient (when these are taken with alternating 
signs} if and only if (1}  is possible, and the corresponding convergent x/y will 
be the solution of (1) .  Hence tables of the continued fraction developments of 
VD (cited and described under m) give information for solving (1) in this case. 

The table of KRAITCmK 4 gives the least positive solution (x, y} of (1) for 
N < v'D, and for D< 100. CAYLEY 6 gives for each non-square D <  100 the 
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least positive solution of ( 1 ) ,  where ± N are the denominators of the complete 
quotients in the continued fraction of VD taken with alternating signs, so 
that N < 2v'D. For larger values of N the continued fraction method is no 
longer applicable. There remains however the multiplicative property implied 
by the formula 

(x� - Dy�) (� - D� = (x,xs ± Dy,ys)1 - D(x,ys ± x,y,)1 

known to Brahmagupta. This product to which Cunningham has given the 
descriptive name "conformal multiplication" enables one to derive from solu­
tions of 

2 2 2 2 Xl - Dy1 = N 1 and XI - Dys = N 1 
a pair of solutions of 

2 2 XI - Dya = N.N,. 

In particular from the infinity of multiple solutions of 

x1 - Dy1 = 1 ,  

we can derive an unlimited number of solutions of ( 1 )  from a single initial 
solution. Conformal multiplication is the basis of the extensive tables of solu­
tions of (1) prepared by Nielsen. His largest table is NIELSEN 4 (p. 1-195) 
which gives small solutions of (1)  for N< 1000 and for 2 � D � 102, and for 
several larger D's up to 401. NIELSEN 2 contains a smaller table for N < 1000 
and for D= 34, 79, 82 and 101 ,  and certain products of these numbers by 
squares. NIELSEN 3 gives similar results for D= 30, 41, 5 1  and 130. 

Information about the solvability of (1) is given in NIELSEN 5,  which lists 
for each N � 10, all those D's < 10 000 for which ( 1) has a solution. With 
each D is given a solution (1, u) of 11-Nu'= D. 

A small table of solutions of the equation ( 1 )  appears in OETTINGER 1 ,  
where fundamental and five multiple solutions are given for D � 20, and 
N= l, 2, · · · , 10, 3i, 5i, 7i with 1 � k � 4. 

Conformal multiplication is also applicable to equations of the type 

(2) (AB = D) , 

which become of type (1) on multiplication by A .  
Three tables of solutions of such equations have been given. ARNDT 1 gives 

solutions (x, y) of 

when possible, otherwise of 

Ax' - By' = 2 

A x2 - By' = 1 
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for all D �  1003 which have no square factor, nor are primes or doubles of 
primes of the form 4n+ 1 .  That pair of factors (A , B) of D is chosen which 
gives the smallest solution {x, y) . 

NIELSEN 4 {p. 199-234) gives small solutions (x, y) of {2) with N < 1000 
and A B = D ranging over composite numbers from 10 to 346 with some gaps. 
This is an extension of the smaller table in NIELSEN 3, where AB= 30, 41 ,  5 1  
and 130, mentioned above. 

Turning now to tables of the second kind in which D is negative, we find 
that in almost all cases N is a prime. This i,l> permissible in view of conformal 
multiplication. These tables give the solutions {x, y) of 

{3) x2 + y1 = p p = 4m + 1 

(4} x2 + 2y2 = p p = 8m + 1 ,  3 

(5) x2 + 3y1 = p p = 6m + 1 

{6} x2 + 27y2 = 4p P = 6m + t. 

These representations or "quadratic partitions" (to use Cunningham's termi­
nology) of p are possible if and only if p is of the linear form (or forms) indi­
cated, and when possible, are essentially unique (in {3} it is customary to 
insist that y be even) . These quadratic partitions are chiefly used in determin­
ing the character {a/p),. for n = 3 , 4, 8, 16 for small bases a, especially a = 2, 
and have been a great aid as a preliminary to finding the exponent of a 
(mod p) . The distribution of quadratic residues (mod p) , and certain class 
number and cyclotomic problems also depend upon these partitions. 

The first extensive tables of quadratic partitions were published by JACOBI 
3 in 1846, and were computed by Zomow and Struve. These give the partitions 
{3) for p �  1 1981 ,  {4) for p � 5953 and (5) for p �  12 007. A table of the parti­
tions of {3) for p �  10 529 occurs in KuLIK 1 .  

REUSCHLE 1 gave the partitions {3) and {4) for p �  12  377 and for all those 
primes p from 12 401 to 25 OOO of which 10 is a biquadratic residue. The parti­
tion (5) is given for p � 13 669 and for all those primes from 13 669 to 50 000 of 
which 10 is a cubic residue. The partition {6) is given for p � 5743. 

CuNNINGHAM 7 gives all four partitions for P <  100 000. This table is ex­
tended from 100 000 to 1 25 683 in CUNNINGHAM 36, where also are found 
several other tables giving quadratic partitions of primes of special form as 
follows. On p. 56-69 are given the partitions {3) , {4) and if possible (5) of all 
primes of the form 2tw+ 1, k � 9 up to high limits L depending on k as follows : 

-·-1 9 10 11 12 1J 14 

L 1()1 1 .25 · 101 2.5· 1()1 5· 1()1 8.5· 1()1 9· 1()1 

On p. 7o-73 are given the partitions {3} and if possible (5) of all primes p 
of the form 2tw+ 1 ,  k � 9, 107 < p < 101• These tables were used in factoring 
Fermat's numbers 22" + 1 .  
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A similar table occurs in KRAITCmiC 4 (p. 192-204) where the partition (3) 
and if possible (4) and (5) are given for all primes t> - 2'k+ 1 � 10 024 961 .  
As a matter of fact a,  b ,  c ,  are given in  the equations 

CUNNINGHAK 36 also gives partitions (3) and (4) whenever possible of all 
primes between 101 and 101+ 10'. The representation of all possible primes f> 
by the idoneal form 

f> == x2 + 1848y2 for 107 < f> < 107 + 101 

appears on p. 74-76. Actually (x, 2y) is tabulated. All solutions (x, y) are given 
of 

z2 + y2 == n2 and x2 + 3y2 == n2 

for all possible n < 3000 together with the corresponding partition of n when n 
is composite (p. 77-87) .  

Other tables of quadratic partitions different from (3) , (4) , (5) and (6)may 
be given the following tabular description. These give the least solutions (#, u) 
of 

12 - Du1 == kf> 

for the values of k and D indicated, and for all possible primes i' not exceeding 
the limit L:  

Reference 

CUNNINGHAK 7 

TANNER 2 
CUNNINGHAK 7 

BICICKORE and WESTERN 1 

D 
2 
3 
5 
5 

- 5, ± 6, ± 7, ± 10, 1 1  
1 1  

± 13, ± 14 
± 15,  ± 17 

± 19 
2 

l L 
1 25 000 
1 10 000 
4 10 000 
4 10 000 
1 10 000 
4 10 000 

1 ,  2 1 000 
1 ,  9 1 000 
1 , 4 1 000 

1 25 000. 

In the last mentioned table, f> is restricted to the form Sn+ 1 ,  and I to the form 
4x+ 1 .  This paper also contains a small table giving all the representations of 
each possible number less than 1000 as the sum of two squares. 

Ja. Equations in more #han 2 unknowns, rational lriangles 

All but a few tables of this sort have to do with rational triangles, and most 
of these are lists of rational right triangles. Many such lists have been given 
in obscure places, and have been superseded by larger lists in more readily 
available sources. 
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It is well known that the sides of all integral right triangles are given by 
the formulas 

a = 2mn, b = m2 - n2, h = m2 + n2, 

where h is the hypotenuse, and where m and n are integer parameters. If one 
wishes to exclude the less interesting non-primitive right triangles in which 
a, b, and h have a common factor one restricts m and n to be coprime, and to 
be of different parity. There remains only the question of arranging the list of 
triangles thus generated. 

Two extensive tables arranged according to values of m and n may be cited. 
The first, BRETSCHNEIDER 1 gives all primitive triangles generated with 
n< m � 25. With each triangle is given also its area and its acute angles to the 
nearest 10th of a second. A more extensive list is given in MARTIN 1 (p. 301-
308) . This contains864 triangles arranged according tom andn with n <  m �  65, 
and is the largest list of rational triangles ever published. With each triangle 
is given its area. 

An old list of 200 right triangles was published by ScHULZE 1 in 1 778. These 
are arranged according to the size of the smallest angle of the triangle. The 
tangent of half this angle is made to assume every rational value between 0 
and 1 whose denominator does not exceed 25. 

The arrangement most frequently used is according to increasing values of 
the hypotenuse. Such tables for h �  1 109 are given in SAORGIO 1 and SANG 1 .  
The latter gives also the angles to within 1/100 of a second. The most ex­
tensive tables with this arrangement are found in MARTIN 2 and CuNNINGHAM 
36. Both these tables give a11 477 primitive triangles whose hypotenuses h do 
not exceed 3000. The Cunningham table is in two parts in which h is respec­
tively prime and composite. This same arrangement is used in KRAITCmiC 6 
which extends only to h <  1000 however. CuNNINGHAM 28 (p. 19Q-194) has 
another table complete to h= 2441 with 28 other h's < 3000. 

A table of TEBAY 1 (p. 1 1 1-1 12) gives a list of right triangles arranged ac­
cording to their area A up to A = 934 800. This table is reproduced in HALSTED 
1 (p. 147-149) with nine additions. 

BAHlER 1 (p. 255-258) gives a list of all primitive triangles one of whose 
legs has a given value < 300. 

A table of KRISHNASWAKI 1 is arranged according to semi-perimeters and 
lists all primitive right triangles whose semi-perimeters do not exceed 5000. 

References to other tables of right triangles, mostly small and obscure, are 
given in MARTIN 2.  

Several small tables giving special right triangles may be mentioned. 
MARTIN 1 (p. 322-323) gives 40 right triangles whose legs are consecutive 
integers and 3 13 triangles whose hypotenuses exceed one leg by 1 or by 2 .  
BAHlER 1 (p. 26o-261) gives the values of certain recurring series for use in 
solving such problems. There is also given (p. 259) the list of 67 triangles one of 
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whose sides is 840. WOEPCKE 1 has given for each of the 33 primitive right 
triangles with h < 205 , 12  associated congruent numbers. MARTIN 2 contains 
many sets of right triangles with special properties too numerous to mention. 

There are a few tables of rational triangles which are not right triangles. 
TEBAY 1 (p. 1 13-1 15) lists 237 rational triangles arranged according to area, 
the greatest area being 46 4 10. This table is reproduced in HALSTED 1 (p. 167-
170) and amplified in MARTIN 1 by 168 additions. Sn4ERKA 1 lists all 173 
rational triangles with sides < 100. There is also given the area, the tangents 
of the half angles and the coordinates of the vertices of each of these triangles. 
SANG 1 gives the list of 137 triangles, one of whose angles is 120°, and whose 
largest side is less than 1000. 

CORPUT 1 has listed all primitive rational isosceles triangles (a, a, c) of 
altitude h, and base angles A ,  arranged according to a from a =  25 to a < 160 000. 
The table gives for each triangle the values of va, c/2, h/24, tan (A/4) , 
va cos (A/2) and va sin (A/2) . PARADINE 1 gives 1 1 20 triangles, each having 
integral sides and one integral median. 

Finally we cite tables of solutions of diophantine equations of the second 
degree in more than 2 unknowns which do not refer to triangles. 

CuNNINGHAM 28 (p. 185-189, 194) gave solutions of x2 = y2 - 3z2 arranged 
according to y complete to y �  1591 with 99 more y's < 2774. EELLS 1 has 
tabulated 1 25 solutions of x2+y'+z' = a1 for various a's from 13 to 88 62 1 .  
JOFFE 1 has given a complete list of 347 solutions of this equation for 
1 < a �  100. BISCONCINI 1 has given 50 solutions of 

:1 :1 :1 :1 
XI + X2 + XI == %4. 

k. NON-BINOMIAL CONGRUENCES OF DEGREE � 3  

Very few tables exist in this category. The term non-binomial is used here 
in its technical rather than its strict sense. That is to say, tables of solutions 
of such congruences as 

(x12 - 1)/(x' - 1) == s• + x' + 1 e 0 (mod fJ) 

have been classified under the binomial congruences (d,) in spite of the fact 
that it is a trinomial cqngruence of the eighth degree. 

We may cite here however the table of REUSCHLE 3 which gives not only 
the primitive solutions of the congruence 

x" - 1 = 0 (mod fJ), 

but also the solutions of 

F(x) e 0 (mod fJ) 

where F(x) are the polynomials whose roots are the several sets of "periods" 

[ 62 ] 

Guide to Tables in the Theory of Numbers

Copyright National Academy of Sciences. All rights reserved.

http://www.nap.edu/18678


DESCKIPTIVE SU1lVEY k-1 

of the nth roots of unity (described more fully under o) for all n = 2-100, 105, 
120 and 128, and for all P< 1000. 

Another table having to do with cyclotomy may be cited here also. jACOBI 
3 gives for each m < p - 1 and different from (p- 1)/2 a number m' such that 

1 + g • = g •' (mod p) , 

where g is a given primitive root of fJ for 7 � fJ � 103. This table has been ex­
tended by DICKSON 10 to p < 500, and for those primes between 500 and 700 
which are not of the form kq+ 1 ,  where q is a prime and k = 2 ,  4, 6, 12 .  

The table of  FLECHSENHAAR 1 gives for each prime fJ = 6m+ 1 from 7 to 
307 a pair of numbers (b, c) such that 

be = 1 (mod p) 

b" + 1 = (b + 1)"  (mod pt) 

c" + 1 = (c + 1) " (mod pt) .  

BANG 1 gives a list o f  primes fJ = mx+ 1 < 1000 for which the congruence 
a• + b• - c• = 0 {mod p) 

has solutions for m � 25. 
A rather special table of KRAITCHIX 4 gives for each n � 1019, except 4, 5, 

and 7 a number a, and a prime p such that 

n !  + 1 = a (mod p) , (; ) = - 1 , 

thus showing that except for n = 4, 5, and 7 the diophantine equation 
n !  + 1 = m2 

has no solutions (n, m) with n � 1019. 

1. DIOPHANTINE EQUATIONS OF DEGREE > 2 

Actual tables of solutions of Diophantine equations of degree d> 2 exist 
only for d = 3  and 4, although short notes giving occasional solutions of �uch 
equations with d > 4  are scattered throughout the literature on the subject. 

A list of about 6000 solutions of equations of the form 
x• ± y2 = D, 

arranged according to I D l , with I Dl � 2000, is found in GERARDIN 3. 
A table of all integral solutions (x, y) , when possible, of 

x• - y2 = D 

with 1 � x � 101 and D� 1024 is given in BRUNNER 1 together with the class 
number h (v'=I.>). 
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Rational solutions of such equations are given in BILLING 1. "Base points" 
are given here from which all rational solutions of 

y2 = x• - A x - B 
y2 = x• - B 
y2 = x• - A x 

1 � I A I � 3, 1 � I B I � 3 
I B l � 25 
I A I � 50 

may be generated. 
KULIK 1 gives solutions (x, y) of 

n = x• - y• and n = x' + y' 

for all possible odd n not exceeding 12097 and 18907 respectively. 
The rare table of LENHART 1 gives, for more than 2500 integers 

A <  100 000, solutions of 
x• + y• = As' 

in positive integers. A small table of  solutions of  this equation for each of  the 
22 possible A 's � 50 is given in F ADDEEV 1 .  

Two tables of  Delone relate to  the integral solutions of  the binary cubic 
(1) ax• + bx2y + cxy1 + dy1 == 1 

with a negative discriminant D. DELONE 1 gives all solutions (x, y) of (1) for 
all non-equivalent equations with - 300 < D < O. This table is reproduced in 
DELONE 2,  where also are given all sets of integers (n, p, q) for which the dis­
criminant D of the cubic x'-nx2-px-q has a given value with - 172 � D < O. 

The ternary cubic 
x• + Dy• + D1s1 - 3Dxys == 1 , 

like the Pell equations, has an infinity of solutions. A table of solutions (x, y, .s) 
for each positive non-cube D <  100 is given in WoLFE 1 .  

A list of  16 solutions of 

in OETTINGER 1 may be cited. 
CuNNINGHAK 28 (p. 229) gives 44 solutions of 

x• - y1 == s1 

and {p. 234-235) solutions of 
x• ± cy1 = s1 

for c � 100. 
A. A. BENNETT 1 gives a table of solutions of what is in effect a ternary 

cubic equation 
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arccot Xt + arccot zs = arccot Yt + arccot y,. 
All solutions are given in which O < zt+xt < 25. 

Finally the quaternary cubic equations 
11 ± z1 ± y1 ± z1 = 0  

are considered in RICHKOND 1 .  All solutions (#, x, y, z) in which the variables 
do not exceed 100 are given. 

Turning to quartic equations we find only a few tables. CuNNINGHAM 15  
gives all solutions (z, y ,  z )  of 

x' + y' = ms' 
in which the right member does not exceed 107, and all solutions in which 
x - 1 ,  and y <  1000. 

CuNNINGHAM 28 gives two or more solutions of 
x' ± ky' = ± 11 k � 100 {p. 230, 236) , 

and of 
x' - kx'y' + y' = 11 

OETTINGER 1 gives 16 solutions of 
x2 - y2 = z•. 

k < 200 (p. 232-233) . 

VEREBRrosov 1 tabulates all non-trivial solutions of 

' ' ' ' ' ' Z + y + f: = Xl + yt + Zl 

in which the variables do not exceed 50. This table is reproduced in VERE­
BRrosov 2. 

m. DIOPHANTINE CoNTINUED FRACTIONS 
A number of useful tables of the continued fraction developments of alge­

braic irrationalities have been published. Most of them refer to the regular 
binary continued fraction 

1 1 1 
8 = qo + - - -q1 + qs + qa + · · · 

and, of these, nearly all refer to the case in which 8 is a pure quadratic 
surd VD. 

If we write 
'to = 8 = qo + 1/xt 
� �  = q1 + 1/xs 

XA: = qk + 1/XA:-+1 
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then the x., are called complete quotients, and the q., incomplete (or partial) 
quotients of 8, and 

for every k > 0. 

1 1 1 
8 = qo + - -

q1 + qs + · · · + x,. 

In case 8==VD the complete quotient x., takes the form 

Xt = (VD + P,.)jQ, 
where P., and Q., are integers such that 

o �  P, < VD 

0 < Q, < 2v'D. 

Several tables give Qa: as well as qa:. The numbers Q., are important in many 
applications, especially in connection with the question of solving the equation 

x2 - Dy2 = N. 

The numbers Pa: are less useful, and have (with one exception) never been tab­
ulated. They may be obtained from the Q's by the formula 

I P, = D - Q.Ot-t 

and have been used for solving quadratic congruences (mod D). All three se­
quences P,, Q,, q.,, are periodic for k > O. 

The main tables of the continued fraction development of v'D are DEGEN 
1 ,  CAYLEY 6, and WmTFORD 1 .  Each table gives both q., and Q., up to the 
middle of the period, about which point the period is symmetric. 

The table of DEGEN 1 extends from D== 2 to D== 1000, that in CAYLEY 6, 
which was computed by Bickmore, from D= 1001 to D== 1500, while that of 
WmTFORD 1 extends from 1501 to 2012.  

The table of SEELING 2 gives for D � 602 the first half of the period of the 
partial quotients q,, but not Q�:. In addition it gives in each case the number of 
terms in the period of the continued fraction, a function about which little 
is known. Lists of D's are given which correspond to periods of given length 
and type. 

Those D's < 7000, which have an odd number of terms in the expansion of 
v'D, are listed in SEELING 3. 

A tabular analysis of the continued fraction for v'D arranged according to 
the length of the period is given for D< 1000 in KRAITcmx 6, where also is 
given a similar analysis of ( - 1  +v 4A + 1)/2 for A <  100. Only the partial 
quotients are given. 
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The table of RoBEllTS 1 gives partial quotients only for the expansion of 
VD for D a prime of the form 4n+ 1 not exceeding 10 501 .  

Another special table is  that of  VON TmELKANN 1 ,  which gives partial 
quotients for vpq where both p and q are primes of the form 4k+ 1, and 
pq< 10 000. The trivial cases pq= x1+1 ,  x1 ± 4  are excluded. The table is 
in two parts, the first of which contains expansions with an odd number of 
terms in the period. 

NIELSEN 1 gives for D <  1500 and the sum of two squares both q, and Q11 
for the expansion of VD in case the period has an odd number of terms. 

A small table of the partial quotients in the first half of the period for VD 
is given in PEnON 1 and extends to D <  100. 

INCE 1 gives in effect P, and Q,, but not q11 in the expansion of VD for all 
D< 2025 of the form D = 4k+2, 4k+3, and without square factors. These 
occur in the first cycle of reduced ideals. Thus for D= 194, the first cycle given 
is 

1 , 13 ,...,_, 25, 12 ,...,_, 2, 12 

This may be taken to indicate that P�c and Q• have the values 

0 1 2 3 4 5 6 7 8 

p, 0 13 12 12 13 13 12 12 13 

1 25 2 25 1 25 2 25 1 

The other cycles, if they exist, correspond to certain irregular continued frac­
tions for VB. For D = 4n+ 1  the corresponding information is given for 
(1+VD)/2 . 

Those convergents A ,.j B,. to continued fractions which satisfy the equation 
A1- DBt= ± 1, ± 4  occur in tables of the Pell Equation as described under j • .  

Other convergents are given only rarely. A small specimen table in CAYLEY 6 
gives all convergents in the first period of VD for D <  100. 

SEELING 1 gives expansions of many higher irrationalities such as {/D for 
D == 2, 3, 4, 6, 7, 9, 10, 15 and several other numbers of the form Dll" up to 
k - 13. Since by a theorem of Lagrange none of these expansions can be periodic 
the entire expansions cannot be given, so that only the beginnings of the ex­
pansions are found. Complete as well as partial quotients are given. 

Daus has published three tables of the expansion of cubic irrationalities 
in a ternary continued fraction (Jacobi's algorithm) . Such expansions are 
ultimately periodic. In place of partial quotients q, we have partial quotient 
pairs (p,., q,) which determine the expansion. DAUS 1 gives a table of partial 
quotient pairs in the expansion of {/D for D � 30. Similar expansions of the 
largest root of the cubic equation 

x• + qx - r = 0 1 q 1 � 9, 1 � , � 9 
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occur in DAUS 2. DAus 3 gives expansions of cubic irrationalities in certain 
cubic fields with a minimal basis. The fields are defined by a root 8 of the 
cubic equation 

in which ( 1 ,  8, 82) is not a basis. 

n. NoN-UNEAJt Fo:aKs, THEm CLASSEs AND CLASS NuKBE:as 

The theory of forms, especially of binary quadratic forms, has a number of 
applications in other parts of the theory of numbers. Tables having to do with 
the application of forms have been cited under other sections of this report, 
in particular under bs, es, fs, g, i,, j, 1, o and p. 

There remains however a large number of tables without view to immediate 
exterior application, giving information about the theory of forms itself. To 
the amateur number-theorist, not an expert in the arithmetical theory of 
forms, most of the tables about to be described will doubtless appear to be 
sterile, if not useless. If so, the writer has been successful in his classification 
of these tables, as the tables here described are of interest mainly to experts. 

Existing tables refer to four sorts of forms: binary quadratic, ternary quad­
ratic, quaternary quadratic, and binary cubic forms. 

The theory of binary quadratic forms arose from the problem of solving 
Diophantine equations of the second degree, and early tables reftect this origin. 
We have on the one hand the tables of the Pell equations 

s1 - Dy1 = ± 1,  

fully described under jh and on the other hand tables for the representation of 
a large number N by the form 

described under g, i1o i,, and j,. 
This latter problem was at once seen to be a key to the question of factoring 

large numbers N and it was with this application in mind that Gauss began 
his epoch-making investigation into the theory of binary quadratic forms. 
Among the many by-products of this research three may be mentioned as 
being the source of tables described elsewhere. These are the theory of the 
number of representations of a number by a binary quadratic form, the repre­
sentation of cyclotomic functions as binary quadratic forms, and the theory of 
quadratic fields. 

Tables of the functions E(n), H(n) and J(n) have been cited under bt 
and are contained in GLAISHEB. 15,  17 ,  18, 19, 24, 25 and 26. These functions 
are related to the number N(n -j(x, y)) of representations of n by the binary 
quadratic form J(x, y) as follows: 
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N(n = %1 + y1) - 4E(n) 

N(n = %1 + 2y1) = 2J(n) (n odd) 

N(n ... %1 + 3y2) - 2H(n) (n odd). 

GLAISBEll 19 also contains a table of the function 

G(n) = N(n = {6%)1 + (6y + 1)2) = N(n = {6% + 2)1 + (6y + 3)') 

for n- 12k+ 1 � 1201 .  

D 

Tables of the coefficients of the polynomials Y(%) and Z(%) in the represen­
tation of the cyclotomic function 

4{%" - 1)/(% - 1) - Y'(%) - ( - 1) h•-l) /I/>Z1(%) 

and related tables are cited under o and begin with GAuss 1 .  
The theory of  quadratic fields i s  of course very closely related to that of 

binary quadratic forms, their difference being largely one of nomenclature. 
Hence many of the tables cited under p are instances of tables related to binary 
quadratic forms. 

Tables of reduced binary quadratic forms begin with LEGEND:R.E 1. Table I 
gives all reduced forms 

ay1 + 2bys - cs1 

of determinant A - b'+ac for all possible A � 136. Table II gives similarly re­
duced forms 

Ly1 + Mys + Ns1 (M odd) 

with O<M1-4LN� 305. Tables III, IV, VI, and VII list the reduced forms 

ay' + 2bys + cs1 

of determinant A - b1-ac with - 106� A � 79 together with the conesponding 
linear forms of the odd divisors of 11-au' (as described under Ia). Similarly 
Table V gives for the reduced forms 

Ly1 + Mys + Ns1 

with a-4LN- M1 or LN- M1 /4, according as M is odd or even, for 
0 < a - 4k- 1 � 103. 

Gauss must have constructed extensive tables of reduced forms but never 
published any. He in fact considered the publication of such tables as unneces­
sary since any isolated entry can be so easily obtained directly. His table of 
the classes of binary quadratic forms to be cited presently was published post­
humously. 

CAYLEY 2 tabulated the representatives of each class of forms of non­
square determinant D with their characters and class group generators for 
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I D l < 100 together with 13 irregular determinants D between - 100 and 
- 1000 noted by Gauss. For D>O, the periods of the reduced forms are given. 
This table was continued from D - - 100 to D- - 200 by CooPEJl 1 .  

CABEN 3 gives a table of  primitive classes of  positive definite forms of  dis­
criminant D < 200 omitting those cases in which there is but a single class. 
There is a similar table for indefinite forms of discriminant > - 200. 

Wll.IGBT 1 has given an interesting table of reduced forms az1+2bxy+cy1 
of determinant -41 with 41 �  150, and 800 � 41 � 848 arranged so that b and c 
can be read on entering the tables at a, 41. The values of b are periodic functions 
of 41 for each fixed a. This table has been extended to 41 �  1200 in Ross 1 .  

Two tables of indefinite binary quadratic forms are included in Ross 1 .  
The "basic" table gives reduced forms (a, b, - c) with O < a � c  and 2b � c, for 
determinants up to 1500. A second table lists the periods of reduced forms, as 
in CAYLEY 2, for determinants from 100 to 1000. 

GAUSS 7 gave extensive tables of the number of classes for mostly negative 
determinants. More definitely the determinants considered are - D for all D's 
of the nth century for n - 1-30, 43, 5 1 ,  61-63, 9 1-100, 1 1 7-120 and, in another 
arrangement, for D's of the 1st, 3rd and lOth chiliad and for D of the form 
- (15n+7) and - (1Sn+ 13) , n< 800. The positive determinants considered 
are those of the nth century for n - 1 , 2, 3, 9, 10. 

For each group of determinants above mentioned are listed those determi­
nants which have a prescribed number of genera (I, II, IV, VIII, · · · ) , and a 
prescribed number of classes in each genus. Under each specified number of 
genera are given the number of determinants having that number of genera, 
and the total number of classes. At the end of each group these numbers are 
combined to give the total number of genera and classes in that group together 
with the number of improperly primitive classes and the number of irregular 
determinants, the latter being indicated in the tables by asterisks, and in most 
cases the index of irregularity is also given. 

E. T. BELL 1 contains a table of the number of odd classes of binary quad­
ratic forms of determinant - D  for D < lOO. 

SnYANAJlAYANA 1 gives a list of primes D of the form 4n+3 for which the 
class number of D is 2 and O < D < 5000. 

For the purpose of factoring large numbers N or proving their primality, 
forms which have only a few classes in each genus are advantageous to use in 
representing the given number N. The 65 "idoneal" forms 

of Euler are such that each genus contains but a single class. The idoneal 41's 
have been given in numerous places such as MATHEWS 1 and KllAITCmK 6 
(p. 1 19) . Besides these idoneal forms, SEELBOFF 1 has given 105 others for 
which each reduced form in the principal genus is of binomial type az1+cy1 
to be used for factoring as mentioned under g. Forms of practical use in fac-
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toting are not confined to definite ones. CHEBYSHEV 1 has given for each indefi­
nite form x2- Dy2 (O < D � 33) limits on x and y depending on N between 
which it is sufficient to look for representations of N. 

The applications of the theory of binary quadratic forms to elliptic modu­
lar functions have produced tables of class invariants and other tables relating 
to the complex multiplication theory. These tables will be described in another 
report of this Committee under G :  Higher Algebra. 

We turn now to the consideration of tables related to ternary quadratic 
forms. 

Interest in such forms originated from the problem of representing binary 
quadratic forms by ternary forms, and the earliest table involving ternary 
forms is concerned with this problem, and is found in LEGENDRE 1. Table VIII 
(in the first edition Tables VIII and IX) lists for all possible c�  2S 1 ,  the re­
duced forms 

py' + 2qys + rs', c = pr - q' 

and expresses each of these as a sum of three squares of linear forms. 
SEEBER 1 gave the first table of reduced ternary forms. This gives the 

classes of positive ternary forms of odd Gaussian determinant - D for D< 2S. 
This table was revised by EISENSTEIN 1 who gave the characters and classes in 
each genus. EISENSTEIN 2 gives a table of primitive reduced positive ternary 
forms of determinant - D for all D < 100 as well as D = 38S. EISENSTEIN 3 lists 
all automorphs of positive ternary forms. These are given also in DICKSON 6 
(p. 179-180) . 

BoB.Isov 1 gave a table of properly and improperly primitive reduced (in 
the sense of Selling) positive ternary forms for all determinants from 1 to 200, 
assigning to each representative form a type and the number of automorphs. 

Tables, due to Ross, of reduced (in the sense of Eisenstein) positive ternary 
forms, both properly and improperly primitive of determinant d � SO, giving 
also the number of automorphs, occur in DICKSON 6 (p. 181-18S) . Forms with­
out "cross product" terms are listed separately. With each form is given the 
number of automorphs. This table has been extended to d < 200 by ]ONES 1 .  

]ONES and PALL 1 list all 102 so-called regular forms J= ax'+by'+cs'. 
These are reproduced in DICKSON 9 (p. 1 12-1 13) where also are given in each 
case the numbers not represented by f. 

A special table giving certain arithmetic progressions and generic char­
acters of reduced positive ternary forms whose Hessian does not exceed 2S 
appears in HADLOCK 1 .  

Only three tables of indefinite ternary forms have been published. The first 
is due to EISENSTEIN 3 and lists non-equivalent indefinite forms whose de­
terminants have no square factors and are less than 20. 

MARKOV 1 tabulated reduced indefinite ternary forms, not representing 
zero, of determinant � SO. This table was recomputed and extended to determi-
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nants � 83 by Ross and appears in DICKSON 6 (p. 15Q-151) .  A similar table 
for determinants 4n � 124 occurs in Ross 1 .  

CHARVE 1 lists all positive quaternary quadratic forms reduced in  the sense 
of Selling of determinants � 20. A similar table of such forms reduced in the 
sense of Eisenstein for determinants � 25 is given in TowNES 1 .  

There are a few tables of  binary cubic forms, all with negative discrimi­
nants. Two of these by DELONE 1 ,  2 have been described under 1. 

ARNDT 3 gave all reduced binary cubics of negative discriminant - D, their 
classes and characteristic binary quadratic forms for all possible D < 2000. 

CAYLEY 3 reproduced part of this table in revised form. His table gives the 
reduced forms with their order, characteristic and composition for the follow­
ing values of the discriminant D: 

0 > D = 4k > - 400 and 0 > D = 4k + 1 · �  - 99 

and D- - 4k, k - 243, 307, 339, 459, and 675 . 
MATHEWS 2 contains a table due to Berwick of all non-composite reduced 

binary cubics with discriminant - D, D < 1000. 

O. TABLES RELATED TO CYCLOTOMY 

The problem of dividing the circle into an equal number of parts, or what 
is the same thing, the study of the roots of the binomial equation x" - 1 would 
seem at first sight to have little connection with tables in the theory of num­
bers. Gauss was the first to recognize, however, the intimate connection be­
tween cyclotomy and various branches of number theory, when he showed 
that the construction of regular polygons by Euclidean methods depends ulti­
mately on the factorization of Fermat's numbers 22" + 1. A list of the 32 regular 
polygons with an odd number of sides known to be constructible with ruler 
and compasses is given in KllAITCHIX 4 (p. 270} . The theory of cyclotomy is of 
much wider application to number theory, however, and tables described un­
der bto ba, d, e,, fs, Jto j,, n, p and qt either depend upon cyclotomy or are of use 
in its applications. 

We have in fact already introduced in various connections the cyclotomic 
polynomial 

Q,.(x) = II (x' - 1)11 <"11> , 
.,  .. 

where p. is M<Sbius' function and 8 ranges over the divisors of n, which has for 
roots all the primitive nth roots of unity. This polynomial is often loosely 
spoken of as "the" irreducible factor of x"- 1 , and is often written as X,. and 
F,.(x) . Tables of coefficients of Q,.(x) are scarce. REUSCHLE 3 gives Q,.(x) for 
n - 3-100, 105, 120 and 128 with the exception of n - 4k+2 for which 
Qn+t(X) - Qu+t( - x) .  SYLVESTER 1 gives Q,.(x) for all n � 36. KRAITCHIX 7 
gives, for all products n of two or more primes not exceeding 105 (except 77) , 
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the coefficients of Q,.(z) or of Q,.( - z) - Qs,.(z) according as n-4k+ 1 or 4k+3, 
and for n- 2pq� 102, those of Qs.(z) . 

The need for tables of Q,.(z) is not acute since for any particular n, Q,.(z) 
may be readily found from the application of one or more of the following 
formulas : 

(1} 

Q,.(z) - z..-1 + zp-t + · · · + z + 1 

Q,.(z) - Qa,(z•) 

Q,,.(z) == Q,.(- z) , (n odd) 

Q,.,.(z) == Q,.(z")fQ,.(z) 

where n - nom and no is the product of the distinct prime factors of n, and 
where n is not divisible by the prime p. 

Several tables give data on the "f-nomial periods" of the primitive nth 
roots of unity where "'(n) = e ·f. The most elaborate such table is REUSCHLE 3, 
which gives for every divisor f of "'(n) the set of fundamental relations between 
the f-nomial periods which express the product of any two of them as a linear 
combination of the periods for n = 1-100, 105, 120, 128, except n-4k+2. In 
most cases the irreducible equation of degree e satisfied by the periods is given 
also, though when n is composite and e is large this equation is not given. 

SYLVESTER 1 gives the polynomials whose roots are the binomial periods 
'1 - a+c:c1, where a are the primitive nth roots of unity, for all n � 36, and 
12 other polynomials whose roots are thej-nomial periods,/> 2, for n= 15, 21 ,  
25, 26, 28 and 33. 

D. H. LEIDIER 3 contains a table of all irreducible polynomials of degree 
� 10, whose roots are of the form a+a-1+2, where a are the primitive nth 
roots of unity, nj1&£4k+2. 

CAREY 1 contains tables of the coefficients in the linear expressions for the 
squares and products of two f-nomial periods of imaginary pth roots of unity 
for all primes p < 500 and for e- (p- 1)//= 3, 4, and 5. 

TANNER 1 gives for each p - 10n+ 1 < 1000 the quintic equation for the 
five (p- 1)/5-nomial periods. 

Many tables give the representation of Q,.(z) as a quadratic form. The first 
of these is due to Gauss, who discovered the polynomials Y ,.(z) and Z,.(x) of 
degrees (p- 1)/2 and (p-3)/2 respectively such that 

(2) 

These are tabulated in GAuss 1 for p � 23. Dirichlet and Cauchy later pointed 
out that (2) can be generalized to the case of p, replaced by a composite num­
ber n, as follows: 

(3) 
t t 

4Q,.(x) = Y,.(x) - (- t) <-t> IS,Z,.(x) , 

where n is a product of distinct odd primes. (A quadratic form exists in the 
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case of a perfectly general n, as may be seen at once from (1) by replacing � 
in (3) by ± r") . 

Tables giving Y .. (�) and Z .. (�) may be given the following tabular descrip­
tion, where by "general" we mean prime or the product of distinct odd primes 
(the trivial case of p = 3  is usually not given) . 

reference character of " range of " 

GAUSS 1 prime p � 23 
MATHEWS 1 prime p � 31 
KRAITCMK 2 (p. 3) prime p � 31 
KRAITCMK 4 (p. 126) prime p � 31 
HOLDEN 1 ,  2 general n � 51 (with gaps) 
POCKLINGTON 1 prime 41 � p � 61 
LUCAS 2 general n = s-41 ,  61 
GOUWENS 1 prime 67 � p � 97 
TEEGE 1 general " �  101 
KRAITCMK 7 (p. 2-4) general " �  101 
GRAVE 1 prime 23 � p - 4m+3 � 131 
GRAVE 2 prime 29� p = 4n+ 1 :;; 197 
GOUWENS 2 prime 101 :;; p � 223. 

For some reason Gauss and his followers failed to discover another quad­
ratic form representing Q,.(x) which is, for some applications, more important 
than (2) or (3) .  The existence of polynomials T,.(x) and U,.(x) such that 

I t 
Q,.(x) = T,.(x) - (- 1) <•-t> ttnxU,.(x) 

was discovered 70 years after Gauss' discovery of (2) by Aurifeuille. Tables 
of the coefficients of T .. and U,. were first published by LucAs 2 for odd n:;; 41 
not divisible by a square, as well as for n= 57, 69 and 105. LucAs 3 gives in 
effect the coefficients of the polynomials V ,.(x) and W ,.(x) such that 

1 t {Q,.(x) if n = 4k + 1 
V,.(x) - nxW,.(x) = 

Q,,.(x) if n = 4k + 2, or 3 

for all n :;; 34, having no square factor. This table was reproduced by CuNNING­
HAM 23 with the additional entries for 34< n � 42, and n - 46, and also by 
KRAITcmx: 2 (p. 6) , and KRAITcmx: 4 (p. 88) , where in both tables the addi­
tional entries n=35, 39, 42 and 51  are given. 

LucAs 2 gives in reality the coefficients of the polynomials R,.(x) and S .. (�) 
in the identity 

I I 
Q41o(x) = R,.(x) - 2nx.S',.(x) 

for odd n � 35,  as well as n- 39, 5 1  and 57. The importance of Aurifeuille's 
formula lies in the fact that for suitably chosen x, Q .. (x) becomes the difference 
of two squares, and hence decomposable into rational factors. 
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p. TABLES RELATING TO ALGEBRAIC NUKBER THEORY 
Algebraic number theory, like the theory of forms, is a rather technical 

subject. The more extended parts of the theory are so ramified that tables are 
apt to be little more than mere illustrations of theorems. In fact, many ar­
ticles on the subject contain numerical illustrations too numerous, too special 
and too diverse to permit description here. Although these numerical illustra­
tions serve to make more real the abstract subject matter being considered, 
they cannot fairly claim to be described as useful tables. 

Tables described under other sections of this report are of use in parts of 
algebraic number theory. In fact, the theory of binary quadratic forms is prac­
tically identical with quadratic field theory, and many tables relating to the 
former subject (described under n) are applicable in the latter, and conversely. 
Other sections containing tables useful in various parts of algebraic number 
theory are b,, b., d, e,, f,, it, j, 1, m and o. Other useful tables, more algebraic 
than number theoretic, such as tables of irreducible polynomials (mod p) , 
modular systems, Galois field tables, class invariants, singular moduli, etc. 
will be described in another report of this committee under G. Highu Algebra. 

Tables relating to algebraic numbers may be classified according to the 
degree of the numbers considered. Many tables pertain to quadratic number 
fields. 

The tables of So:u:KER 1 contain tables of both real and imaginary quadratic 
fields K(VD) for I Dl < 100, and not a square, giving in fact for each such D 
a basis, discriminant, principal ideal, the classes of ideals, genera and char­
acters. The fundamental unit is given when D>O. 

A more comprehensive account of real quadratic fields is given by the table 
of INCE 1 .  This table gives data on the fields K(vm) for all m < 2025 having 
no square factor. Ideals (a, b+w) , where w = vm  for ma2, 3 (mod 4) and 
w= (l+vm)/2, when me l (mod 4) , are written simply a, b. Reduced ideals 
fall into classes of equivalent ideals, and the ideals in any one class form a 
periodic cycle which is palindromic. The table lists the first half of these cycles. 
In addition the table gives the number of genera in the field, and the number 
of classes in each genus, their generic characters and finally the fundamental 
unit e - x+wm or (x+wm)/2, also written in the form (u+fiW)2/n, when­
ever possible. 

The table of ScHAFFSTEIN 1 gives the class number of real quadratic fields 
whose discriminant is a prime p( = 4k+ 1) for p <  12 000, 1()1< p <  1()1+ 10', and 
1()1< p <  10'+ 10'. 

A number of tables refer to the Gaussian numbers a+w=t', and their 
powers. 

The first such table occurs in GAuss 2 and gives for each of 19 complex 
primes fJ= a+ib with norm a2+b2 �  157 those complex numbers (mod p) which 
have each of the 4 different biquadratic characters (mod p) . 

GAuss 9 bas a table of indices for 45 complex primes p-a+ib. This table 
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was extended to all prime and composite moduli in K(v'=l), whose norms do 
not exceed 100, by G. T. BENNETT 1 .  

BELLAVITIS 1 contains a table of powers 

(a + ib) i (mod p, $2 + 1) 

of a primitive root a+ib for p = 4m+3 � 67, for k- r(p+1) ,  s(p- 1) and 
s(p- 1)+ 1 ,  where r=  1 ,  2, · · · {p- 1)/2, s= 1 , 2, · · · (P+ 1)/4. 

The table of Vo:aoNo· 1 gives for each prime p < 200, a pair of companion 
tables, one of which gives the powers (mod p) of a primitive root E= a+ib, 
where i2=N (mod p) , N being the least positive quadratic non-residue of p. 
The other table gives the index of that power of E whose real part is specified 
and whose imaginary part is positive. 

GLAISHER 1 7  bas tabulated three functions which depend on "primary" 
Gaussian numbers, that is, numbers of the form 

(- 1) <oi+-lllt(a ± ib) 

where a>O  is odd and b is even. 
Let St(n) denote the sum of the kth powers of the primary Gaussian num­

bers whose norm is n. Glaisber denotes the functions S1(n) and Ss(n) by x(n) 
and ).(n) respectively. In fact x(n) is tabulated for odd n <  1000, and for all 
primes and powers of primes < 13 000, while ).(n) is tabulated for n < 100. The 
function So(n) is designated by E(n) , several tables of which are described 
under bs. 

Tables relating to cubic fields are much less numerous than those for quad­
ratic fie lds. 

The tables of REID 1, 2 are in two parts. Part 1 gives for each reduced cubic 
equation 

1 P 1 � 9, 1 � q � 9 

the discriminant of the field thus defined, the class number, a basis and a sys­
tem of units as well as the factorization of certain small rational primes in the 
field. Part II gives the same information for 19 other cubics of the general form 

a$• + b2 + C$ + d (b � 0). 

The tables of DAus 2, 3 (described under m) give the units in the cubic 
fields under consideration. 

DELONE 1, 2 give information about units of cubic fields of negative dis­
criminant. In particular DELONE 2 lists all fields with discriminant - D with 
D< 172. 

Extensive tables of relative cubic fields are given in ZAPOLSKAIA 1 .  
Quartic field tables are all of special type. DELONE, SoKINSXII and 

BILEVICB 1 give a list of all totally real quartic fields with discriminant 
not exceeding 81 12.  With each such field is given a basis. 
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The tables of TANNER 1 ,  2 refer to the quartic field defined by w, a primi­
tive 5th root of unity. These give the "coordinates" q, of the "simplest" com­
plex factor 

of a prime p - 10n+ 1 as well as the coordinates of the "simplest primary" 
factor and the "reciprocal" factorl/f(w) , the latter being such thatl/f(w)l/t(w-1) - p. 
In TANNER 1, p <  1000 while in TANNER 2 the information is given for 
p< 10 000 except that the reciprocal factor is tabulated only for 1000< p 
< 10 000. 

A similar table for the quartic field defined by a primitive 8th root of unity 
is given in BICKMORE and WESTERN 1. This gives the coordinates of a canoni­
cal complex prime factor of every prime p = 8n+ 1 < 25 000. 

These tables really belong under cyclotomic fields, concerning which ex­
tensive tables were published by Reuschle, and are in fact extensions of similar 
tables occurring in REUSCHLE 2, 3. REUSCHLE 2 gives the complex factors of 
rational primes p in the cyclotomic field K(exp 2-ri/n) and the subfields gener­
ated by the periods for p = kn+ 1 < 1000 and for all primes n from 7 to 29 as 
well as for n = S  and p= 10k+ 1 < 2500. These tables are superseded by 
REUSCHLE 3 where n=3-100, 105, 120, 128 (n¢4k+2) .  For n a prime < 20 
two factors of p <  1000 are given, one "simple" and one "primary" after Kum­
mer. For other values of n only "simple" factors of p are given. In many cases 
complex factors of P'" are given where a> 1 is the index of ideality. In all cases 
p<  1000. For n large and composite many of the tables pertaining to the sub­
fields are wanting. 

q. TABLES RELATING TO ADDITIVE NUMBER THEORY 

Of the many and varied problems of additive number theory, three have 
been the source of tables. These are the problem of partitions or the represen­
tation of numbers as sums of positive integers of no special type, the problem 
of Goldbach, or the representation of numbers as sums of primes, and the 
problem of Waring, or the representation of numbers as sums of powers. 

q •• T/u()f'y of partuiom 

Tables relating to partitions are of two types according as the parts con­
templated are or are not restricted in some way as to size or number. We take 
up the unrestricted partitions first. 

The actual partitions of a number n into the parts 1, 2, · · · , n, giving for 
n-= 5, for example, the 7 entries (1 1 1 1 1) ,  ( 1 1 12) ,  (1 13) , (122) , (14) ,  (23) , (5) 
occur as arguments of tables of symmetric functions and other algebraic tables 
to be considered in another report of the Committee under G. Higher Algebra. 
We may cite here, however, a table of all partitions of n for n�  18 due to 
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CAYLEY 4. The parts 1 ,  2, 3, · · · are represented by the letters a, b, c, · · · and 
the 7 entries under n = 5  thus appear as a1, a•b, a1c, ab1, ad, be, e. 

The theory of partitions is concerned more with the mere number p{n) 
of partitions rather than the actual partitions themselves. The function p(n) 
increases so rapidly that Cayley's table could not be carried much farther. 
For n = 30, for example, it would have 5604 entries. 

The first real table of p(n) occurs as a by-product of the table of EULER 3 
and is there denoted by n<""> and tabulated for n � 59. This table was not ex­
tended until 1917 when the analytic researches of Hardy and Ramanujan made 
it desirable to examine the magnitude of p(n) for large n. MacMahon accord­
ingly computed p(n) for n � 200, his table being published by HARDY and 
RAKANUJAN 1. GUPTA 1 has given p(n) for n � 300 and for 301 � n � 600. The 
complete table for n � 600 is reproduced in GUPTA 7. 

Two tables give values of p(n) (mod p) . GUPTA 3 gives p(n) (mod 13) and 
(mod 19} for n � 721 .  MACMAHON 1 lists those values of �� �  1000 for which 
p(n) is even. 

Thanks to recent investigations the asymptotic series of Hardy and 
Ramanujan now offers an effective and reliable method of obtaining isolated 
values of p(n) . This series contains certain coefficients A�:(n) , tables of which, 
as functions of n, are given in HARDY and RAKANUJAN 1 for k �  18. D. H. 
LEHKER 5 contains a table of actual values of A�:(n) for k � 20, and for all n, 
(since A�:(n+k) = A�:(n)) ,  the number of decimal places being sufficient for 
computing p{n) for n up to three or four thousand. This table is reproduced in 
GUPTA 7. 

In investigating an approximate formula for p(n) , HARDY and RAKANUJAN 
1 have given the value of 

.9 Log1o p{n) - v10 + n 

for n - 10�: and 3 · 10�: (k = O, 1 ,  · · · , 7) . 
The generating function for p(n) is the modular function 

.. .. 
f(x) == II {1 - x•)-1 == 1 + L p(n)x•. 

The coefficients of the related function 
.. 

x {J(x) } -" == L T(n)x• 
-1 

have been studied to some extent and are given for n ;:;! 30 in RAKANUJAN 2. 
Turning now to tables of the number of partitions in which the parts are 

restricted in some way we find two tables of the function q(n) which may be 
regarded either as the number of partitions of n into distinct parts or as the 
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number of partitions of n into odd parts, so that q(5) - 3. The first table is 
due to Darling and is published in HARDY and RAKANUJAN 1 (Table V) , and 
gives q(n) for n�  100. WATSON 1 extends this table to n � 400, and gives for 
the same values of n the function qo(n) , which denotes the number of par­
titions of n into distinct odd parts. UKEDA 1 gives for n�  100 the values of the 
function 

1 .. 
- :E mp .. (n) 
p(n) -1 

where p .. (n) denotes the number of partitions of n into exactly m parts. 
A small table of CAYLEY 5 gives for n�  100 the number of partitions of n 

into the parts 2 ,  3, 4, 5, and 6. 
Other tables of restricted partitions are double entry tables. The first of 

these is EuLER 3, which gives the number n<•> of partitions of n into parts � m, 
or what is the same thing, the number of partitions of n into not more than m 
parts for n� 59, m � 20. The differences n<•> -n<-u are also tabulated. 

The table of GuPTA 7 gives the number (n, m) of partitions of n in which 
the smallest part is precisely m, so that p(n) == (n+ 1, 1). Table II (p. 21-79) 
gives (n, m) for n � 300 and 2 � m� [n/5 ] . On p. 81 is a table giving the num­
ber of partitions of n into parts exceeding [ n/ 4) for n� 300. 

A small table of T AIT 1 gives the number of partitions of n into parts � 2 
and � r for n� 32 and r�  17 .  

GIGLI 1 gives the number N ,.(r) of partitions of n into precisely r distinct 
parts not exceeding 10 for r�  10 and all possible values of n. 

The subject of partitions is of course not to be confused with the so-called 
quadratic partitions discussed under j,, giving the actual partitions of numbers 
into several squares, all but one being equal. In this connection we may cite a 
table of GAuss 3 having to do with the number R(n) of representations of n 
as a sum of two squares. Gauss tabulates the sum 

A 
:E R(n) for A == k · 10•, k � 10, m == 2, 3, and 4. 

This is also the number of lattice points inside a circle of radius y'A'. 

qs. Goldbach's problem 

Goldbach's, as yet unproved, conjecture is that every even number > 2 
is the sum of two odd primes1 > 1. Tables have been constructed to test the 
validity of this conjecture as well as to obtain some information as to the order 
of magnitude of the number G(s) of representations of 2s as a sum of two 
primes. 

CANTOR 1 gives all decompositions of 2n into a sum of two primes by listing 

1 Some writers admit 1 as a prime, however. 
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the lesser of the two primes in each case for 2n� 1000. The number of such 
decompositions is also given. 

HAUSSNER 1 gives the same information as CANTOR 1 ,  but for 2n � 3000, 
and in addition gives the number of decompositions of 2n = Pt + Ps (Pt < Pt) for 
2n � 5000. As an auxiliary table the values of P(n) - 2P(n-2)+P(n-3) and 
of P(n) , the number of odd primes � n, are given for each odd n� 5000. 

PIPPING 1 lists for each even number 2n� 5000 the smallest and largest 
primes < n  which enter into the representation of 2n as a sum of two primes, 
together with the value of G(2n) , the number of pairs of primes (pt, Pt) such 
that Pt + Pt = 2n, the pairs (Ph Pt) and (Pt, Pt) being reckoned as distinct if 
Pt�Pt· 

PIPPING 2 gives G(2n) for 2262 � 2n� 2360, 4902 � 2n � 5000 and 29 982 
� 2n�30 080 together with the corresponding values of two approximating 
functions. PIPPING 3 gives G'(2n) , the number of decompositions of 2n as a 
sum of two primes in Haussner's sense in which 2n= Pt+Pt= Pt+Pt are reck­
oned as one decomposition, for the same values of 2n as occur in PIPPING 2, 
and also the values of G(2n) for 120 072 � 2n � 120 1 70. 

HAUSSNER 4 has a table of the number of representations of 2n as a sum of 
two numbers divisible by no prime � Pr, where Y, < 2n < P�+ t for 2n � 500, and 
eleven other values of 2n between 4000 and 4166. 

STXCKEL 1 has a similar table due to Weinreich for n = 6k�  16 800. 
PIPPING 4 has a table of those even numbers 2n which exceed the largest 

prime less than 2n- 2 by a composite number for 5000� 2n� 60 000. With each 
such number 2n is given the least prime p such that 2n-p is also a prime. 

GRAVE 3 gives G'(2n) for 2n� 1500. 
Two tables give verifications of Goldbach's conjecture at isolated points 

up to high limits. 
• 

CuNNINGHAK 10 bas tested the conjecture for even numbers 2n of the 
form k ·  2•, k - 1 ,  3, 5, 7, 9, 1 1 ,  

1 2•, 20•, 2 · to•, 6•, to•, t4•, t8•, 22•, 2 "'(2•  ± t) 

and also 2 · k", k= 3, 5, 7, 11 and 2(2 "± r) ,  r� 11 and odd, up to, in some cases, 
2n� 200 000 000. 

SHAH and WILSON 1 give the number of decompositions of 2n into the sum 
of two primes, and also into the sum of two powers of primes for 35 values of 2n 
from 30 to 1 70 1 72. 

A curious table of ScHERK 1 expresses the nth prime p,. in terms of all 
previous primes as a sum of the form 

10-l 
p .. = 1 + L ttPi 

1:-1 

where e:- 1 for k<n- 1 ,  while t,._t = 1 or 2. 
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q1• Waring's problem 

The eighteenth century conjecture of Waring that every number is the sum 
of at most 9 positive cubes, at most 19 fourth powers and so on, has given rise to 
a large number of tables. The Waring problem has been generalized in many 
ways, but almost all tables refer to the problem of representing numbers as 
sums of positive kth powers. 

These tables are of two sorts : basic tables dealing with the representation 
of numbers from 1 to N as sums of some limited number of kth powers, and 
special tables giving such information for miscellaneous ranges of numbers be­
tween certain high limits. Tables of this latter type are more recent and owe 
their existence to attempts to connect with results obtained analytically prov­
ing a "Waring theorem" for all large numbers, say n > N, and thus to prove the 
Waring theorem completely. The practical importance of many of these tables 
has been greatly reduced due to refinements in the analytical methods and a 
consequent lessening of the number N, a process which is likely to continue in 
the future. 

Tables relating to Waring's problem for kth powers naturally classify 
themselves according to the value of k, and begin with k = 3. 

Tables of this sort for cubes date from 1835, when ZoRNOW 1 gave the least 
number of cubes required to represent each n� 3000, together with the number 
of numbers between r' and (r+ 1)1 which are sums of no fewer than a specified 
number of cubes, for 1 � ' �  13. 

This table was recomputed and extended by Dase to n� 12 000, and pub­
lished in jACOBI 4. Besides the corresponding distribution tables there is also 
the list of those numbers � 12 000, which are sums of 2 cubes and sums of 
not less than 3 cubes. 

The table of STERNECK 3 gives the minimum number of cubes required to 
represent every number � 40  000 as a sum of cubes. There also appears a 
table of the number of numbers in each chiliad which require a specified num­
ber of cubes from 1 to 9. 

A. E. Western has made a special study of the numbers represented as a 
sum of 4 or 5 cubes. In particular, he has determined for each n - 9k+4 
<810 000, whether the number of representations by 5 cubes is 0, 1 or > 1 .  
These results, and others for selected ranges between 4 · 10' and 4 · to• are sum­
marized in WESTERN 2, where the densities of the various numbers in various 
ranges are given and compared with empirical formulas. 

DICKSON 12  is a manuscript table extending STERNECK 3 from 40 000 to 
270 000. DICKSON 13 is a manuscript table of the sum of 4 cubes from 270 000 
to 560 000. From 300 000 on the minimum number of summands required to 
represent such numbers is indicated. 

A small table of Ko 1 gives the representation of every n� 100, except 76 
and 99, in the form �+r+2s', where �. y, and s are integers, positive, nega-
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tive or zero. The cases n= 6k are omitted from the table, since in this case we 
have (x, y, s) = (k+ 1, k- 1 ,  -k) . 

Three tables on fourth powers may be mentioned. BRETSCHNEIDER 2 gives 
"minimum decompositions" for numbers n ;;! 84= 4096. If s is the least number 
of biquadrateswhose sum is n then all decompositions involving s biquadrates 
are given. Those numbers n whose minimum decompositions are derived 
merely by adding 1' to those of the preceding number are omitted from the 
table. A second table lists all numbers representable by s, but no fewer than s 
biquadrates for s= 2, 3, 4, · · · , 19. A more elaborate table for the same range 
is D.  H. and E. T. LEHKER 1 .  This gives all decompositions of each number 
;;! 4096 into a sum of not more than 19 biquadrates. A table sufficient for find­
ing one minimum decomposition into fourth powers for 4096<n ;;! 28 561 to­
gether with a summarizing table appears in CHANDLER 1 .  

A special table of SPARKS 1 is used to prove that every number ;;! 4184 is 
represented by the form x1+X:+X:+x!+2x:+2x:+4X:+7X:. 

Three tables of fifth powers may be cited. WIEPERICH 1 shows the least 
number of 5th powers required to represent each number n;;!301 1 .  DICKSON 7 
gives a minimum decomposition into 5th powers for all n;;!  150 000, and the 
minimum number of such decompositions for n;;! 300 000. 

DICKSON 1 1  gives a minimum decomposition into sums of fifth powers for 
the ranges 839 000 to 929 000, and 1 466 800 to 1 600 000. This information 
for the range 3 470 000 to 3 500 000 is given in DICKSON 8 (p. 84-154) . On 
p. 154-257 are given the minimum numbers of fifth powers required to repre­
sent all numbers .between 3 500 000 and 3 600 000. 

Tables relating to Waring's problem for higher powers are all very special 
and may be cited as follows : 

For sixth powers--SHOOK 1 ;  seventh powers--YANG 1 ,  MAUCH 1 and 
DICKSON 8 (p. 25-81) ; eighth powers--SUGAR 1 ;  tenth powers--DICKSON 8 
(p. 1-7) ; thirteenth powers--ZuCKERKAN 1 ;  fifteenth and seventeenth powers 
-DICKSON 8 (p. 8-24) . 

HARDY and LITTLEWOOD 2 give values or lower bounds for the number 
r(k) which is the least number s such that every arithmetic progression 
contains an infinity of numbers which are sums of at most s positive kth 
powers, for k ;;! 200. 

Finally, there is the table of PILLAI 1 ,  which gives for each n;;!  100, the 
values of 2", l,. and r,. in the equation 

3" = l,.2" + f',., 

quantities which are important in Waring's problem for nth powers. 
Gupta has published 4 tables dealing with the representation of numbers 

by sums of like powers of primes. In this case 1 is counted as a prime. 
GUPTA 2 has a table showing that every number ;;! 100 000 is a sum of not 

more than 8 squares of primes. GUPTA 6 has a special table for this problem of 
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all integers � 2000 of the form A - (p'- 1)/120, B- (p'- 49)/120, C - A +B, 
where p is a prime. GUPTA 4 gives the least number of cubes of primes required 
to represent each number � 111- 1331, and a list of 150 numbers between 111 
and 20 828 which require 6 or fewer cubes of primes. GUPTA 5 gives tables 
showing that every number � 20 875 (except 1301) is a sum of not more than 
12 cubes of primes. 

Waring's problem with polynomial summands is responsible for a number 
of special tables due to Dickson and his pupils. The summands in question are 
polygonal numbers and certain cubic functions. For polygonal numbers we 
may cite DICXSON 5, ANDERSON 1, GARBE 1, and for cubics, BAltER 1, and 
liABEilZETLE 1. 
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u 

BmLIOGRAPHY 

11. Tables jusqu'tl n=  1200 des Faaorielles nl D�compos�es en Facleurs 
Premiers el en Factorielles Premmes, Louvain, 1928, 481 p. [et, 13-481.] 
Llbrariu: MiU, NN, RPB 

1t. Also in Louvain, Universit�, Laboratoire d'Astronomie et de G�desie, 
Publications, v. 5, no. 56, 1929, p. 1-380 (identical with the same pages 
above) ; v. 6, no. 61, 1930, p. 101-201 (identical with p. 381-481 above) . 

M. R. ANDERSON 
1. Representation as a Sum of Mfllliples of Polygonal Numbers (Diss. Chi­

cago) , Chicago, 1936, ii+54 p. [qa. ] 
Llbrariu: CU, CaM, CaTU, CoU, CtY, DLC, ICJ, ICU, IU, laU, MdBJ, MCM, MiU, 
MnU, MoU, NjP, NN, NNC, NeD, OCU, OU, PU, RPB, TzU, WU 

H. ANJEKA. 
1. Table des Difliseurs de lous Nombres depuis 1 jusqu'tl 10 000, Leyden, 

1 767, 302 p. [e1.] In the same year there were also editions with prefaces 
and title-pages in Dutch, German, and Latin. 
Llbrariu: MiU, NN, RPB 

R. c. AllCHIBALD. 
1. "Mersenne's numbers," Scripta Math. , v. 3, 1935, p. 1 12-1 19. [a : et.] 

F. ARNDT. 
1. "Untersuchungen tiber einige unbestimmte Gleichungen zweiten Grades 

und tiber die Verwandlung der Quadratwurzel aus einem Bruche in 
einen Kettenbruch," Archi'D Math. Phys., v. 12, 1849, p. 21 1-276. Ut, 
249-276.) 

2. "Beitrage zur Theorie der quadratischen Formen," Archi'D Math. Phys., 
v. 1s, 18so, P· 429-478. u.•, 476-478.1 

3. "Tabellarische Berechnung der reducirten binli.ren kubischen Formen 
und Klassification derselben fUr aile successiven negativen Determi­
nanten (-D) von D= 3 bis D- 2000," Archi'D Math. Phys. , v. 31 ,  1858, 
p. 335-448. [n, 35 1-448.] 

R. J. BACKLUND. 
1. "ttber die Differenzen zwischen den Zahlen die zu den n ersten Prim­

zahlen teilerfremd sind," Suomen Tiedeakatemia, Helsingfors, Toim­
iluksia (Annates) , s.A., v. 32, no. 2, 1929, p. 1-9. [b • .  ] 

E. BABlER. 
1. Recherche M�thodique el Propri�tts des Triangles Rectangles en Nombres 
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En#ers, Paris, 1916, vii+266 p. Ua, 255-261.] 
Librllriu: ICU, IU, NjP, PU, RPB, TxU, WU 

F. E. BAXER. 

BIBLIOGRAPHY 

1. A Conlrwution to llu Waring Problem for Cubic Funaions (Diss. Chi­
cago) , Chicago, 1934, ii+39 p. [qa.] 
Librllriu: CU, CaM, CaTU, CoU, CtY, DLC, ICJ, ICU, lEN, IU, IaU, MdBJ, MH, 
MiU, MnU, MoU, NjP, NN, NNC, OCU, OU, PU, RPB, TxU, WU 

A. S. BANG. 
1. "Om tal af formen a•+b--�," Ma.lemalisk Tidsskrijl, B, 1935, p. 49-

59. [k, 57-58.] 

E. BARBETTE. 
1. Les Sommes de pu- Puissances Dislincles �gales (} une pU. Puissance, 

Li6ge, 1910, 154 p. +app. (b7, app.] 
L�Griu: ICJ, IU, MH, NjP, PU 

P. BARLOW. 
1. New Mathematical Tables, London, 1814, w+336 p. [e,*, 1-167.] 

Librllriu: CPT, CaM, CaTU, CoU, CtY, DLC, lEN, MD, MCM, MH, MiU, NhD, 
NNC, RPB 

N. G. w. H. BEEGER 
1. "Quelques remarques sur les congruences rJ0-1 a 1 (mod p1) et (p- 1) I• 

- 1  (mod p1} ," Messenger Math. , v. 43, p. 72-84, 1913. [d,*, 77-83.] 
2. "On the congruence {p - 1) 1a - 1  (mod p1) ," Messenger Math., v. 49, 

p. 177-178, 1920. [b,*, 178.] 
3. "On a new case of the congruence 2P"-1 a 1  (mod p1) ," Messenger Math., 

v. 51 ,  p. 149-150, 1922. [b,: dt.] 
4. "On the congruence 2P"-1 • 1 (mod p1) and Fermat's last theorem," 

Messenger Math., v. 55, p. 17-26, 1925. [b,, 18-25 : dt, 18-25.] 
51. Atltlilions and Co"eclions to " Binomial Fadof'isations" by A. J. Cunning­

ham, Amsterdam, 1933, 12  p. [e..] Hectographed copy. 
Librllriu: RPB 

51• Reprint in revised form by the London Mathematical Society : Supple­
ment to Binomial Factorisations by the late Ll.-Col. AUan J. C. Cunning­
ham, R.E. Vols. I to IX, London, 1933, 1 2  p. 
Librllriu: RPB 

6. "On some numbers of the form 6"s ± 1," Annals of Math. , s. 2, v. 36, 
1935, p. 373-375. [e..] 

7. "Report on some calculations of prime numbers," Nieuw Archie! •· 
Wiskuntle, s. 2, v. 20, 1939, p. 48-50. [b,:  ft.] 

8. "On the congruence 2P"-1 m 1  (mod p•) and Fermat's last theorem," 
Nieflw Archie/ '· Wiskuntle, s. 2, v. 20, 1939, p. 51-54. [b,, 53-54 : ds, 
53-54.) 

9. Primes between 61 621 560 and 61 7 1 1  650 and between 999 999 001 
and 1 000 1 19 1 19. Manuscript in possession of the author. [f1.] 
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1. "Class number and the form xy+}'J+sx," T�hoku Math. Jn.,  v. 19, 

1921 ,  p. 103-1 16. [n, 1 16.] 

J. L. BELL. 
1. "Chains of congruences for the numerators and denominators of the 
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A. A. BENNETT. 
1 .  "The four term Diophantine arccotangent relation," Annals of Math., 

s. 2, v. 27, 1925, p. 2 1-24. [1.] 
2. "Table of quadratic residues," Annals of Math., s. 2, v. 27, 1926, p. 349-

356. [is, 35(}-356.] 
3. "Consecutive quadratic residues," Am. Math. So. , Bflll. ,  v. 32, 1926, 

p. 283-284. [is, 284.] 

G. T. BENNETT. 
1. "On the residues of powers of numbers for any composite modulus real 

or complex," Royal So. London, Phil. Trans. , v. 184A, 1893, p. 189-336. 
[p, 298-336.1 

M. BERTELSEN, see GRAM 2. 

W. E. H. BERWICK. (See also MATHEWS 2.) 
1. Integral Bases (Cambridge Tracts no. 22) , Cambridge, 1927. 95 p. [d., 

68.] 
Librariu: CPT, CU, CaM, CaTU, CoU, CtY, DLC, ICJ, IEN, IU, IaAS, !aU, MdBJ, 
MCM, MH, MiU, MoU, NhD, NjP, NN, NNC, NRU, NeD, OCU, OU, PBL, RPB, 
TxU, WU 

C. E. BICXIIOB.E. (See also CAYLEY 6.) 
1 .  "On the numerical factors of a•- 1," Messenger Math., v. 25, p. 1-44, 

1895. [e.•, 43-44.] 
2. "Sur les fractions decimates periodiques," Now. Ann ales tl. M alh. , s. 3, 

v. 15, 1896, p. 222-227. [e.•, 224-227.] 

C. E. BICX:U:ORE and 0. WESTERN. 
1. "A table of complex prime factors in the field of 8th roots of unity," 
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D. BIDDLE. 
1. "On factorization," Messenger Math. , v. 28, p. 1 16-149, 1898-9. (g, 134-

147 : it, 134-147.] 
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K. K. BILEVICB, see DELONE, SoKINSKii and BILEVICB. 

G. BILLING. 
1. "Beitrage zur arithmetischen Theorie der ebenen kubischen Kurven 

vom Geschlecht eins," K. Vetenskaps Societeten i Upsala, NMa Acta, 
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G. BISCONCINI. 
1. "Soluzioni razionali delle equazioni indeterminate di tipo �+Z:+ · · · 
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1. 0 Pri'Detlenii poloshihl'nykh lrolnichnykh k'Datlratichnykh form po sposobu 

Sellinga, s prilosheniem lablilsy pri'Detlennykh form tllia 'Dstekh opretlie­
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Lilwllriu: RPB 
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1. Periotlische Desimalbrilche,. Berlin 1895, 41 p. [da*, 36-41.] 

Lilwllriu: IU, MH, RPB 

c. A. BltETSCBNEIDElt. 
1. "Tafel der pythagoraischen Dreiecke," Archi'D Math. Phys., v. 1, 1841,  

p. 96-101. Ua ,  97-99.] 
2 .  "Zerlegung der Zahlen bis 4100 in Biquadrate," Jn. f. tl. reine u. angew. 

Math., v. 46, 1853, p. 1-28. [qa*, 3-12.] 

o. BJtUNNElt. 
1. LiJsungseigenschaften tier Kubis chen Diophantischen Gleichung r- i' - D, 

(Diss. ZUrich) , ZUrich, 1933, 91 p. [1, 83-89.] 
Lilwllriu: CtY, DLC, IU, �C, RPB, � 

]. c. BtnlCKBAltDT. 
1 .  Table des Di'Diseurs pour Tous les Nombres tlu Premier Million, ou plus 

e:uulemenl, tlepuis 1 a 1 020 000, (JNC les nombres premiers qui s'y lrou­
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Librllriu: CU, CtY, Mil, NN, NNC, RPB 
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3. Table des Di'Diseurs pour Tous les N ombres tlu Troisieme Million, ou plus 
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Lilwllriu: CU, CtY, IaAS, MH, �. �C, RPB 
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BIBLIOGRAPHY Die 

IaU, KyU, MdBJ, MB, MH, MiU, MnU, MoU, NhD, NjP, NN, NNC, NRU, NeD, 
OCU, OU, PBL, PU, RPB, TXU, WvU, � 

· 4t. Reprint, New York, 1934, xii+486 p. [a, 45-46.] 
LNW�: CPT, CU, CoU, RPB, WvU 

5. "All positive integers are sums of values of a quadratic function of �." 
Am. Math. So. , Bull., v. 33, 1927,  p. 713-720. [q,, 7 18-7 19.] 

6. Sludies in lhe Theory of Numbers, Chicago, 1930, x+230 p. [n*, 15G-151 ,  
1 79-180, 181-185.] 
LNW�: CPT, CU, CaM, CaTU, CtY, DLC, ICJ, ICU, lEN, IU, lnU, IaAS, IaU, 
KyU, MH, MiU, MnU, MoU, NjP, NN, NNC, NRU, NeD, OCU, OU, PBL, PU, 
RPB, TXU, � 

7. Minimum Decompositions into Fiflh POfllers, London, 1933. (Br. Ass. 
Mathematical Tables, v. 3), vi+368 p. [qa.] 
LNW�: CU, IU, NhD, NNC, PBL, RPB 

8. Researches on Waring's Problem (Carnegie Inst. Publ. 464), Washington, 
1935, v+257 p. [q,.] 
LNW�: CU, CPT, CaM, CaTU, CoU, CtY, DLC, ICJ, ICU, lEN, IU, InU, IaAS, 
laU, KyU, MdBJ, MB, MH, MiU, MnU, MoU, NhD, NjP, NN, NNC, NRU, NeD, 
OCU, OU, PBL, RPB, TXU, WvU, � 

9. Modern Elementary Theory of Numbers, Chicago, 1939, viii+309 p. [n, 
58, 79, 1 12-1 13.] 
LNW�: CPT, CU, CaM, CtY, DLC, ICJ, ICU, IaAS, IaU, lnU, MD, MB, MiU, 
MnU, MoU, NhD, NjP, NN, NNC, NRU, NeD, OU, RPB, � 

10. Table of the unique solution � of 1 +g" aga (mod p) for a given n, and 
a given primitive root g of the prime p, Manuscript. [k.] 
LNW�: ICU 

1 1 .  Table of minimum decompositions into fifth powers of the integers from 
839 000 to 929 000, 1 466 800 to 1 600 000, Manuscript. [q..] 
LNW�: ICU 

12. Table of minimum number of cubes required to represent each integer 
from 40 000 to 270 000, Manuscript. [q,.] 
LNW�: ICU 

13. Table of sums of four cubes from 270 000 to 560 000, Manuscript. [q,.] 
LNW�: ICU 

14. History of lhe Theory of Numbers (Carnegie Inst. Publ. 256) , Wash­
ington, v. 1 ,  1919;  v. 2, 1923 ; v. 3, 1927. Reprint, 3 v. , New York, 1934. 
In these volumes are references to tables supplementary to those men­
tioned in the report. A list of such references, arranged according to 
classifications of this report, follows (see Introduction) : 
a v. 1, ch. I, no. 42. 
bt v. 1, ch. V, no. 94. 
bs v. 1, ch. I, no. 363. 
bt v. 1, ch. IV, no. 29. 
c v. 1, ch. VI, DOS. 8, 9. 
dt v. 1, ch. VII, DOS. 2, 4, 55. 
dt v. 1, ch. VI, DOS. 8, 9. 
dt v. 1, ch. VII, DOl. 54, 105 : ch. Vlll, DOS. 

80, 94. 
d. v. 1, ch. I, no. 54: ch. DI, no. 235. 
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ea v. 1, ch. XID. 
e. v. 1, ch. I, DOS. 89, 139:  ch. VI, DOl. 14, 

26, 35, 37, 50, 109, 141 : ch.  XVI: ch. 
XX, no. 27. 

ft v. 1, ch. VI, no. 13 : ch. XID. 
fa v. 3, ch. I, no. 16. 
1 v. 1, ch. XIV, no. 37. 
h v. 2, ch. U, no. 41. 
L v. 3, ch. I, DO. 20. 
Jt V. 2, ch. XU, DOl. 65, 72, 82, 99, 102, 
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107' 135, 273. 
j, v. 2, ch. XVI, DOS. 1, 70, 77: v. 3, ch. 

I, DOL 16, 94. 
Ja v. 2, ch. IV, DOL 42, 96, p. 189-190: 

ch. V, DOL 16, 31, 48, 59 : ch. Vlll, 
no. 41. 

t v. 1 ,  ch. vm, nos. 136, 137. 
Librariu: See 4t above. 

L. L. DINES. 

BmuoGKAPBY 

I v. 2, ch. XX, DOL 56, 58: ch. XXII, 
no. 107. 

m V. 2, ch. XU, DOL 145, 232, 273. 
n v. 3, ch. I, nos. 18, 126 :  ch. U, no. 31 : 

ch. IV, nos. 14, 15 : ch. V, no. 196 
(p. 150) : ch. IX, no. 20. 

q, V. 2, ch. ill, DOL 9, 32, 77. 

1 .  "A method for investigating numbers of the form 6•s ± 1 ," Annals of 
M<Uh., s. 2,  v. 10, 1909, p. 105-1 15 .  [f,*, 1 1 1-1 15.] 

W. P. DURFEE. 
1 .  Factor table for the 16th million, Manuscript, compiled 1923-29. For 

a complete account of the table see Scripta M<Uh., v. 4, 1936, p. 101.  
[e1* : f1.] 
Librariu: Am. Math. So., New York City. 

W. C. EELLS. 
1. [Solution of a problem] , A.m. M <Uh. Mo. , v. 2 1 ,  1914, p. 271-273. Ua.] 

G. EISENSTEIN. 
l1. "Neue Theoreme der haheren Arithmetik," Jn. f. tl. reine u. angew. 

M<Uh., v. 35, 1847, p. 1 17-136. [n, 136.] 
1,. M<Uhem<Uische A.bhantllungen, Berlin, 1847, p. 177-196. [n, 196.] 

Librariu: CPT, CU, CaM, CoU, CtY, ICU, lEN, IU, MB, MB, NhD, NjP, NNC, 
NeD, OCU, RPB, WU 

2. "Tabelle der reducirten positiven temaren quadratischen Formen, nebst 
den Resultaten neuer Forschungen Uber diese Formen, in besonderer 
RUcksicht auf ihre tabellarische Berechnung," Jn. f. tl. reine u. angew. 
Math., v. 41,  1851 ,  p. 141-190. [n, 169-190.] 

3.  "Anhang zu der 'Tabelle der reducirten positiven ternaren quadratischen 
Formen, etc. ' im vorigen Hefte," Jn. f. tl. reine u. angew. M<Uh., v. 41 ,  
185 1 ,  p.  227-242. [n.] 

J. D . ELDER, see D. N. LEHKER 3,. 

E. B. EscoTT. [See also Pot1LET 5.] 
l1. "The converse of Fermat's theorem," Messenger Math., v. 36, p. 1 75-

1 76, 1907. [de, 1 76.] 

t,. French transl. by J. FITZ-PATRICK, "L'Inverse du th&>r�me de Fermat," 
Sphin� Oetlipe, v. 2,  1907, p. 146-148. [de, 147-148.] 

L. Et1LER. 
l1. "De numeris amicabilibus," Opuscula Yarii A.rgumenli, Berlin, v. 2 ,  

1 750, p .  23-107. [a, 105-107 : b, ,  27-32 : e, ,  27-32.] 
Librariu: DLC, ICJ, ICU, IU, MdBJ, MH, NjP, NN, RPB 

1,. Commeni<Uiones A.rithmelicae, St. Petersburg, v. 1 ,  1849, p. 102-145. 
[a, 144-145 : bt, 104--109 : e,, 104--109.] 
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Librariu: CU, ICU, KyU, MdBJ, MH, NN, NNC, RPB 
1a. Opera Omnia, Leipzig, s. 1 ,  v. 2, 1915, p. 8(r162. [a, 159-162 : bt, 90-95 : 

es, 90-95.] 
Librariu (also for s. 1,  v. 3) : CU, CaM, CtY, DLC, ICJ, ICU, lEN, IU, IaAS, IaU, 
MdBJ, MH, MiU, MnU, NhD, NjP, NN, NNC, NeD, OCU, PU, RPB, TxU, WU 

1 ,. French transl. in Sphinx Oedipe, v. 1 ,  1906, Supplement, p. i-lxxvi. 
[a, lxxv-lxxvi : bt, iv-xi : es, iv-xi.]* 

2t .  "De numeris primis valde magnis," Acad. Sci. Petrop. ,  Nofli Commen­
larii, v. 9 (1762-3) , 1 764, p. 99-153. 
[et, 128-153 : fs, 123-127 : it, 1 1 2-1 1 7.] 

2s. Commenlaliones Arilhmelicae, v. 1, 1849, p. 35(r378. [es, 369-378 : fs, 
367-369 : it, 362-364.] 

2a. Opera Omnia, s. 1 ,  v. 3, 1917,  p. 1-45. [es, 26-45 : fs, 22-25 : i., 13-1 7.] 
2,. French transl. in Sphinx Oedipe, v. 8, 1913, p. 1-12 ,  2 1-26. [e,, 1 1-12,  

2 1-26 : fs, 10-1 1 :  it, 7. ]  
3t .  "De partitione numerorum," Acad. Sci. Petrop., NOfli Commenlarii, v. 3 

(1 750-1) ,  1 753, p. 125-169. [qt, 165-169.] 
3,. Commenlaliones Arilhmelicae, v. 1, 1849, p. 73-101 . [qt, 97-101 .] 
3a. Opera Omnia, s. 1, v. 2, 1915 ,  p. 254-294. [q., 290-294.] 

D. K. FADDEEV. 
1. "Ob uravnenii [on the equation] zl+y1 - As1," Akad. Nauk S.S.S.R. , 

Leningrad, Fiz-mat. lnst. imeni V. A. Stekloff, Trudy, v. S, 1934, p. 25-
40. [1, 40.] 

A. FLECHSENHAAR. 
1. "Die Gleichung x"+y•- s• e O  {mod n1) ," Z. f. math. u. nalw. Unler­

richl, v. 40, 1909, p. 265-275. [k, 275.] 

M. FROLOV. 
1. "Sur les r&idus quadratiques," Ass. Fran�. pour l'Avan. d. Sci. ,  

Comptes Rendus, v. 21, pt. 2, 1892, p. 149-153. [it, 158-159.] 

E. R. G.uBE. 
1. New Waring theorems for extended polygonal numbers (Master's the­

sis, Chicago) , Chicago, 1937, i+ 13 p. Manuscript. [q,.] 
Librariu: ICU 

K. F. GAUSS. 
1t. Disquisiliones Arilhmaicae, Leipzig, 1801, xviii+668+app. 10 p. [c, 5-

6 :  da, 1-2 : is, 3-4 :  o, 638, 665.] 
Librariu: CtY, DLC, lEN, IU, IaU, MB, MH, MiU, NN, NNC, PU, RPB, TzU 

1s. Werke, v. 1 ,  GOttingen, 1863, second ed. ,t 1870, 474 p. [c, 470 : da, 468 : is, 469: o, 357,  463.] 
Librariu: I eel. CU, CaM, CtY, ICJ, ICU, NN, RPB; U cd. CPT, CaM, CaTU, CtY, 

1 In all double entries under Gauss, we have not given separate numbers to articles in the 
first and lleCOnd editions of Gauss' W erie, v. 1-2, where the page numbers are identical in GAoss 
1-7. 
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DLC, lEN, IaAS, IaU, IU, KyU, MdBJ, MB, MH, MiU, NhD, NjP, NNC, NeD, 
OCU, OU, PU, RPB, TzU, WU 

11• Recherches Aruhmttiques, French transl. by A. C. M. PoULLET-DEUSLE, 
Paris, 1807, xxii+502 p. [c, 501-502 : da, 497-498 : is, 4�500: o, 469, 
489.] 
Librariu: CaTU, CtY, DLC, ICJ (1910), ICU, InU, MB, MH, MiU, NhD, NNC, 
NeD (1910), PU, RPB 

1,. Untersuchungen aber hohere Aruhmetik, German transl. by H. MASER 
of the Disquisuiones (p. 1-448, 451-453) , with "Zusatze" {p. 449-450) 
and "Abhandlungen" and Gauss "Nachlasse" with "Bemerkungen" (p. 
455-695) ,  Berlin, 1889, xiii+695 p. [c, 453 : da, 451 :  is, 452 : o, 428, 448.] 
Librariu: CU, ICU, IU, MH, MiU, MnU, NNC, PU, RPB, TzU 

21. "Theoria residuorum biquadraticorum," Gesell. d. Wiss. z. Gtsttingen, 
Commentationes • • •  recentiores, Cl. math., v. 6, 1828, p. 27-56; v. 7 ,  
1832, p.  89-148. [d,, 35-37 : p ,  131-133.] 

2s. Werke, v. 2, 1863, second ed. ,  1876, p. 65-92, 93-148. [d,, 73-75 : p, 132-
134.] 
Lilwariu: I ed. CU, CaM, CtY, ICJ, ICU, NN, NNC, RPB;  ll ed. CPT, CaM, CaTU, 
CtY, DLC, IU, lnU, IaAS, IaU, KyU, MdBJ, MB, MH, MiU, NhD, NjP, NNC, NeD, 
OCU, OU, PU, RPB, TxU, WU 

3. "De nexu inter multitudinem classium, in quas formae binariae secundi 
grad us distribuuntur, earumque determinantem," W erke, v. 2, 1863, sec­
ond ed. , 1876, p. 269-291 .  [is, 287-291 :  q1, 271 .] 

4. "Tafel des quadratischen Characters der Primzahlen von 2 bis 997 als 
Reste in bezug auf die Primzahlen von 3 bis 503 als Theiler," W erke, v. 2, 
1863, second ed. ,  1876, p. 400-409. [i1.] 

5. "Tafel zur Verwandlung gemeiner BrUche mit Nennern aus dem ersten 
Tausend in DecimalbrUche," Werke, v. 2, 1863, second ed. , 1876, p. 
412-434. [c.] 

6. "Tafel der Frequenz der Primzahlen," Werke, v. 2, 1863, second ed. , 
1876, p. 436-443. [fl*.] 

7 .  "Tafel der Anzahl der Classen birulrer quadratischer Formen," W erke, 
v. 2, 1863, second ed., 1876, p. 450-476. [n*.) 

8. "Tafel zur Cyklotechnie," Werke, v. 2,  1863, p. 478-495, second ed.,  
1876, p. 478-496. [es.] 

9. "Indices der Primzahlen im hohern Zahlenreiche," Werke, v. 2, 1876, p. 
506. [Not in first ed.] (p.] 

10. "HUlfstafel bei Auflosung der unbestimmten Gleichung A -Jzz+gyy 
vermittelst der Au.sschliessungsmethode," W erke, v. 2, 1876, p. 507-509. 
[Not in first ed.] [i1.] 

A. GERARDIN. 
1 .  "Table des nombres dont 10 est racine primitive et nombres de la forme 

10" - 1 ," Sphinx Oedipe, v. 3, p. 101-1 12,  1908. [d1, 107-1 10:  da, 107-
1 10 :  es, 104-106.] 

2. "Table des residus quadratiques," Sphinx Oedipe, v. 9, p. 21-22, 1914. 
[il :  il.] 

3. "Congruences 2y'- 1  = 0  (mod p) , Sphinx Oedipe, v. 9, p. 20, 1914. [d,.] 
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4. "Au sujet d'un probl�me de Fermat," L'Interm&liaire d. Math. ,  v. 22, 
1915, p. 1 1 1-1 14. [e,, 1 1 2-1 13.] 

5. "Sur l'equation x1 ± y1 =  ± a," Sphinx Oedipe, v. 10, p. 53-57, 65-70, 
83-88, 1915 ;  v. 1 1 ,  p. 4-8, 22-27,  38-43, 55-59, 7 1-76, 8(r88, 1916;  
v.  12 ,  p.  8-12 ,  2 1-24, 38-40, 54-56, 7 1-74, 1917 .  (1.] 

6. "Factorisations quadratiques et primalite, 1 ," Sphinx Oedipe, v. 27, 
1932, 96+app. 7 p. [fs, app.] 

7 .  Table of the Pell Equation. Manuscript in the possession of the author. 
u •. J 

E. GIFFORD. [See also PETERS, LODGE and TERNOUTH, GIFFORD.] 
1. Primes and Factors, Manchester, 1931 ,  v+99 p. [e1•.] 

Lilwariu: CU, DLC, NhD, NN, RPB 

D. GIGLI. 
1 .  "Sulle somme di n addendi diversi presi fra i numeri 1 ,  2, · · · , m," 

Circolo Mat. d. Palermo, Rendiconti, v. 16, 1902, p. 28o-285. [q., 284.] 

]. GLAISHER. 
1 .  Factor Table for the Fourth Million, Containing the Least Factor of EfJery 

Number Not Divisible by 2,  3,  or 5 between 3 000 000 and 4 000 000, 
London, 1879. 52+ 1 12 p. [e.•, 1-1 1 2 :  f., 40-45, 48-52.] 
Lilwariu: CU, CtY, DLC, ICU, IU, MdBJ, MB, MB, NbD, NN, NNC, PU, RPB 

2. Factor Table for the Fifth Million, Containing the Least Factor of EfJery 
Number Not Divisible by 2, 3, or 5 between 4 000 000 and 5 000 000, 
London, 1880, 1 1 + 1 12 p. [e.•, 1-1 12 :  f1, 6-10.] 
Lilwariu: CU, CtY, DLC, ICU, IU, MB, MH, NN, NNC, PU, RPB 

3. Factor Table for the Sixth Million, Containing the Least Factor of EfJery 
Number Not Divisible by 2, 3,  or 5 between 5 000 000 and 6 000 000, 
London, 1883, 103 + 1 1 2  p. [e.•, 1-1 1 2 :  ft, 1o-64, 7 1-76, 8o-88.] 
Lilwariu: CU, CtY, DLC, ICU, IU, MB, MH, NhD, NN, NNC, PU, RPB 

J. W. L. GLAISHER. 
1 .  "On the law of distribution of prime numbers," Br. Ass. Adv. Sci., Re­

port, 1872, Sectional Trans. , p. 19-21 .  [f •. ] 
2. "Preliminary account of the results of an enumeration of the primes in 

Dase's tables {6,000,000 to 9,000,000) ,"  Cambridge Phil. So. , Proc. , v. 3, 
p. 1 7-23, 1876. [f., 2 1-23.] 

3. "Preliminary account of an enumeration of the primes in Burckhardt's 
tables (1 to 3,000,000)," Cambridge Phil. So. , Proc. , v. 3, p. 47-56, 1877.  
[f., 54-56.] 

4. "On circulating decimals," Cambridge Phil. So. , Proc.,  v. 3, p. 185-206, 
1877. [b., 204-206: c, 204-206 : d,, 204-206.] 

5. "On the value of the constant in Legendre's formula for the number of 
primes inferior to a given number," Cambridge Phil. So. ,  Proc. , v. 3, 
p. 296-309, 1877. [f • . ] 

6. "On the enumeration of the primes in Burckhardt's and Dase's tables," 
Br. Ass. Adv. Sci., Report, 1877, Sectional Trans. , p. 2o-23. [f • . ] 
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7. "On long successions of composite numbers," Messenger Math., v. 7, 
p. 102-106, 1 7 1-176, 1877-8. [fl, 104, 105, 1 7 1-176.] 

8. "An enumeration of prime-pairs," Messenger Math. , v. 8, 28-33, 1878. 
[fl.) 

9. "On certain special enumerations of primes," Br. Ass. Adv. Sci. ,  Rep01'1, 
1878, p. 47o-471 .  [f1 : fa.]* 

10. "Note on the enumeration of primes of the forms 4n+ 1  and 4n+3," 
Br. Ass. Adv. Sci. ,  Rep01't, 1879, p. 268. [ft.] 

1 1 .  "Report of the committee . . .  on mathematical tables," Br. Ass. Adv. 
Sci . ,  Rep01't, 1879, p. 46-57.  [f1r 47-49.] 

12 .  "Separate enumerations of primes of the form 4n+ 1 and of the form 
4n+3," Royal So. London, Proc. ,  v. 29, 1879, p. 192-197. [fa, 195-197.] 

13. "Report of the committee . . .  on mathematical tables," Br. Ass. Adv. 
Sci. ,  Rep01't, 1880, p. 3Q-38. [f1.] 

14. "Report of the committee . . .  on mathematical tables," Br. Ass. Adv. 
Sci., Rep01't, 1881 ,  p. 303-308. [f1.] 

15. "On the function which denotes the difference between the number of 
(4m+ 1)-divisors and the number of (4m+3)-divisors of a number," 
London Math. So. ,  Proc. , s. 1, v. 15, p. 104-122, 1884. [bs, 106: n, 106.]* 

16. "Report of the committee . • .  on mathematical tables," Br. Ass. Adv. 
Sci. , Rep01't, 1883, p. 1 18-127. [f1.] 

1 7. "On the representations of a number as the sum of four uneven squares, 
and as the sum of two even and two uneven squares," Quarterly Jn. 
Math. , v. 20, 1885, p. 8Q-167. [ba, 164-165 : fs, 151-154 :  n, 164-165 : p, 
151-154.) 

18. "On the square of Euler's series," London Math. So. , Proc. , s. 1, v. 2 1 ,  
p .  182-215 ,  1889. lbJ, 190-192 : n,  190.] 

19. "On the function which denotes the excess of the number of divisors of 
a number which e 1 , mod 3, over the number which = 2, mod 3," 
London Math. So. ,  Proc., s. 1, v. 21, p. 395-402, 1890. lbt, 402 : n, 402.] 

20. "On the sums of the inverse powers of the prime numbers," Quarterly 
Jn. Math. , v. 25, 1891 , p. 347-362. [ft, 353.] 

21. "On the series 1/31- 1/51+ 1/71+ 1/11 1- 1/131- • • · ," Quarterly Jn. 
Math.,  v. 26, 1893, p. 33-47. [es, 47.] 

22. "Table of the values of i · f · t · · · (x- 1)/ x, the denominators being the 
series of prime numbers," Messenger Math., v. 28, p. 2-15, 1898. [ft. ]  

23. "Congruences relating to the sums of products of the first n numbers 
and to other sums of products," Quarterly Jn. Math., v. 3 1 ,  1900, p. 1-
35. [b,, 26-28.] 

24. "Table of the excess of the number of (3k+1)-divisors of a number over 
the number of (3k+ 2)-divisors," Messenger Math. , v. 3 1 ,  p. 64-72,  1901 . 
lbt, 67-72 : n, 67-72.] 

25. "Table of the excess of the number of (8k + 1)- and (8k+3)-divisors of 
a number over the number of (8k+5)- and (8k+ 7)-divisors," Messenger 
Math., v. 3 1 ,  p. 82-91,  1901 . lbt, 86-91 : n, 86-91.] 

26. "On some asymptotic formulae relating to the divisors of numbers," 
Quarterly Jn. Math. , v. 33, 1902, p. 1-75, 18Q-229. lbJ, 42, 193, 204, 213.]  
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27. Number-Divisor Tables (Br. Ass. Mathematical Tables, v. 8), Cambridge 
1940, x+ 100 p. [b., 2-71 :  bs, 2�, 72-100: e,, 2-63.] 

B. GOLDBERG. 
1. Primsahlen- und Factoren-Tafeln von 1 bis 251 647, Leipzig, 1862, 285 

p. [e,•.] 
LibrtJriu: RPB • 

2. Resl- und Quolieni-Rechnung, Hamburg, 1869, 138 p. [d., 97-138.] 
LibrtJriu: NNC 

V. GOLUBEV. 
1. Factor table of the eleventh and twelfth millions. Manuscript. [e..] 

LibrtJriu: Stekloff Inst., Moecow. 

H. GooDWYN. 
1. The First Cemenary of a Series of Concise and Useful Tables of AU the 

Complete Decimal Quotients which can arise from dividing a unit, or any 
whole number less than each divisor, by all integers from 1 to 1024. To 
which is now added a tabular series of complete decimal quotients for all the 
proper vulgar fractions of which, when in their lowest terms, neither the 
numerator nor the denominator is greater than 100; with the equiNlenl 
vulgar fractions prefixed, London, 1818, xiv+ 18 ;  vii+30 p. [b.: c.] 
Librories: CtY (specimen 1816), RPB 

2. A Tabular Series of Decimal Quotients for AU Proper Vulgar Fractions 
of which, when in their lowest terms, neither the numerator nor the denomi­
nator is greater than 1000, London, 1823, v+153 p. [b, : c.] 
LibrtJriu: ICJ 

3. A Table of Circles arising from the Division of a Unit, or A ny Other Whole 
Number, by AU the Imegers from 1 to 1024, being aU the pure decim4l 
quotients that can arise from this source, London, 1823, v+ 1 18 p. [c.] 
Libraries: 

T. GOSSET. (See also CUNNINGHAK and GOSSET.] 
1. "On the law of quartic reciprocity," Messenger Math., v. 41,  p. 65-90, 

191 1 .  [d,, 84-85.] 

C. GOUWENS. 
1. "The decomposition of 4(zP- 1)/(z- 1) ," Am. Math. Mo. ,  v. 43, 1936, 

p. 283-284. [o•.] 
2. "The decomposition of 4(zP- 1)/(z- 1)," Iowa Acad. Sci., Proc., v. 43, 

1936, p. 225-262 ; v. 44, 1937, p. 137-138. [o.] 

J. p. GRAY:. 
1 .  "Unders9lgelser angaaende mengden af primtal under en given grense," 

K. Danske Vidensk. Selskabs, Skrifter, s. 6, v. 2, p. 183-288, 1884. [ba, 
268-286 : f., 268-288.] 

2 .  "Rapport sur quelques calculs enterpris par M. Bertelsen et concernant 
les nombres premiers," Acta Math., v. 1 7, 1893, p. 301-314. [f., 312-314.] 
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D. 0. GllAVE. 
1 .  "Pro prosti �isla vjdu f> == 4n+3," [On the primes of the form 4n+3], 

Vseukrajins'ka Akad. Nauk, Kief, Zurnal mal. ciklu (anno 3),  v. 1 ,  no. 4, 
1934, p. 91-95. [o•, 93-95.] 

2.  "Pro dejaki kvadrati�ni polja," [On certain quadratic fields], Vseu­
krajins'ka Akad. Nauk, Kief, Zurnal mal. ciklu (anno 3),  v. 1 ,  no. 4, 
1934, p. 97-1 12 .  [o•, 98-109.] 

3 .  Traklat s Algtlwichnogo Analisu, v. 2, Kiev, 1938, 400 p. [d1*, 362-391 :  
da, 362-391 :  e1•, 325 : qt*, 19-22.] 
Libroriu: CU, CtY, DLC, NN, NNC, RPB 

H. GUPTA. 
1. "A table of partitions," London Math. So. ,  Proc., s. 2, v. 39, 1935, p. 

142-149 ; v. 42, 1937,  p. 546-549. [qt.] 
2 .  "Decompositions into squares of primes," Indian Acad. Sci . ,  Proc. , sect. 

A, v. 1 ,  1935, p. 789-794. [q1, 790-794.] 
3. "On a conjecture of Ramanujan," Indian Acad. Sci . ,  Proc. , sect. A, 

v. 4, 1936, p. 625-629. [qt, 626-629.] 
4. "Decompositions into cubes of primes II," Indian Acad. Sci . ,  Proc. ,  

sect. A ,  v .  4 ,  1936, p .  216-221 .  [qa, 21 7-220.] 
5. "Decompositions into cubes of primes," Tbhoku Math. Jn. ,  v. 43, 1937,  

p. 1 1-16. [q,, 12. ]  
6. "On a conjecture of Chowla," Indian Acad. Sci. ,  Proc., sect. A, v. 5, 

1937,  p. 381-384. [q,, 382-384.] 
7. Tables of Partitions, Madras, The Indian Mathematical So. ,  1939, 

vi+82 p. [qt, 8-81 .] 
Librcviu: IU, RPB 

M. HABERZETLE. 
1. Representation of large integers by cubic polynomials (Master's thesis, 

Chicago) , Chicago, 1936, iii+27 p. Manuscript. [q,.] 
Libraries: ICU 

E. H. HADLOCK. 
1 .  "Progressions associated with a ternary quadratic form," Am. Jn. 

Math. , v. 57,  1935, p. 274-275. [n.] 

M.  HALL. 
1. "Slowly increasing arithmetic series," London Math. So. , Jn. ,  v. 8, 1933, 

p. 162-166. [b., 166 :  et, 166.] 

G. B. HALSTED. 
1 .  M ttrical Geometry, and Elemtnlary Treatise on M enswation, Boston, 

1881 ,  vii+232 p. Ua*, 147-149, 167-170.] 
Libroriu: CPT, CU, mN, IU (1900), InU (1883), IaAS, MiU, MnU, NjP, NNC (1900) ,  
NcD, RPB 

G. H. HARDY and J. E. LITTLEWOOD. 
1. "Partitio numerorum III : On the expression of a number as a sum of 
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primes," Acta Math. , v. 44, 1923, p. 1-70. [ft, 39, 43, 44, 63 : q,, 39.] 
2. "Some problems of partitio numerorum VIII," London Math. So. ,  

Proc. ,  s. 2, v. 28,  1928, p. 518-542. [qa, 540-542.] 

G. H. liAJu>y and S. RAKANUJAN. 
t.. "Asymptotic formulae in combinatory analysis," London Math. So. ,  

Proc., s. 2, v. 17 ,  1918,  p. 75-115 .  [q1*, 1 12-1 15.] 
1, .  Collected Papers of Srinifasa Ramanujan, Cambridge, 1927, p. 276-309. 

[ql•, 306-309.] 
Libroriu: CPT, CU, CaM, CoU, CtY, DLC, ICU, IU, IaAS, IaU, MdBJ, MCM, MH, 
MiU, NbD, NjP, NN, NeD, OCU, OU, PU, RPB, WU 

R. HAUSSNER. 
1 .  "Tafeln fUr das Goldbachsche Gesetz," K. Leop. Carol Deutschen Akad. 

d. Naturforscher, Abhandlungen, v. 72, no. 1, Halle, 1897. [q,•, 25-1 78, 
181-191 ,  195-210.) 

2 .  "Reste von 2r-1 - 1  nach dem Teiler p1 fUr alle Primzahlen his 10 009," 
Archifjor Math. og Natunridenskab, v. 39, no. 2, 1 7  p.,  1925-6. [b,, 6-1 7 :  
d,, 6-17.] 

3. " Uber numerische LOsungen der Kongruenze ur-1 - 1 • 0 (mod p2) ," 
Jn. f. d. reine u. angew. Math. , v. 156, 1926, p. 223-226. [b,, 226.] 

4. "Untersuchungen Uber LUckenzahlen und den Goldbachschen Satz," 
Jn. f. d. reine u. angew. Math., v. 158, 1927, p. 1 73-194. [q,, 193-194.] 

M. A. HEASLET, see UsPENSXY and HEASLET. 

H. HERTZER. 
1. "Periode des Dezimalbruches fUr 1/ p, wo p eine Primzahl," Archi' 

Math. Phys. ,  s. 3, v. 2, 1902, p. 249-252. [d,*.) 

H. HoLDEN. 
1. "On various expressions for h, the number of properly primitive classes 

for a determinant - p, where p is a prime of the form 4n+3," Messenger 
Math. , v. 35, p. 73-80, 1905. [o, 79-80.] 

2. "On a property of the function Z in the transformation 4X 11 - J'1 
- ( - t) <r-t> /tpZ1," Messenger Math., v. 37, p. 13�139, 1908. [o, 136-
137.] 

S. HOPPENOT. [See also K:RAITCmX and HOPPENOT. ) 
1 .  "Courrier du Sphinx," Sphinx, Brussels, v. 4, 1934, p. 189-190; v. 5, 

1935, p. 48. [e,.] 
2. Tables des Solutions de la Congruence x'& - 1  (mod N) pour 100 OOO < N  

< 200 000, (Librairie du Sphinx) , Brussels, 1935, 1 8  p .  [d,.] 
Libroriu: RPB 

J. HottEL. (See also LEBESGUE 2.) 
1. Tables Arithmttiques, Paris, 1866, 44 p. [c, 41-44 : da, 3�0.] 

Libroriu: CU, MH, RPB 
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M. HusQUIN. 
1 .  "ttude statistique des nombres premiers," Sphinx, Brussels, v. 4, 1934, 

p. 147. [fl.] 

E. L. INCE. 
1. Cycles of Reduced Ideals in Quadratic Fields. (Br. Ass. Mathematical 

Tables, v. 4) London, 1934, xvi+80 p. U1 : m: p.] 
��: CoU, CtY, IU, �C, RPB 

G. INGHIRAIU. 
11. Elementi di Malemaliche, Florence, v. 1 ,  1832. [e1.] 

Libr�: 
1s. Corso Elementare di M alematiche Pure, riordinale per cur a di G. Antonelli 

ed. E. Barsanti, Florence, v. 1 ,  1856. [e1.] 
Librcwiu: 

1,. Table des N omlwes Premiers et de la D�composition des N omlwes de 1 d 
100 000 . . . suiflie de la Table des Bases des N omlwes Tessar�ens de 1 d 
20 000, Paris, 1919, xi+35 p. [e1*.] 
��: NjP, NN, NNC, RPB 

K. G. J. ]ACOBI. 
1 1. "Beantwortung der Aufgabe s. 212  dieses Bandes." Jn. f. d. reine •· 

angew. Math., v. 3, p. 301-302, 1828. [d,.] 
1s. Gesammelte Werke, Berlin, v. 6, 1891 ,  p. 238-239. [d,.] 

��: CU, CaM, CaTU, CoU, CtY, DLC, ICJ, ICU, IU, IaAS, TaU, KyU, MdBJ, 
MB, MCM, MH, MiU, MnU, NhD, NjP, �C, NeD, OCU, OU, PBL, PU, RPB, 
TzU, WU 

2. Canon Arithmeticus, sift tabulae quibus edibentur pro singulis numeris 
primis ftl primorum potestalibus infra 1000 numeri ad dalos indices et 
indices ad datos numeros pertinentes, Berlin, 1839, xl+248 p. [dt, 1-248 : 
ds, iii-v : da, 1-248.)* 
��: CPT, DLC, IaAS, MH, MiU, MnU, NbD, �. PU, RPB 

31. "ttber die Kreistheilung und ihre Anwendung auf die Zahlentheorie,"  
Jn. f. d.  reine u .  angew. Malh., v.  30, p. 1Mr182, 1846. Us*, 1 74-180:  k, 
181-182.] 

3,. Opuscula Malh., Berlin, v. 1, 1846, p. 317-334. [j,•, 326-332 : k, 333-
334.] 
Libr�: IaAS, MH, MiU, NhD, PU, RPB 

3,. Gesammelte Werke, Berlin, v. 6, 1891 , p. 254-274. Us*, 265-271 : k, 272-
274.] 

41. "ttber die Zusammensetzung der Zahlen aus ganzen positiven Cuben ; 
nebst einer Tabelle fUr die kleinste Cubenanzahl, aus welchen jede Zahl 
bis 1 2  000 zusammengesetzt werden kann," Jn. f. d. reine •· angew. 
Malh. , v. 42, p. 41-69, 1851 .  [qa, 62-69.] 

4,. Opuscula Malh., v. 2, 185 1 ,  p. 361-389. [qa, 382-389.] 
4,. Gesammelte Werke, v. 6, 1891 , p. 322-354. [qa, 346-354.] 
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s. A. ]OPPE. 
1 .  Solutions of z1+y1+s2 - w1• Manuscript in possession of the author. 

Libroriu: RPB (copy) 

E. DE ]ONCOUU. 
1 .  De Natura el Praeclaro us• Simplkissimae Speciei Numerorum Tri­

gtmalium, The Hague, 1762, viii+36+224+7 p. [b,, 1-224.] 
Libroriu: NN, RPB 

B. W. JoNES. 
1 .  A Table of Eisenstein-reduced PosuifJe Ternary-Quadratic Forms of De­

terminanl � 200 (Nat. Research Council, Bull. no. 97) , Washington, 
Nat. Acad. Sci. , 1935, 51  p. [n.] 
Libroriu: CU, CaTU, CtY, DLC, ICJ, lEN, IU, IaAS, MdBJ, MB, MCM, MH, MiU, 
MnU, NjP, NN, OCU, OU, PBL, RPB 

B. W. JoNEs and G. PALL 
1. "Regular and semi-regular positive, ternary quadratic forms," Acta 

Math. ,  v. 70, 1939, p. 165-191 . [n, 190-191 .) 

C. F. KAUSLEB.. 
1. "De Numeris qui semel vel pluries in summam duorum quadratorum 

resolvi possunt," Akad. Nauk, S.S.S.R., Leningrad, NOfJa Acta, v. 14, 
ad annos 1 797-8, p. 232-267 ,  1805. [b,, 253-267.] 

J. KAv1N. 
11. Rosklad Vletkjch Cisel Celjch od 2 do 256 000 fJ PrfJolinmle and on the 

second title-page : T a1Jula Omnibus a 2 usque ad 256 000 N umeris I nlegris 
Omnes DifJisores Primos Praebens (Observatorium Publicum, Stara 
f>ala, Bohemoslov) , Prague, 1934, xi+514 p. [ft.] 
Libroriu: CU, CaM, ICU, NjP, NNC, RPB 

1,. Factor Tables gifJing the Complete Dtcomposuitm into Prime Factors of 
All Numbers up lo 256 000 · · · . With prefaces by B.  Stembeck and 
K. Petr, and introduction by Arthur Beer. London, 1937, xii+514 p. [ft.l 
Libroriu: MiU, NN, NNC, RPB 

F. KESSLER, see Bou. 

C. Ko. 
1. "Decompositions into four cubes," London Math. So. ,  Jn., v. 1 1 ,  1936, 

p. 218-219. [qa, 219.] 

A. N. KoRXIN. 
1. "0 raspredelenii tselykh chisel po prostomu modullu i o dvuchlennykh 

sravneniakh s tablitse1u pervoobraznykh kornel i kharakterov k nim 
otnosiishchikhsi&, dha prostykh chisel men'shikh 4000" [On the distribu­
tion of integers with respect to a prime modulus and on binomial con­
gruences with a table of primitive roots and of characters corresponding 
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to them for all primes less than 4000],  MalematicheskiJ Sbornik, v. 27,  
1909, p. 28-1 15, 1 2 1-137. [dt, 12 1-137 : cia, 12 1-137 : e,, 121-137.] 

M. KRAITCHIK. 
1 .  "Tables/' Sphinx Oedipe, May 191 1 ,  Num�ro Sp�cial, p. 1-10;  v. 6, 

1912,  p. 25-29, 39-42, 52-55. [dt : dt.] 
2. D�composition de a" ± b" en Facteurs dans le Cas ou nab est un Carrt 

Parfait avec une Table des Dkompositions Numlriques pour Toutes lu 
Valeurs de a et b lnjtrieurs a 100, Paris, 1922, 16 p. [e,, 9-16 :  o*, 3, 6.] 
Libraries: CU, CtY, IU, IaAS, NjP, NeD, PJ.T, RPB 

3. Thtorie des Nombres, v. 1, Paris, 1922, ix+229 p. [da*, 214-2 1 7 :  d,, 208-
2 13 :  e,, 218-222 : it*, 187-204 : it, 205-207 : ia*, 164-186.] 
Libraries: CU, CaM, CoU, CtY, ICU, IU, IaAS, MdBJ, MCM, MH, MnU, MoU, NjP, 
NN, NNC, OCU, OU, PBL, PU, RPB, WU 

4. Recherches sur la Thtorie des Nombres, v. 1 ,  Paris, 1924, xvi+272 p. 
lbt, 23 : dt*, 55-58, 61 ,  131-145 : dt*, 53, 55, 63-65, 131-204 : cia*, 69-70, 
216-267 : d,, 62-63 : df, 39-41,  59-63 : e,*, 12-14, 20, 24-26, 77-80, 92 : 
ft*, 10, 14-16, 131-191 : f,*, 9-12, 15-16, 53, 192-204 : h, 27,  69 : it, 46, 
87 : it, 46 : ia*, 205-215 :  jt*, 46, 48-50: it*, 48-50, 192-204 : k, 39-41 : 
o•, 88, 93-129, 270.] 
Libraries: CU, CoU, CtY, ICU, IU, InU, IaAS, MH, MiU, NjP, NN, NNC, OCU, 
PBL, PU, RPB, WU 

5. "Sur les nombres de Fermat," Inst. d. France, Acad. d. Sci., Comptes 
Rendus, v. 180, 1925, p. 799-801 .  [e,. ]  

6. Thtorie des Nombres, v .  2 ,  Paris, 1926, iv+251 p .  [dt*, 233-235 : e,*, 221-
232 : ft, 233-235 :  it*, 156-166 :  j,•, 241-242 : m*, 3�71 : n, 1 19.] 
Libraries: CU, CaM, CoU, ICU, IU, InU, IaAS, MdBJ, MCM, MH, MiU, MnU, MoU, 
NjP, NNC, NeD, OCU, OU, PBL, PU, RPB, WU 

7. Recherches sur la Thlorie des Nombres, v. 2 ,  Paris, 1929, xv+ 184 p. 
lbt. 152-159 : e,, 84-150, 152-159 : o, 2-4, 6.]* 
Libraries: CtY, InU, IaU, MiU, NjP, NN, PU, RPB 

8. "Factorisation de 2'•+ 1 ," Sphinx, Brussels, v. 2, 1932, p. 84-85. [e,.] 
9. "Les grands nombres premiers," M athematica, Cluj, v. 7, 1933, p. 92-94. 

[ft*, 93.] 
10. "Sur les nombres premiers," Sphinx, Brussels, v. 3, 1933, p. 1()()-101 . 

[ft.] 
1 1 .  "Courrier du Sphinx," Sphinx, Brussels, v. 4, 1934, p. 48. [e,.] 
12 .  "Les grands nombres premiers," Deuxi�me Congr�s Int. d. Rkr�ation 

Math., Comptes Rendus, Brussels, 1937, p. 69-73. [et : ft.] 
13.  "Factorisation de 2" ± 1 ,"  Sphinx, Brussels, v. 8, 1938, p. 148-150. [e,.] 

M. KRAITCHIK and S. HoPPENOT. 
1. "Les grands nombres premiers," Sphinx, Brussels, v. 6, 1936, p. 162-

166 ;  v. 8, 1938, p. 82-86. [et : ft.] 

A. A. KRISHNASWAMI. 
1 .  "On isoperimetrical pythagorean triangles," Tbhoku Math. Jn., v.27 ,  

1927, p. 332-348. Ua, 344-347.] 
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J. P. KULIK. 
1 .  Tafeln der Quadrat- untl Kubik-Zahlen aller nalurlichen Zahlen bis 

Huntlert Tausentl, nebst ihrer Anwentlung auf die Zerlegung grosser 
Zahlen in ihre Faktoren, Leipzig, 1848, vii+460 p. [ft, 405-407 : g, 408-
418 : il, 408-418:  j,, 405-407 : 1, 407-408.] 
Libraries: MH, NNC, RPB 

2. "0ber die Tafel primitiver Wurzeln," Jn. f. d. reine u. angew. Math. ,  
v. 45, 1853, p. 55-81 .  [d1 , 55 : da, 56-81 .] 

3. Magnus Canon Divisorum pro Omnibus Numeris per 2, 3, et 5 non Divisi­
bilibus, et numerorum primorum interjactntium ad Millies centena milia 
accuratis ad 100 330 201 usque, 8 manuscript volumes, deposited in the 
Vienna Academy of Sciences in 1867, the second of which was missing 
in 191 1 .  [et .] 
Kulik had died in 1863. Accounts of this manuscript have been given by 
J. Petzval in Akad. d. Wiss. ,  Vienna, math.-natw. Kl. ,  Sitsungsb. ,  v. 53, 
1866, p. 460-462 ; and by D. N. LEHMER 1 , cols. IX, X, XIII, XIV, and 
D. N. LEHMER 2, cols. XI, XII. A photostatic copy of that part of 
Kulik's table which extends from 9 000 000 to 12 642 600 is in the 
possession of D. H. Lehmer. 

C. A. LAISANT. 
1 .  "Les deux suites fibonacciennes fondamentales (u..) ,  (v,.) . Table de leurs 

termes jusqu' a n = 1 20," Enseignement Math. ,  v. 21 ,  1920, p. 52-56. [b,, 
53-56.] 

F. LANDRY. 
1. Dlcomposuion des Nombres 2" ± 1 en let�rs Facteurs Premiers de n - 1 ,  d 

n -= 64, moins quatre, Paris, 1869, 8 p. [es, 6-7.] 
Libraries: RPB 

H. P. LA WTBER. 
1. "An application of number theory to the splicing of telephone cables," 

Am. Math. Mo. , v. 42, 1935, p. 81-91 .  [d,, 90.] 

V. A. LEBESGUE. 
h. Tables Diverses pot�r Ia Dlcomposition des N ombres en leurs Facteurs 

Premiers, Paris, 1864, 37 p. [e1, 18-37 : ft, 1 2 .] 
Libraries: CU, MH, MiU, RPB 

1s. So. d. Sci. Phys. et Nat. d. Bordeaux, Mlmoires, v. 3, 1864, p. 1-37.  [et, 
18-37 : fl, 12 .] 

2. "Tables donnant pour Ia moindre racine primitive d'un nombre premier 
ou puissance d'un premier : 1° les nombres qui correspondent aux in­
dices : 2° les indices des nombres premiers et inferieurs au module," [com­
puted by HoUel] . So. d. Sci. Phys. et Nat. d. Bordeaux, Mlmoires, v. 3, 
1864, p. 231-274. [c, 271-274 : da, 2�274.] 

E. LEBON. 
1. Table de CaracUristiques de Base 30 030 donnant, en un setll Coup d'Oeil, 

[ 109 1  

G u i d e  t o  T a b l e s  i n  t h e  T h e o r y  o f  N u m b e r s

C o p y r i g h t  N a t i o n a l  A c a d e m y  o f  S c i e n c e s .  A l l  r i g h t s  r e s e r v e d .

http://www.nap.edu/18678


LEG-LER BIBLIOGRAPHY 

les Facte11rs Premiers des Nombres Premiers at1ec 30 030 el lnfuieurs 4 
901 800 900, v. 1 ,  pt. 1 ,  Paris, 1920, xxii+56 p. [es, 1-56.] 
Lilwtwiu: ICJ, Mil, NbD, NjP, NN, NNC, RPB, WU 

A. M. LEGENDRE. 
11. Essai s11r Ia Th�orie des Nombres, Paris, 1 798, xxiv+472 p.+app. [f1, 

1 7 :  ta•, Tables III-VII : J1•, Table XII : n, Tables I-XI.] 
Lilwtwiu: CU, CaTU, ICU, InU, MB, MH, NNC, PU, RPB 

1s. Second ed. ,  Paris, 1808, xxiv+480 p. +app. [f1, Table IX: ta•, Tables 
III-VII : jh Table X :  n, Tables I-VIII.] 
Lilwtwiu: CPT, CtY, DLC, ICU, IEN, IaAS, MB, MCM, Mil, NJP, NN, NNC, OCU, 
PBL, RPB, TzU 

la. Third ed. ,  Paris, 1830, v. 1, xxiv+396 p.+app. [f1, Table IX : ta•, Tables 
Ill-VII : j1•, Table X :  n, Tables I-VIII.] 
Librtwiu: InU, MdBJ, MB, MH, NbD, NeD, PU, RPB 

1 ,. Fourth ed. ,  Paris, 1900, identical with the third. 
Librtwiu: CU, CaM, ICU, IU, MH, MiU, MnU, NNC, RPB, WU 

t.. Zahlen#heorie, German transl. of third ed. by H. MASER, Leipzig, 1886, 
v. 1, xviii+442 p. [f1, 429 : ia, 394-414 : j1, 43()-441 :  n, 390-428.] 
Lilwtwiu: DLC, MH, MiU, RPB 

1,. Second German ed. , identical with first except for title-page, 1893. 
Lilwtwiu: IaAS, IaU, OCU 

D. H. LEHMER. 
1. "The mechanical combination of linear forms," A m. Math. Mo., v. 35, 

1928, p. 1 14-121 .  [it, 1 2 1 .] 
2. "On the multiple solutions of the Pell equation," Annals of Math., v. 30, 

1928, p. 66-72.  [e., 72 : j�, 72.] 
3. "On the factorization of Lucas functions," T6hoku Math. Jn. , v. 34, 

1931 ,  p. 1-7. [o, 2-3.] 
4. "Note on Mersenne numbers," Am. Math. So., B.U., v. 38, p. 383-384, 

1932. [es•.J 
5. "On a conjecture of Ramanujan," London Math. So. ,  Jn., v. 1 1 ,  1936, 

p. 1 14-1 18. [ql•, 1 1 7-1 18.] 
6. "On the converse of Fermat's theorem," Am. Math. Mo., v. 43, 1936, 

p. 347-354. [de, 349-351 : g, 349-351 .] 
7. "On the function z'+z+A ," Sphinx, Brussels, v. 6, 1936, p. 212-214. 

[is.] 
8. Solutions of az1+bz+cay1 (mod p•) . Manuscript in the possession of 

the author. [i1.] 
9. Tables of solutions oh1- Dy1 - ± 1 , 1 700< D � 2000. Manuscript in the 

possession of the author. [j1 .] 
10. Table of factors of k2"- 1 .  Manuscript in possession of the author. [es.] 
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v. 3, 1936, p. 338. [bl•, 338.] 
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1. "Tafeln fiir die dekadeschen Endformen der Quadratzahlen," J n. f. d. 

reine u. angew. Math., v. 84, 1878, p. 85-88. [i1, 87-88.] 
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Anderer sum Gelwauch der Mathematik Unembehrlicher Tafeln, Berlin, 
1778, v. 2, 49+319 p. Ua*, 308-311 .] 
Librariu: ICU, lEN, MiU, NjP, NN, NNC, PBL, RPB 
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1 .  Untersuchungen tiber die Eigenschaflen der PosiliJJen Ternl:lren Quod­

ratischen FMmen, Freiburg, 1831 ,  248 p. [n, 22Q-243.] 
Librariu: NN 
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1934, ii+38 p. [qa.] 
Libroriu: CU, CaM, CaTU, CoU, DLC, ICJ, ICU, lEN, IU, laU, MdBJ, MH, MiU, 
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cago, 1931 ,  i+49 p. [qa.] 
Llbroriu: CU, CoU, CtY, DLC, ICJ, ICU, lEN, IU, IaU, KyU, MdBJ, Mil, MiU, 
MnU, MoU, NjP, NN, NNC, NeD, OCU, OU, PU, R.PB, TzU, WU 

p. ST.ACJC.EL. 
1 .  "Die Lilckenzahlen r-ten Stufe und die Darstellung der geraden Zahlen 

als Summen und Differenzen ungerader Primzahlen," Heidelberger 
Akad. d. Wiss., Silsungsb., math.-natw. Kl., 1917, no. 15, 52 p. [f., 29 : 
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OCU, OU, PBL, PU, R.PB, TzU, WvU, WU 

J. STEIN, see PETEKS and STEIN. 
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zusammengesetzt werden kann," Akad. d. Wiss. , Vienna, math.-natw. 
Kl., Silsungsb., v. 1 1 2, section 2a, 1903, p. 1627-1666. [qa•, 1640-1666.] 
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author. [e,.] 

0. WESTERN, see BICKMORE and 0. WESTERN 1 .  
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1928, iii+43 p. Manuscript. [qa.] 
Libraries: ICU 

L. ZAPOLSKAlA ( == SAPOLSXY). 
1. Ueber die Theorie der relaliv-abel'schm-cubischm Zahlkiirper (Diss. G(St­

tingen), Gottingen, 1902� vii+481 +vi p.+3S plates. [p.] 
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AINDT 2.  
IDiert 397 3447 : 173 

BAllOW 1 .  

• 
46S 

1431 
1917 
2140 
2799 
2862 
2956 
3580 
3718 
3834 
4280 

BEEGEJr. 1 .  

BEEGER 2. 

I 
127 
127 
167 
173 
211 
211 

nacl 
3 · 5 · 31 
31 · 53 
31 · 71 
:zt· s · 107 
31 · 311 
2 · 31 · 53 
:zt · 739 
2' · 5 · 179 
2 · 11 · 131 
2 · 31 • 71 
2' · 5 · 107 

I 
109 
109 
179 
197 

for 

w- st 
to- 107 
w - 1 1s 
w- t6 
.,_ 90 

BICltliOJr.E 1 .  

• 
47 
16 
2 

49 
16 
20 
44 

c:olumD 
2-- 1  
s•- t  
6-- 1  
6--1 

12--1  
12-- 1 
12--1 

m 

ERRATA 

• 
4364 
5598 
5798 
5912 
6517 
6660 
6786 
6868 
7160 
7322 
7436 

nacl 
71 

117 
21 

106 
121 
+ 

nacl 

2' · 1091 
2 · 31 · 311 
2 · 13 · 223 
21 · 739 
7' · 19 

• 
7668 
7795 
7894 
7936 
7964 
8560 
8618 
8728 
9244 
9275 

nacl 
2' · 31 ·  71 
5 · 1559 
2 · 3947 
21 · 31 
2' · 1 1 · 181 
2' · 5 · 107 
2 · 31 · 139 
21 · 1091 
:zt · 2311 
51 · 7 · 53 

:zt · 31 ·  s . 37 
2 · 31 · 13 · 29  
2' · 17 · 101 
21 · 5 · 179 
2 · 7 · 523 
2' · 11 · 131 

for 

5947 
3936 

16614 
2768 

(CUNNINGJWI 41(a). p. 27) 

nacl 
5934 
3717 

15427 
2668 

(MEissNu 2, p. 96) 

I 
223 
223 
227 
241 
263 
271 
271 

+ 
w- 34 

to-194 

nacl 
167 
+ 

196 
+ 
77 

+ 
(Buo:u) 

for nacl 

2251 2351 
11439 11489 
5 · 7  7 

883 · s s 
26053 260753 

s Sl · s 
UFJ7 . s 2377 . JfiJ7 . s 

(CUNNINGJWI, JlenMfl' J/4111. v. 26, 1896, p. 38) 

[ 127 1 

Guide to Tables in the Theory of Numbers

Copyright National Academy of Sciences. All rights reserved.

http://www.nap.edu/18678


BICJtl(OJlE 2-BUllCEliAJU)T 1, (d,] 

BICJtl(OJlE 2.  

�TA 

I 
29 
33 
64 

BORISOV 1 .  
• 

184 
193 

Boax 1 .  

I I 
1753 3 

41221 5 
41651 7 
42491 7 
43051 7 
45767 7 

I 
46229 
46489 
48679 
49069 
49787 
49801 

BllETSCHNEIDEll 2. 

pqe Dumber 

977 
4 1 134 
5 1289 

1610 
6 2067 

2323 

7 2384 
2516 
2532 

8 3025 
10 3522 

3541 
3603 

1 1  3723 
12 4011 

pqe table 

16 VI 
22 XVlli 

BUllCJtBAilDT 1 ,  [ds]. 

I •• 

911 450 
1213 1212 
1597 266 
1831 915 
1951 390 

43037 
1344 62821 03132 98373 

504 00685 44932 21107 80706 61761 
(BuTZER, Arciif Jlollt. Piys., L 3, v. 13, 1908, p. 107) 

for ... 
(3, 8, 9, -4, -1 ,  0) (3, 8, 10, -4, - 1, 0) 
(7, 7, 5, 0, -1,  -2) (7, 7, 5, 0, -1,  -3) 

OoNU 1 ,  p. 6; aee abo Scripla Jlollt., v. 4, 1936, p. 104) 

I I I I I I I 
7 49831 110 78031 10 87881 40 
4 50221 9 82307 14 87973 6 

38 51341 1 7  84067 6 89041 28 
9 51767 181 84653 2 90067 6 

62 53327 13 85639 6 93151 10 
8 57191 38 86923 22 

(CuNNINGILUI 40, p. 154) 

•• ... 
0, 6, o, 1 1  0, 6, 0, 1 , 1 
0, 0, 1 0, 0, 14 
3, 0, 5, 5, 1 3, 0, 5, 1, 1 
0, o, 9, 1 1  0, 0, 9 ,  1 , 1 
0, 1, 3, 2, 0 0, 1, 3, 2, 0, 1 
not listed 3, 0, 0, 4, 0, 1 

0, 1, 3, 3, 0, 1 
0, 4, 0, 49, 1 0, 4, 0, 4, 0, 1 
0, 1, 0, 0, 0, 4 0, 1, 0, 0, 4 
0, 2, 0, 0, 0, 4  0, 2, 0, 0, 4 
0, 6, 1, 1, 0, 1 0, 6, 1 , 1, 0, 2 
0, 2, 3, 0, 2 0, 0, 2, 3, 0, 2 
0, 4, 0, 1, 2 0, o, 4, o, 1, 2 
0, 0, 3, 3, 0, 1 0, 0, 3, 3, 0, 2 
0, 0, 10, 2, 0, 1, 1 0, 0, 10, 2, 0, 0, 1 
5, 0, 0, 1 5, 0, o, 1, 6 

for ... 
3424 3524 
379 479 

(Ciwm:tn 1, p. 10) 

... I for ... 
455 1979 1976 1978 
202 1993 1992 664 
133 2311 462 231 
305 2437 2436 1218 
195 3467 3466 1733 

(SBANU 1, p. 202) 
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EltltATA 

1 ,  [et] .  

• for read 

9899 blank 19 
307849 11  211  
446021 573 577 
446023 197 193 

BUllCKHAllDT 2. 

• for read 

1019681 17 13 
1037051 53 17  
1130023 881 prime 
1 130323 prime 881 
1 138027 prime 11  
1207517 blank 229 
1233473 37 prime 
1249843 23 7 
1250111  57 53 
1270471 223 prime 
1307377 1013 1019 
1330001 1123 prime 
1359233 277 prime 
1397647 589 587 
1411679 1 1  prime 
1412047 13 7 
1420847 97 prime 
1459699 499 449 
1496693 prime 11  

BUB.CltlLUDT 3. 

• for read 

2012603 prime 887 
2071301 69 79 
2077529 prime 131 
21 14693 103 7 
2193923 1429 1433 
2214413 31 37 
2214931 31 37 
2222417 1129 1123 
2501261 prime 7 
2511893 2 29 
2518817 17 7 
2542283 1 197 1193 
2619887 7 17  

CABEN 1 ,  [dl]. 
.... , 
377 59 
384 137 
384 137 
387 173 
389 191 

[ 129 ] 

BUB.CKHAllDT 2-CAHEN 1 ,  [dJ.] 

• 
854651 
854647 
895339 

• 
1504741 
1556257 
1588633 
1618087 
1619173 
1623703 
1627081 
1748209 
1782899 
1785169 
1787471 
1793023 
1793029 
1857997 
1916683 
1936159 
1979687 
1984891 
1996399 

• 
2755189 
2763907 
2768683 
2868407 
2882699 
2891813 
2903591 
2913833 
2915899 
2954939 
2976227 
2976881 
3026279 

for 

57 
8 

62 
96 

'""" 

for re&d 
prime 7 

7 prime 
7 17 

(D. N. LEBKEa 1, �. �) 

for read 

41 7 
prime 37 

23 17 
1069 prime 
prime 151 
prime 151 

169 167 
101 19 

1 153 1 151 
147 149 

prime 7 
7 prime 

prime 7 
14 41 

prime 193 
1 123 prime 

73 47 
797 p� 
83 67 

(D. N. LEm&n 1, col �) 

for read 

63 163 
1213 1297 
449 prime 
683 prime 

blank 19 
2 23 

1697 1699 
29 13 

prime 7 
prime 13 

549 547 
311  prime 

79 prune 
(D. N. LltiDIU 1, col �) 

read 

56 
3 

67 
76 
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CAllEN 3, [dt] EUATA 

1 , [da] .  
pqe , table .,. for read 

375 17 I 15 3 2 
379 79 I 6 34 43 
380 101 N 41 74 72 
380 101 N 81 62 67 
382 109 N 25 66 69 
385 149 N 101 82 92 
386 157 N 1 18 22 33 
386 163 I 72 131 137 
386 163 I 92 137 133 
389 193 I 58 161 191 
389 193 I 78 191 161 
389 193 N 24 144 184 

1 ,  [ia] . 
Contains all errors of Cm:BYSBEV 2., and also 

4 for read D for read 

31 + 47 879 79 
74 27 29 77 283 285 

101 041 4041 

CAllEN 3, [dt] .  
pqe , for 1 read 

55 1021 7 10 
56 2161 14 23 

3, [da] .  
pqe , table aqumeot for read 

40 17 I 15 3 2 
40 19 I 19 5 
40 23 N 9 90 20 
41 37 I 31 37 27 
41 41 I 27 2 5 
42 59 I 30 32 33 
43 79 I 6 34 43 
45 101 N 41 74 72 
45 101 N 81 62 67 
45 103 I 26 11 10 
45 103 I 89 37 27 
46 109 I 14 y3 73 
46 109 N 25 66 69 
47 131 I 37 33 23 
47 131 I 65 117 1 12 
47 131 I 85 102 107 
47 131 I 113 1 10 
48 139 I 9 08 98 
48 139 N 136 57 37 
49 149 N 101 82 92 
so 157 N 118 22 33 
so 163 I 72 131 137 
so 163 I 92 137 133 
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EllltATA CAJlKICHAEL 2-CA YLEY 11 

3, [dt].-coftlinued 

pap , table aqument for ..s 

51 167 N 164 84 162 
52 179 I 109 133 113 
52 181 N S6 17  170 
52 181 N 66 61 67 
52 181 N 76 155 102 
52 181 N 86 109 4 
52 181 N 96 93 25 
52 181 N 106 174 111  
52 181 N 1 16 92 15 
52 181 N 126 32 139 
52 181 N 136 19 9 
52 181 N 146 164 1 1  
52 181 N 156 120 114 
52 181 N 166 26 79 
52 181 N 176 72 177 
53 191 N 170 51 52 
53 193 I 58 161 191 
53 193 I 78 191 161 
53 193 N 24 144 184 

3, [ia]. 

• for ..s • for ..s 

26 ± 9 -38 12,35 13, -35 
-29 -55 55 -39 -33 -23 
-30 7 - 7 -42 -39 - 19 
-31 - 2  - 3  -43 35 31 
-33 -47, -57 47, 65  -43 - 5  
-34 - 13 -46 41 

35 ± 53 ± 17 

CAllKICHAEL 2. 

•(•) for ..s w.t 

768 1785, 3570 
792 2384 2388 
880 1043, 2086 
888 1043, 2086 
960 1309, 2618 
972 1467, 2934 

(GLAISBD 27, p. vii) 
CAYLEY 11. 

D for ..s 
253 1177 :  74 1861 : 1 17 
597 7949:399 9749 :399 
645 203 :  8 127 : 5 
917 1 181 : 31 1 181 : 39 
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CAYLEY 2rCHEBYSBEV 2c, [da] 
CAYLEY 2,. 

EJtJlATA 

.,.,. D 
144 - 17 
144 -20 
144 -34 
145 -40 
145 -40 
145 -40 

145 -40 
145 -56 
147 -88 
147 -88 
147 -88 
149 29 
149 37 
149 41 

1SO so 
1SO so 
151 65 
152 91 

CAYLEY 6.. 
.,.,. • 

76 29 
76 1014 
76 1051 

109 1361 
1366 

CHEBYSHEV 1., [fa). 

CHEBYSHEV 2c, [d,). 
' table 

13 I 
17 I 

109 N 

2., [ia]. 
,_ 

zt+ 42y' 
s'+ 61y' 
zt+ 66y' 
zt+ 70yl 
zt+ 74y' 
s'+ 77y' 
zt+ 86y' 
s'+ 89y' 
s'+ 91y' 

c:lwapa 
BIIJII the long bar under 1, 0, 17 
For 2, 0, 5 rl44 4, 0, 5 
For 7, - 1, 7 r141l 5, - 1, 7 
lmm a short bar under O, 40 
lmlrl a short bar under 0, 8 
In cola. of I, ., l1ller ++ in I. 1, - - in L 2, l1fler +- in l. 3. 

-+ in l. 4 
CIJifUI all entries in coL of le 
For 2, - 1 ,  19 rl44 3, - 1, 19 
1,., a short bar under O, 88 
lmlrl a short bar under 0, 11 
In col. of I,  !""' +, - , -.� + in lines 1, 2, 3, 4 
L. 2, the penod should be �, 5, -2, 5, 2 
L. 3, ,,_se the period, thus -3, 5.t 4, 3, -7, etc. 
L 2, the period should be 2, 5, -lS, 3, 4, 5, -4, 3, 8, 5, -2, 

5, 8, 3, -4, 5, 4, 3, -8, 5, 2 
In col. of ., l1fler + in I. 1, + in I. 2 
CIJifUI the entries in col. of le 
L. 1, the �od should be I, 8, -I1 8, I 
L 2, for J, 7, - 14 rl44 3, 7, -I"! 

(CoNNINGBAK 42, p. 5�) 

for read 

1, -6, 5, -3, 2, - 1  1, -4, 5, -5, 4, - 1  
146246 

s, y y, s 
o- 1361 o- 1361• 

61 98787 71 121 28467 93128 
64853 64042 

(CoNNINGILUI 42, p. 67 and D. B. I..EmmJt 11,  p. 5SO) 

UJWIICIIt for read 

12 6 (abo in 21) 
15 3 �}(peculiar to 2.) 25 66 

luert clelete 
157 159 
215 
71 77 

239 233 
89 

159, 237 1 19, 1'l, 297 
87 89 

345 354 
115, 297 7, 189 

s'+l01y' 281, 309, 317, 325, 333 287, 305, 313, 321, 329 
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EltllATA CHDNAC t-cu:LLE 1, [dlJ 

form 

zt- 38y' 
zt- 62y' 
zl- 87y' 
zt- 91y' 

a-t 
21, 131 
107, 141 
25, 323 

33, 55, 73, 89, 97, 267 
275, 297, 309 

161, 219 

delete 
23, 129 
103, 145 
91, 257 

17, 63, 1 15, 143, 175 
189, 221, 245, 249, 347 

29, 351 
75, 83, 91, 99, 305 

313, 321,  329 

zl- 95y' 
zl-101y' 71, 79, 87, 95, 309 

317, 325, 333 

AD these erron (ezcept the misprint in zt+89y') oc:c:ur also in 2a and 2a while none is in 2a. 

CJIERNAC 1 .  
L. J. CoiDtiit found (PETDS, LoDGE and TuNoum, GUPOIID 1 ,  p. iz) misprints in the 
facton of 66 011 - 1 1 · 17 · 353 and (in some copies) of 44393 - 103 · 431.  RPB has two edi­
tiona of this table, one with the correct facton, and one with the facton 10 · 3431. 

DWDber factan aathori� 
19697 prime CuNNINGJWI 
19699 prime CtoomfGBAII 
38963 47 . 829 CUNNINGBAII 
39859 23 · 1733 BUJtCKliAIIDT 
65113 19 · 23 · 149 BUJtCKliAIIDT 
68303 167 • 409 BUJtCKliAIIDT 
�99 raile each line of facton one line up BUJtCKliAIIDT 
68987 149 · 463  CtoomfGJWI 
767(1} 7 · 11 ·  997 CUNNINGJWI 

354029 13 · 113 . 241 BUJtCKliAIIDT 
4(1}273 7 · 7 • 61 • 157 CtoomfGJWI 
494543 7 • 31 • 43 · 53 CtoomfGJWI 
545483 prime BUJtCKliAIIDT 
580807 prime BUJtCKliAIIDT 
637447 prime BUJtCKliAIIDT 
7(J}4(J} prime BUJtCKliAIIDT 
783661 prime BUJtCKliAIIDT 
795083 prime BUJtCKliAIIDT 
795089 67 • 1 1867 BUJtCKliAIIDT 
795091 11 · 11 ·  6571 BUJtCKliAIIDT 
931219 29 · 163 · 197 BUJtCKliAIIDT 

(CtoomfGJW1 41, v. 34, p. 26 and v. 35, p. 24; BUJteJOIAilDT 1, p. 1) 

CuLLE 1, (dl)• 
pace col. IIDe fw nad 

52 8 101 101 
52 57 61 61 
52 57 67 67 
52 65 83 89 
52 65 89 89 

Same erron in CuLUt 2, Tafel ill. 
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CUNNINGBAK 4, (da}-28 EUATA 

CtJNNINGBAK 4, [da]. 
pace ' arpmcDt f« read 

10 139 1- 1 2 · 69  2 · 3 · 23  
60 547 s-435 102 192 

104 773 s- 699 873 73 
120 839 s-315 541 548 
122 853 R {� {� 
127 859 s- 526 776 770 
147 947 R {� {910 

920 
(CUNNINGIWI 42, p. 68) 

CVNNINGHAK 5. 

pace 174, table of pl'•+1 (mod 71r'J /• ,U•60 Mill 5030 
pace 177, table of pll• +1 (mod 53-> rl4ll 

752, 895, 1689, 460, 413, 1586, 1656, 925, 1777, 2029, 521, 1341. 
table of ,u. - 1 (mod 53-> rl4ll 

2057, 1914, 1 120, 2349, 2396, 1223, 1153, 1884, 1032, 780, 2288, 1468. 
(CUNNINGIWI, JlusMpt JIGIII., v. 30, 1900, p. 60, v. 43, 1914, p. 155) 

CVNNINGBAK 7, [et). 
' 

87481 
96661 

7, [j,] . 

I nUrCMmfl a and b for 

f« 

8 · 5 · 27 · 81 
4 · 5 · 27 · 179 

read 

8 · 27 · 81 · 5  
4 · 27 · 5 · 179 

1-45289, 55633, 70289, 77549, 79609, 80809, 95101. 
1- 60169, rl4ll A, B-37, 140; L, Jl-383, 59. 

(CUNNJNGIWI 42, p. 69) 

CVNNINGBAK 10. 

pace 169/• 1- 8124461 rl4d 8124161 
(CONNINGIWI, JluSMpt JIGIII., v. 40, 1910, p. 36) 

CVNNINGHAll 24, [o). 

••42, coefficients in Q, Mill 1, 7, 15, 14, 1 , - 12, - 12, 1 , 14, 15,  7, 1 . 

CVNNINGHAll 28. 
pace • 

143 
B 152 

163 
217 
281 1 

B 284 line 

' f« read 

15 irum 257 
3 . . 2' 20 155 393 61 · 330413 
984 14877921 1 14877921 

12 7681 · 40609 · 592734049 
71 12708841 12705841 
6 12084217 12004217 

(WooDALL and Buou 5; errata marked with "B," Buou) 

[ 134 1  

G u i d e  t o  T a b l e s  i n  t h e  T h e o r y  o f  N u m b e r s

C o p y r i g h t  N a t i o n a l  A c a d e m y  o f  S c i e n c e s .  A l l  r i g h t s  r e s e r v e d .

http://www.nap.edu/18678


EllllATA CtJNNINGBAK 29-CtJNNINGBAK and WooDALL 7, [dt] 

CtJNNINGBAK 29. 
p. 86 in heading, for (y + 1) rltld b'+ 1) 

CtJNNINGBAK 30. 
.,.,. • , 
145 7• 5' 
183 81 2 
183 49 72 
185 32 
193 64 75 · 
193 9 125 
214 

CtJNNINGBAK 31 .  
p. 81,  prime 9901,/or 5004 rltld 53CM 

CtJNNINGBAK 32. 
.,.,. 
166 
174 
189 

CtJNNINGBAK 33. 

fw 

12207171 
98068509 
15801871 

fw 

4 . 193051 
10730221 
15543281 

180801 
10545971 
25437261 
25613261 

pace 112 bottom/or 29105 • • • rltld 39105 • • • 
pace 1 15 ,-2, y- 12,/or 29105 • · • rl4d 39105 • • • 

CtJNNINGBAK 35, [fl] . 
pace 7 for 19487569 rltld 19487579 
pace 7 for 19487969 rltld 19487959 

CtJNNINGBAK 37. 
.,.,. 
80 

80 

CtJNNINGBAK 38. 

, 
22 

28 

p. 12S, line 3 from bottom, for 38014 rltld 38012 

CtJNNINGBAK and WOODALL 7, (ds). 

1• 1-2241 rltld 2341 
1• 1-40152 rltld 40153 
1• 1-44029 (bis) rl4d 44089 
for l-27551 /or .. - 10 rltld .. -so. 

f« 
4 · 121 

28481 

(CVNNINOIWI 39) 

nad 

4193051 
10730021 
1 143281 
100801 

151 · 21 1 . 331 
125437261 
25813261 

(Buou S) 

(CVNNINOIWI 39) 

nad 

15450197 
127 . 211 · 3697 

15801571 
(Buoza S) 

· (Buoza 5) 

(Buo:u) 

nad 

5 · 97 

24481 

Q. C. P. Mw.:u) 

(CONNINOIWI 39) 

(CVNNINOIWI and WooDALL, Mus"''" Jlalll., v. 54, 1924, p. 73) 
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CUNNINGBAK and WOODALL to-DASE 2 EUATA 

C'tJNNINGBAK and WOODALL 10. 
pace • for nad 

3 155 2--1 itulrl 31 
14 19 48713705353 48713705333 
16 2S tklele 29251 

j{ 22 2S 12-- 1 tklele entry 
j{ 23 22 12-+1 6836860537 68368660537 

(Errata marked with • Jl," J. C. P. Mu.I.u) 

CUNNINGHAM, WOODALL and CREAIC 1 .  
page 26, t- 8011 ,/IJf' c• 13 read c- 14 
page 108, t- 14009, base 7, /IJf' - 8, rlatl - 824 
page 120, t• 19009,j1Jf' 1• +29, -29 rlatl f• +23, -23. 

(CUNNINoiLUI and Wooo.w., Jlusmc• Jltlll.., v. 54, p. 180) 

CtrNNINGBAK, WooDALL and CREAIC 2. 
page 353, t- 8011, /IJf' c- 13, rlatl c- 14 
page 356, t- 19009, /IJf' c- +29, -29, rlatl c- +23, -23. 

(Wooo.w.) 
DASE 1 . 

Dumber for nad Dumber for nad 

6027133 blank 7 6408679 33 83 
6036637 blank prime 6722999 217 127 
6075451 21  421 6736409 7 71 
6403117 9 7 

(D. N. LE1D1E1t 1, coL zi) 
DASE 2. 

Dumber for nad Dumber for nad 
7022623 prime 1913 7614461 prime 2539 
7040029 prime 1627 7680451 prime 181 1 
7047113 1997 prime 7732871 prime 1783 
7047413 prime 1997 7741093 41 prime 
7110881 prime 1861 7790381 prime 2311 
7141793 prime 2617 7802999 prime 2179 
7220819 prime 1877 7810963 prime 1847 
7224053 1143 2143 7820201 prime 1831 
7295077 prime 2683 7845427 prime 1901 
7295081 2683 prime 7855549 29 13 
7324523 prime 2467 7856147 prime 13 
7345979 1801 prime 7857343 prime 13 
7346279 prime 1801 7860931 101 13 
7366739 13 23 7861517 prime 2383 
7384631 prime 2179 7861529 prime 13 
7385993 prime 1933 7863323 107 13 
7410421 173 179 7864519 prime 13 
7412899 23 13 7865117 prime 13 
7430573 prime 2089 7866911 prime 13 
7489961 prime 181 7868107 prime 13 
7548199 553 353 7887931 67 367 
7556273 prime 1949 7918819 31 131 
7556573 1949 prime 7927501 prime 1879 
7576799 prime 149 7933649 prime 2341 
7601003 prime 2437 794UM7 prime 1831 
7601303 2437 prime 

(D. N. LEIDIEit 1, coL m) 
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EDATA DASE 3-DAVIS 1 

DASE 3. 
The entriea for 8236079 and 8245589 are given c:orrectly in aome copiea and inc:orrectly in 
others. Two copiea, one correct and one incorrect, are in RPB. 

Dumber for reid Dumber for reid 

8057743 prime 2617 8513101 prime 2617 
8068211 prime 2617 8523569 prime 2617 
8083913 prime 2617 8525317 prime 877 
8136253 prime 2617 8528803 prime 2617 
8162423 prime 2617 8536319 13 11  
8167657 prime 2617 8560057 31 11 
8167987 prime 181 8560207 prime 2617 
8169797 prime 181 8562461 23 43 
8170159 prime 181 8593507 43 13 
8209529 prime 2617 8626981 41 11 
8236079 23 73 8633483 prime 2617 
8245589 41 11 8636011 11  31  
8277571 prime 2617 8638717 prime 2617 
8282197 prime 7 8654419 prime 2617 
8288039 prime 2617 8670121 prime 2617 
8293273 prime 2617 8684609 prime 233 
8318393 73 43 8684903 233 prime 
8324677 prime 2617 8685823 prime 2617 
8340379 prime 2617 8696291 prime 2617 
8350847 prime 2617 8711993 prime 2617 
8382251 prime 2617 8717227 prime 2617 
8397953 prime 2617 8748631 prime 2617 
8409631 79 379 8754887 2627 1627 
8409917 7 17 8759099 prime 2617 
8418889 prime 2617 8783693 5171 571 
8427193 97 67 8783699 49 149 
8429357 prime 2617 8788069 prime 2017 
8431 151 prime 1613 8790503 prime 2617 
8431 169 1613 prime 8795737 prime 2617 
8450293 prime 2617 8821907 prime 2617 
8456059 prime 239 8827141 prime 2617 
8477669 prime 1361 8869013 prime 2617 
8477671 1361 prime 8874247 prime 2617 
8478889 233 prime 8916119 prime 2617 
8486449 227 277 8930137 1949 1049 
8491187 769 569 8931821 prime 2617 
8496181 1123 1223 8964�1 13 11 
8499737 prime 829 8965801 11 13  
8499763 829 prime 8984161 prime 2617 
8500853 227 277 8995513 2767 prime 
8507867 prime 2617 8995517 prime 2767 

(D. N. I.Eml:n 1, col :Iii) 

W. DAVIS 1 .  
dfleU 10'+0013, 0391, 0657, 0723, 1221, 1353, 1549, 1647. 

(CmoolfGBAil and WOODALL 5, p. 78) 
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DEGEN 1-DESKAUST 1, (dt) ERJtATA 

DEGEN 1.  
.t -.1 

8S3 for lOth entry of upper line 14, ftDI IS. 
929 30, 2, 11 ,  1, 2, 3, 2, 7, S, (2, 2), 

1, 29, S, 40, 19, 16, 25, 8, 11, (23, 23) 
238 y- 756 
277 �- 159150073798980475849 
421 y- 189073995951839020880499780706260 
437 �-4599 
613 y- 18741545784831997880308784340 
641 s-2609429220845977814049 

y- 103066257550962737720 
653 s- 10499986568677299849 
672 �-337 
751 s- 7293318466794882424418960 
823 s-235170474903644006168 
919 y- 147834442396536759781499589 
945 s- 275561 
949 y- 19789181711517243032971740 
951 s- 224208076 

(D. H. LEmma 11) 

DESKAUST 1 , (da). 

, for -.1 , for -.1 , for read , for read 

3 2 3517 2 4 5519 1 2 8087 2 1 
277 2 4 3541 59 177 5551 4 6 8093 1 2 
317 2 4 3547 1 2 5827 1 2 8101 1 s 
397 2 4 3637 1 4 6101 2 s 8219 2 1 
409 1 2 3677 4 2 6277 2 4 8423 �} 1 449 2 14 3769 4 2 6287 2 1 8423 
787 1 2 3821 2 1 6781 1 s 8521 24 12 

1409 1 44 391 1  1 2 6997 2 4 8609 18 8 
1657 6 3 4049 4 2 7001 2 4 8681 2 10 
1733 4 2 4397 28 14 7127 14 7 8893 2 4 
1889 32 16 4621 1 s 7481 2 10 8999 1 2 
1997 4 2 4651 2 1 7561 2 4 9067 1 2 
2087 :} 7 

4943 2 1 7717 2 4 9187 1 2 
2087 5081 2 4 7741 3 9 9397 2 1 16 
3253 12 6 5107 1 2 7841 20 140 9521 10 t ti 
3373 6 4 5407 6 3 7853 2 9629 2 1 
3413 4 2 5479 1 2 8011 6 3 9649 8 16 

9941 1 s 

Primes misprinted: 
for read 

4167 4157 
5871 4871 
8421 6421 

(CUNNINGIWI 40, p. 151) 
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EDATA 

DICKSON 2, [b.). 
Table m, add 2750, 2990, 3250, 3430. 

Table V 

•<•) for Nld •(•) 
224 233 223 1440 
240 158, 135 135, 158 (adl) 1524 
289 v(11) 288 1536 
372 305 1620 
468 196 198 (adl) 1776 

1170 1069 2400 
1248 993 933 2448 
1344 546 2736 
1368 814, 735 735, 814 2880 
1404 1 165 

TABLE VI 
v(•) - 280, /or 106 read 108 
add v(•) - 399 196, 242 
add v(•) - 1374 914, 1373 

� entries under 1124, 1 134, 1304 and 1524. 

Table VU 
add v(•) - 1134 544 

v(•) - 1862 /or 1571 read 1573 
� entries under 372, 399, 1151, 2860. 

DICJtSON 6. 

page 184, d-47, /or 1, 3, 6, - 1, 0, 0 read 1, 3, 16, - 1 , 0, 0. 

DINES 1. 

page 1 14 range 10 � 53 

DtJUEE 1, [etl · 
•- 15485303 /or prime read 109 

EVLEll 1 •. 
• 

7•• 
371 
611 

iiiUf'l 79 
i#Uf'l 79' 
iruerl 79' 

GAVSS 6. 

Contains many errors. 

•<•) 
329554457 

52060 
230764 

80 
6321 

499360 

[ 139 1 

DICKSON 2, [bs)-GAVSS 6 

for Nld 

1 195 
704, 1083, 1523 

1023 
1513 

1022, 1095, 1329 
1068 1064 
1513 1515 
1587 1582 

1434 

(GLAISBU 27, p. vii) 

QoNES 1, p.6) 

(Bao:u 6) 

facton of •<•> 
1123 . 293459 
2' · 5 · 19 · 137 
2' · 31 · 1861 
24 · 5  
3 · 7' · 43 
2' · 5 · 3121 

(PotrLET 2, p. 10) 

(GLAISDR) 
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GAVSS 7 ERRATA 

GAVSS 7. 
Mfaliw tJelemtifllWs 

pqe ceDt. for Nld 

451 5 n. 9 459• n. 9 459 (•3•) 
451 5 IV. 4 468 IV. 4 468 (•2•) 
451 5 IV. 4 485 IV. 5 485 
451 6 IV. 4 544 IV. 4 544 (•2•) 
451 6 I. 9 547 I. 9 547 (•3•) 
451 6 n. 9 557 n. 13 557 
451 7 I. 25 647 I. 23 647 
452 9 IV. 6 894 IV. 7 894 
452 10 n. 9 931 n. 9 931 (•3•) 
452 10 IV. 3 933 IV. 4 933 
452 10 IV. 4 993 IV. 3 993 
452 12 IV. 9 1 1 16 IV. 6 1116 
453 13 n. 10 1261 IV. 5 1261 
453 14 I. 27 1367 I. 25 1367 
453 14 IV. 7 1396 n. 14 1396 
454 16 IV. 8 1508 IV. 8 1508 (•2•) 
454 16 IV. 8 1598 IV. 8 1598 (•2•) 
454 17  n. 9 1683 n. 6 1683 
454 18 IV. 9 1701 IV. 9 1701 (•3•) 
454 18 vm. 4 1725 vm. 4 1725 (•2•) 
454 18 IV. 10 1796 n. 20 1796 
455 19 IV. 9 1836 IV. 9 1836 (•3•) 
455 19 vm. 4 1872 vm. 4 1872 (•2•) 
455 20 IV. 8 1940 IV. 10 1940 
455 21 vm. 5 2085 vm. 4 2085 
456 22 centaa 2 (at top) centaa 22 
456 22 n. 9 2188 n. 9 2188 <-J•) 
456 22 IV. 12 2196 IV. 12 2196 (-2•) 
456 22 IV. 16 2180 IV. 16 2180 (•2•) 
456 23 IV. 1 1 2204 IV. 13 2204 
456 24 IV. 12 2331 IV. 12 2331 (•2•) 
456 24 IV. 8 2304 IV. 8 2304 (•2•) 
456 24 vm. 4 2320 vm. 4 2320 (•2•) 
457 25 vm. 4 2448 (•2•) vm. 4 2448 
457 27 n. 33 2636 n. 33 2636 (•2•) 
458 29 IV. 12 2900 IV. 12 2900 (•2•) 
459 61 vm. 8 6032 vm. 8 6032 (•2•) 
459 61 IV. 24 6068 IV. 24 6068 (•2•) 
459 61 n. 27 6075 (•3•) n. 27 6075 (�) 
459 61 IV. 12 6084 IV. 12 6084 (-2•) 
460 62 IV. 8 6148 IV. 8 6148 (•2•) 
460 62 IV. 20 6176 IV. 20 6176 (•2•) 
461 92 IV. 32 9104 (•2•) IV. 32 9104 
461 92 vm. 4 9108 vm. 4 9108 (•2•) 
461 92 vm. 8 9156 vm. 8 9156 (•2•) 
461 94 vm. 12 9324 vm. 12 9324 (•2•) 
462 96 vm. 8 9513 (•2•) vm. 8 9513 
462 96 IV. 40 9554 IV. 40 9554 (•2•) 
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EJUtATA E. Gu•ollD 1 

GAtrss 7-con#intud 
poliliw tlelmrfifiMIII 

pap ceDt. ,,. read 

475 1 G IV. 1 99 G IV. 2 99 
475 2 G IV. 1 136 G IV. 2 136 
475 2 G vrn. 1 150 G IV. 1 150 
475 2 G IV. 1 156 G IV. 2 156 
475 2 G n. 1 174 G IV. 1 174 
475 3 [at head of table) ezcldunt 3 
475 3 omitted G IV. 1 208 
475 3 omitted G n. 1 209 
475 3 G n. 1 229 G n. 1 227 
476 9 G IV. 1 850 G IV. 2 850 
476 9 G IV. 1 885 G IV. 2 885 
476 10 G IV. 1 904 G IV. 2 904 

(C1001INGIWI 42, p. 55-56) 

E. GD'FOllD 1 .  

N for read N for read 

121 u x u  u• 54353 13X31 X 1 13 13X37 X 1 13 
4193 7XSS9 7X599 553 too low 
8477 7X7X 173 71X173 57553 67 X889 67X859 

20567 121 X 157 131 X157 613 too low 
21329 7 X 1 1 X227 7X U X277 64M3 1 13 XS09 127XS09 
22331 127 X 163 137X 163 65069 29X2099 31X2099 
26413 61 X233 61 X433 660 too low 
26443 31 X253 31 X853 69781 31 X3251 31 X2251 
26567 31 X257 31 X857 71801 19X3719 19X3779 
28733 59X457 59X487 75293 17X43X 101 17X43 X 103 
28873 13 X2201 13X2221 76879 1 1 X 19X241 1 1 X29X241 
289 too low 79237 17X51 X79 17XS9X79 
29351 11XSS9 71X599 79439 19X31X 113 19X37X113 
30523 121 X233 131 X233 79583 7 X 10369 7 X 11369 
30589 1JIX781 1JIX 181 82081 73X 1039 79X 1039 
32131 1 1 X 127X23 1 1 X23X127 82477 6SX1231 67X 1231 
32671 37 X853 37X883 87203 29X3007 29X31 X97 
39931 73X547 90493 13X6161 13X6961 
39937 73X547 90571 13X6167 13 X6967 
43589 7X6197 7 X 13X479 91681 17XS303 17X5393 
46711 71X6673 7X6673 99433 17XS894 17XS849 
47081 23X23X89 2JIX89 99731 19X29X281 19X29X181 
50059 103X443 113X443 100051 17X14293 7X14293 

(This previously unpublished list of errata wu furnished by L J. CoiDIE after comparison 
with PEn:u, LoDGE and TERNOtrrB, GrnoRD 1 , and is believed to be complete. Dr. CoiDIE 
notes also the following two errors in Mrs. GrnoRD's •Errata" : /tW "9307" reod 93; ojllr 
50519, /tW 71X 1039, reod 71X 1031.) 
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J. GLAISBEll 1, [et)-GOLDBEllG 1 

J. GLAISBEll 1 ,  [et]. 

Damber for 1-.d D� 

3039709 s 53 3234043 
3043027 1 13 3347717 
3063523 127 1277 3464011 
3081121 1 31 3539017 
3081733 46 467 3539021 
3082109 s 53 3543737 
3083273 1 17 3563659 
3083561 1 13 3621197 
3085219 57 577 3621199 
3089489 1 13 3776569 
3093503 blank 7 3776579 
3230309 53 59 3826601 
3230317 prime 1721 3826607 
3230321 1721 prime 3903341 

J. GLAISBEll 2 , [e1]. 

D� for 1-.d DaJDber 

4610243 1 1 1 4801751 
4782811 1 1 1  4905281 
4793477 1 13 4986869 

J. GLAISBEll 3, [e1]. 
D� for 

558(M21 23 
5581823 3 
5581829 1 

J. W. L. GLAISBEll 9. 
Second million, tint myriadftW 391,362 read 390,363; 
third million, third myriadjtW 349,344 reod 350,343. 

J. w. L. GLAISBEJl 15. 
pap 106, iruerl E(802) - 2, E(922) - 2. 
pap 107, column •sum of values" 

at �899 jtW 73 reod 75 

EB.llATA 

for 1-.d 

57 157 
199 109 
223 233 

prime 1699 
1699 prime 
181 prime 

1 1 1  
prime 1097 
1097 prime 
1789 prime 

prime 1 789 
373 prime 

prime 373 
19 13 

(D. N. l.EJolu 1, col. zi) 

for 1-.d 

prime 167 
4 41 

prime 29 
(D. N. LEm1n 1, col. zi) 

1-.d 

7 
13 
1 1  

(D. N. l.EJolu 1 ,  col. zi) 

(GLAISBEll 12, p. 193) 

at 900-999 jtW 79 reod 81 
(GI..USHER 25, p. 66, and 27, p. 185) 

GOLDBEJI.G 1 .  

pqe for 1-.d pqe for 1-.d pqe for 1-.d 

5 4367 4267 27 22669 23669 44 38139 38239 
5 5387 4387 38 33347 33247 47 K 41193 41093 
6 5939 5039 39 K 34389 34289 48 K 42953 42053 
7 5369 5569 40 K 54571 34571 so 42507 43507 
9 7973 7073 40 34093 35093 51 K 45641 45041 

13 10667 10867 43 37517 37417 54 56939 46939 
15 12237 13237 43 K 39547 37547 55 48627 48629 
26 21687 22687 43 37899 37799 56 K 38793 48793 
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EDATA GOLDBERG 1 

GOLDBERG 1-ctHS#inued 

pace for rad pace for rad pace for rad 

60 53313 52313 159 K11011 1  1401 11  225 K188973 198973 
60 K 32861 52861 162 K443269 143269 227 200834 200831 
67 K 58159 59159 166 146437 146537 228 K21 1583 201583 
70 91321 61321 167 K147979 147079 229 251893 201893 
75 65599 65699 168 K147959 147859 231 253539 203539 
75 K 63813 65813 169 148781 148789 233 K235933 205933 
76 K 69529 66529 170 K449797 149797 234 206638 206639 
76 K 69553 66553 172 131409 151409 234 207001 207007 
76 69883 66883 176 K455357 155357 235 907463 207463 
77 K 67751 67651 178 156691 156697 236 207943 207947 
78 K 69401 68401 182 K166559 160559 236 298073 208073 
80 70627 70727 186 K463763 163763 236 K298661 208661 
81 71197 71297 187 164776 164779 237 209329 209323 
83 12889 72889 189 166872 166873 237 K200341 209341 
83 73919 73019 191 169703 168703 238 K210263 210269 
86 K 65371 75371 192 166813 169813 238 K510503 210503 
87 76051 76951 193 K176407 170407 239 K240733 210733 
91 79729 79829 194 171084 171083 239 1 10767 210767 
93 82481 82181 194 K1S1587 171587 240 411673 21 1673 
94 92733 82733 195 472121 172121 240 211781 211771 
96 K 34757 84757 196 172754 172751 240 211791 211781 
97 K 35183 85183 196 172929 172927 241 312407 212407 
98 K 68333 86333 197 K473S81 173581 242 212914 213913 

100 K 67653 87653 198 K177877 174877 244 215301 215303 
108 95079 95077 201 K777527 177527 245 246733 216733 
108 95329 95429 202 K478687 178687 247 517811 217811  
109 93917 95917 204 K179141 179641 253 223278 223273 
109 96123 96023 204 480377 180377 2SS 225470 225479 
114 K199409 100409 206 191511 181511 256 325863 225863 
us K106967 100967 207 K162S39 182539 2S6 225597 225997 
1 18 204027 104027 207 K16271 1  18271 1  258 227668 227669 
1 18 104287 104387 207 182848 182849 259 223329 228329 
121 106181 106183 208 188407 183407 259 228403 228409 
123 408127 108127 209 134673 184673 259 258673 228673 
123 K103373 108373 210 195213 185213 260 K329531 229531 
123 K408521 108521 210 175431 185431 261 230928 230923 
124 409241 109241 210 485471 185471 262 23131 1  231317  
126 1 19857 1 10857 211  155837 185837 262 K281361 231361 
133 117438 117433 211  168373 186373 262 221467 231467 
134 418367 118367 211  86697 186697 262 321793 231793 
139 1 12419 122419 212 187138 187139 263 KS31863 231863 
145 138159 128159 212 157157 187157 263 232250 232259 
145 K138161 128161 215 189364 189367 264 332739 232739 
146 K138419 128419 218 79251 1  192511  264 332801 232801 
153 K434819 134819 218 192760 192769 264 238877 232877 
154 125409 135409 219 198681 193681 264 232801 232901 
154 185673 135673 220 191339 194339 264 333077 233077 
154 125809 135809 222 106213 196213 265 293741 233741 
154 126241 136241 223 K197993 196993 265 K234043 234049 
156 K127461 137461 223 196017 197017 265 294091 234091 
157 198541 138541 223 191 129 197129 266 233067 235067 
157 188871 138871 224 147881 197881 267 236112 236113 
158 439001 139001 225 198434 198439 267 K336221 236221 
159 K138849 139849 225 188791 198791 268 336507 236507 
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GoLDBEJt.G !-continued EB.Jt.ATA 

pqe ,,. rad pqe ,,. rad pqe for rad 

268 K.337031 237031 273 241468 241469 278 245407 245497 
269 337671 237671 274 241840 241849 279 246917 246017 
270 238061 238081 275 245143 243143 280 347043 24700 
271 238971 238981 277 244241 244249 283 249917 249919 
273 240820 240829 277 K241811 244811 284 K280789 250789 
273 241009 241007 278 K345381 245381 284 250937 250931 
273 241274 241271 278 245497 245407 285 K221387 251387 

� � � 
Dumber facton Dumber facton Dumber facton 

5951 1 1 · 541 77371 7' · 1579 122483 53 · 2311 
8891 17 · 523 K 79679 17 · 43 · 109 123763 23 · 5381 
9571 17 · 563 80357 107 · 751 124763 17 · 41 · 179 
9937 19 · 523 81617 17 · 4801 K127801 227 · 563 

11429 1 1 · 1039 84797 19 · 4463  128527 .,. . 43 · 61 
13559 7 · 13 · 149 86483 197 · 439 128851 269 · 479 
17651 19 · 929 89987 291 · 107 133429 29 · 43 · 107 
18361 7 · 43 · 61 90419 7 · 12917 134057 7 · 1 1 · 1741 
19907 17 · 1 171 K 90721 257 · 353 13837"9 11 · 1949 
20009 1 1 · 17 · 107 K 91877 79 · 1163 K138761 7 · 43 · 461 
22919 13 · 41 · 43 93547 139 · 673 K139621 17 · 43 · 191 
23047 19 · 1213 94001 23 · 61 · 67 K139829 67 · 2087 
23441 1 1 · 2131 94831 1 1 · 37 · 233 140519 83 · 1693 
24173 23 · 1051 94987 43 · 47'(43 ·47 141187 59 · 2393 
27347 23 · 29 · 41 in some copies] 142769 1 1 · 12979 
28259 7 · 11 · 367 95561 227 · 421 143311  7 · 59 · 347 
29597 17 · 1741 96301 23 · 53 · 79 144859 1 1 · 13 · 1013 
29971 17 · 41 · 43 96631 71 · 1361 K145597 19 · 79 · 97 
32477 47 · 691 96883 17 · 41 · 139 146189 29 · 711 
37631 1 11 · 31 1  96937 31 · 53 · 59 146591 17 · 8623 
48719 1 1 · 43 · 103 K 97481 43 · 2267 147017 13 · 43 · 263 
50813 7' · 17 · 61 K 98099 263 · 373 147389 1 1 · 13399 
51209 41 · 1249 K 99769 19 · 59 · 89  147581 7 · 29 · 727 
52693 23 · 29 · 79 99997 19' · 277 148613 353 · 421 
53011 7 · 7573 101857 7 · 14551 149593 227 · 659 
53021 37 · 1433 102283 29 · 3527 149603 prime 
53041 29 · 31 · 59 104303 37 · 2819 152573 271 · 563 
53071 73 · 17.7 105473 29 · 3637 K154447 41 · 3767 
53293 137 · 389 K105919 1 1 · 9629 154813 23 · 53 · 127 
53731 prime K105961 17 · 23 · 271 155011 379 · 409  
53761 37 · 1453 108619 7 · 59 · 263 155489 61 · 2549 
55033 1 1 · 5003 108809 53 · 2053 156263 307 · 509  
58729 1 1 · 19 ·  281 109939 17 · 29 · 223 157117 59 · 2663 

K 58993 1 1 · 31 · 173 1 11523 229 · 487 157453 19 · 8287 
59807 1 1 · 5437 1 13627 37' · 83 1576\SJ 111 · 1303 
61807 19 · 3253 K114733 1 7' ·  397 158273 163 · 971 
63631 17 · 19 · 197 114959 13 · 37 · 239 158503 31 · 5113 
64199 43 · 1493 116093 17 · 6829 158899 13 · 17 . 719 
64277 17 · 19 · 199 118559 7 · 16937 160261 43 · 3727 

K 65639 7 · 9377 1 18859 13 · 41 · 223 160283 29 · 5527 
71623 67 · 1069 1 19287 7 · 17041 160693 13 · 47 · 263 

K 74191 13' · 439 119669 1 11 · 23 · 43 161299 23 · 7013 
74461 19 · 3919 1 19843 37 · 41 · 79 162667 47 · 3461 
76729 277' 121033 1 1 · 11003 165997 13 · 1 13' 
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EB.llATA GoUWENS 1 

GOLDBERG 1-cOIUinued 

corrected c:orrected corrected 
numb« facton numb« factors numb« factors 

166249 83 · 2003 198053 23 · 79 · 109 K225121 13 · 17317 
166573 1 1 · 19 ·  797 198401 7' · 4049 225877 107 · 21 1 1  
169907 131 · 1297 198547 367 · 541 K225899 223 · 1013 
170951 1 1 · 15541 198617 31 · 43  · 149 225901 13 · 17377 
172231 29 · 5939 198947 7 · 97 · 293 226249 61 · 3709 
172339 23 · 59 · 127 200167 1 1 · 31 · 587 226279 41 · 5519 
172891 23 · 7517 203917 7 · 29131 227689 7 · 11 · 2957 
174247 163 · 1069 204853 1 1' · 1693 228967 101 · 2267 
174643 7 · 61 · 409  204901 17' ·  709 229471 1 1 · 23 · 907 
176879 73 · 2423 207107 71 · 2917 229537 7 · 11' · 271 

K177467 prime 207167 223 · 929 229579 7 · 32797 
K179183 59 · 3037 207413 211 · 983 229907 149 · 1543 

179467 197 · 91 1  207557 7 · 149 · 199 230261 19 · 121 19 
179597 1 1 · 29 · 563 K208349 89 · 2341 231601 311 • 241 
179711  7 · 25673 210217 1 · 59 · 509 232427 13 · 19 · 941 
181561 47 · 3863 211459 103 · 2053 K233263 19 · 12277 
182117 13 · 14009 K213251 107 · 1993 233927 223 · 1049 
182177 prime 213793 439 · 487 235093 17 · 13829 
182399 7 · 71 · 367 213871 7 · 30553 235801 37 · 6373 
182527 349 · 523 215101 17 · 12653 236099 229 · 1031 
184423 311 · 593 215171 1 1 · 31 ·  631 236281 277 · 853 
184937 173 · 1069 215441 17 · 19 · 23 · 29 K237949 17 · 13997 
186083 53 · 3511  K215729 31 · 6959 238271 1 1 · 21661 
186313 211 · 883 216581 19 · 1 1399 239603 7 · 13 · 2633 
186517 37 . 71• 216737 73 . 2969 K240329 17 · 67 · 21 1  
187537 7 · 73 · 367 217039 17' ·  751 241399 283 · 853 
187829 31 · 73 · 83 217897 193 · 1129 242611 19 · 1 131 
191423 107 · 1789 219209 223 · 983 242791 97 · 2503 
191839 41 · 4679 219379 431 · 509  K245743 397 · 619 
192203 1 1 · 101 · 173 219859 43 · 51 13 246863 43 · 5741 
192449 223 · 863 220087 7 · 23 · 1367 247019 19 · 13001 
193781 7 · 19 · 31 · 47 220439 17 · 12967 247109 29 · 8521 
195151 1 1 · 1 13 · 157 220993 223 · 991 247751 7 · 35393 

K195671 7 · 27953 221029 83 · 2663 247979 17 · 29 · 503  
196301 7 · 29 · 967 K223109 47' · 101 248029 97 · 2557 
196411 59 · 3329 223459 191 · 619 249241 47 · 5303 
197041 13 · 23 · 659  K224647 277 · 81 1  251587 7 · 127 · 283 
197501 23 · 31 · 277 224719 1 1 · 31 · 659 K251593 43 · 5851 

224729 prime 

(Practically all corrections in this list were given in Dr. Jiif KAvAN's MS. list, but those with-
out a •K" were first given, 1�5, in CuNNINoBAII 41, KAvAN added 94 new corrections. 
Mr. H. J. WOODALL has pointed out that 54131 - 7  · 11 · 1 9 · 37 ;  the broken type for the first 
factor makes it uncertain.) 

GOUWENS 1 .  
t-97, ;,. Y for 446 read 466. 
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GRAVE 1-ILuDY and RAKANUJAN 1,, 1s EU.ATA 

GRAVE 1 .  
f for c:odliclet of � 
59 ,. +JS 
59 ... - 1 
67 .. + 4 
71 .. - 5  
79 ,. +69 

GRAVE 2. 
f for c:odliclet ol nad 

1 13 yU 353 
157 t• 1084 
197 ,. 353 

GRAVE 3, [d,]. 
page 377, 1- 131, itu•l 57 
page 380, 1- 149, """' 32, � 35 

3, [e1]. 
page 330, •-9899 frw - read 19 

3, [q,]. 
p. 21-22 

... for � ... for � 
1230 56 ss 1252 24 23 
1232 27 29 1254 so 51 
1234 26 25 1272 41 40 
1236 41 42 1274 25 26 
1240 36 34 1396 25 24 
1242 42 44 1398 44 45 
1244 23 22 

HALSTED 1 .  
page 149, /rw 330, 644, 725, 107226 read 333, 644, 725, 107226; abo chaD&e order of  entry. 
page 149, /rw area 863550 read 934800 

page 167,frw 21, 61, 65, 420 read 14, 61, 65, 420 

HilDY and RAKANUJAN 1,, 11• 
Table I. log fllt,lt/ri. frw -27/32 read 5/32 

log wu . ..l•i. for 27/32 read -5/32 
Table ll. In Aufrw -•/90 read 89-rr/90 

In Attfrw +27•/32 read - 5-r/32 

(lrl.u.TIN 2, p. 309,321) 

frw Au(•) -O (•• 1 , 2, 3, 5, 7 (mod 1 1)) read Au(•) -0 (•• 1, 2, 3, 5, 8 (mod 11)) 
frw As.(•) -0 (••0 (mod 2)) read At•(•) never vanishes 
frw Au(•) never vanishes read Au(•) -0 (•• 1, 2 (mod 5)). 

(D. H. I.Emotll 5, p. 118) 

[ 146 ] 

Guide to Tables in the Theory of Numbers

Copyright National Academy of Sciences. All rights reserved.

http://www.nap.edu/18678


EDATA HAUSSNEll 1 

IIAUSSNEll 1.  

• f« read calt lu.t f« • - read 

670 103 281 
1014 171 47 
1026 433 41 42 
1038 131, 337 38 40 
1040 413 313 
1060 506 503 
1 106 83 97 
1 108 103 131 47 24 25 
1 126 19 17 
1 136 393 24 23 
1 146 433 39 38 
1164 587 577 
1 170 89 83 
1184 193, 277 18 20 
1 186 593 19 20 
1232 157 30 29 
1244 613 22 23 
1284 47 46 47 
1380 499 60 61 
1454 601 26 27 
1568 97 25 26 
1584 151 58 59 
1606 5 29 30 
1664 53 43 
1690 137 36 37 
1696 27 28 
1722 691 631 
1726 903 503 
1790 181 36 37 
1808 41 29 28 
1818 41 52 53 
1824 887 58 59 
1840 227 36 37 
1842 233 223 227 55 54 
2020 829 929 
2026 171 179 
2050 147 149 
2102 227 32 31 
2104 227 34 35 
2136 489 389 
2142 433 81 82 
2228 67 27 28 
2238 67 60 59 
2262 1061, 1069, 1091 72 75 
2304 1097 1091 
2402 233 223 
2404 17 37 36 
2406 17 71 72 
2442 53 75 76 
2444 233 223 
2446 1 193 41 40 
2448 337 73 74 
2470 1071 1061 
2472 1 192 1 193 
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IIAUSSNER. 1-conlinued EJUtATA 

• for read omit iDiert for •• read 
2508 229 75 74 
2510 233 223 229 44 45 
2530 1213 56 S5 
2532 1061, 1093, 1213 68 71 
2584 1 123 1223 
2598 5 70 71 
2606 157 36 35 
2616 157 71 72 
2630 487 45 46 
2636 313 35 34 
2646 313 80 81 
2654 733 36 35 
2656 733 42 41 
2664 733 72 73 
2666 733 36 37 
2674 571 49 48 
2684 571 42 43 
2688 571 90 89 
2692 151 251 
2698 571 43 42 
2802 1 1  72 73 
2804 1217 36 35 
2808 139 91 90 
2810 139 so 51 
2814 1217 96 97 
2856 2956 2856 
2870 73 63 64 
2900 1427 52 51 

(Table ll) 

• for read • for read • for read 
1026 41 42 1842 55 54 2654 36 35 
1038 38 40 2102 32 31  2656 42 41 
1 108 24 25 2104 34 35 2664 72 73 
1 136 24 23 2142 81 82 2666 36 37 
1 146 39 38 2228 27 28 2674 49 48 
1 184 18 20 2238 60 59 2684 42 43 
1 186 19 20 2262 72 75 2688 90 89 
1232 30 29 2404 37 36 2698 43 42 
1244 22 23 2406 71  72  2802 72 73 
1284 46 47 2442 75 76 2804 36 35 
1380 60 61 2446 41 40 2808 91 90 
1454 26 27 2448 73 74 2810 so 51 
1568 25 26 2508 75 74 2814 96 97 
1584 58 59 2510 44 45 2870 63 64 
1606 29 30 2530 56 55 2900 52 51 
1690 36 37 2532 68 71 3036 91 92 
1696 27 28 2598 70 71  3038 45 44 
1790 36 37 2606 36 35 3102 93 92 
1808 29 28 2616 71  72  3108 101 100 
1818 52 53 2630 45 46 3112 47 46 
1824 58 59 2636 35 34 3210 1 10 1 1 1  
1840 36 37 2646 80 81 3228 84 86 
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EUATA HEII.TZEII. 1 

IIAUSSNEII. 1-conlinued 

• for read • for read • for read 

3264 88 89 4018 6S 66 4664 71  69 

3268 47 46 4056 108 109 4674 122 123 

3288 77 78 4098 101 102 4690 96 95 

3332 56 55 4100 68 67 4692 1 19 120 

3352 44 45 4104 105 104 4708 66 6S 

3392 45 46 4110 138 139 4710 147 148 

3408 87 86 4114 60 61 4718 61 60 

3418 49 so 4144 63 64 4724 58 57 

3480 122 123 4172 61 62 4734 1 19 120 

3492 84 85 4178 54 53 4736 59 58 

3528 103 104 4188 103 104 4738 56 57 

3584 57 56 4190 6S 64 4740 151 154 

3588 107 108 4198 52 53 4746 138 139 

3594 90 89 4200 164 165 4754 61 60 

3598 57 58 4206 104 105 4764 1 13 1 14 

3610 67 66 4216 55 54 4782 107 108 

3612 1 1 1  1 1 2  4222 55 56 4792 61 60 

3614 54 53 4242 122 123 4808 52 51 

3616 47 48 4248 105 106 4814 62 61 

3646 51 52 4258 54 53 4816 73 75 

3658 46 47 4284 133 132 4818 128 129 

3688 45 46 4308 101 100 4854 1 13 1 14 

3710 80 79 4310 67 68 4884 125 126 

3712 48 49 43SO 143 144 4894 61 60 

3714 94 93 4352 56 55 4900 95 94 

3724 60 62 4374 102 103 4902 121 123 

3772 55 54 4388 49 48 4904 58 59 

3774 102 103 4398 106 107 4908 104 103 

3804 94 93 4422 1 13 1 14 4914 149 1SO 

3808 6S 64 4428 1 10 108 4916 53 54 

3810 129 130 4438 68 70 4918 56 57 

3814 48 49 4444 61 60 49.20 152 153 

3818 45 44 4446 124 125 4930 83 84 

3828 108 109 4470 148 147 4942 72 73 

3840 127 128 4474 56 57 4944 121 122 

3844 51  so 4522 76 77 49SO 166 167 

3846 97 98 4608 1 16 1 1 7  4956 143 145 

3852 93 94 4618 58 57 4972 67 68 

3882 97 98 4628 60 59 4986 1 16 1 1 7  

3954 101 100 4638 107 108 4990 83 84 

3958 52 53 4640 7 1  70 4996 62 63 

4008 106 105 4642 64 6S 5000 76 77 

4662 135 136 
(PIPPING 1, p. 2-5) 

HEII.TZEII. l.  
1• 101009 ,eod q• 16 
add 1• 106321, q•4, and 1• 109873, q • 7. 

(CulnnNOIWI 40, p. 155) 
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ING11IltAl1I la EDATA 

ING11IltAl1I la. 
In theee tables a prime number is denoted by a dot ( . ). The following 55 primes (p. 17 

is not considered) do not have a dot clearly printed: 
1867 3593 5879 10909 14243 12479 17393 21001 29819 35831 

36191 41257 41983 46747 47629 42169 43063 43579 44159 47699 
55127 56809 57131 56993 61223 63149 64433 61291 70001 69463 
69959 72901 75619 77081 79337 82207 82241 82507 83003 83231 
78191 84347 90947 91129 95813 91757 92387 92959 93559 94463 
95279 97231 98101 99523 98867 

(Mrs. Jm1 KAv.AN) 

pap Dumber for -.1 pap number for -.1 
1 4241 1 23 62087 43 47 
3 8249 -3 73 24 B72001 39 89 
5 15707 13 113 25 66481 18 19 
7 18703 39 59 25 68353 19 29 
7 B23641 77 47 25 68771 3 
8 B20159 18 19 25 68871 3 
9 B29327 3 25 B70467 7 3 
9 B29427 3 25 B70567 3 7 

1 1  B30531 13 3 26 72209 103 163 
13 B36843 3 26 B74607 3 
13 B36943 3 26 B74707 3 
15 B42431 15 151 26 B74907 3 
15 B47507 7 26 75009 7 3 
15 47539 37 137 26 76221 7 3 
16 B42583 17 97 26 76321 3 7 
16 44579 , 26 76701 3 
16 45383 19 13 26 76801 3 
19 48457 37 47 26 77819 17 7 
19 51377 33 83 26 78041 3 
19 B53693 3 27 74351 148 149 
19 B53793 3 27 74367 3 
20 N •49 27 74773 13 23 
20 B55101 3 27 75471 3 
20 B55201 3 27 75571 3 
20 55609 3 27 B77699 3 
21 55473 7 3 27 B77799 3 
21 55513 3 7 27 B77999 3 
21 B55793 3 28 80837 129 229 
21 B55893 3 28 82739 11  17 
21 55979 7 28 B84047 3 
21 B59069 3 29 83099 11  23 
21 B59463 7 3 29 83357 7 
21 BS9563 3 7 29 B83573 17 7 
22 B61129 3 30 84641 83 53 
22 61329 3 30 B86849 7 
22 62321 3 7 31 84157 213 23 
22 62421 7 3 31 84653 1 
22 B65703 3 31  B85377 7 3 
22 65723 7 31 B85477 3 7 
22 B65847 7 3 31 89881 1 1 1  
22 65939 223 233 31 89979 13 3 
22 B65947 3 7 32 B91839 3 
23 B60471 7 3 33 N •58 N •59 
23 B60571 3 7 33 B90287 1 17 17 
23 60587 42 43 33 91887 7 3 
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ED.ATA jACOBI 2, (ds)-3., 3, 

INGBIRAYI 1,--conlinued 

pqe Dumber for n..s pqe Dumber for n..s 
33 91987 3 7 34 98941 103 163 
33 96089 27 7 35 B96173 3 7 
34 96109 13 35 B96273 7 3 
34 B96749 3 35 B96459 3 
34 B96849 3 35 97183 137 157 

(The errata marked with •B� were given by T. BAUNAGA in Rer!isla Jl alefrf. Bis�GM­
A-*aM, v. 3, 1921 ,  p. 27-these and the others (ezc:ept four by Dr. CoiDtiE) were found 
by Dr. }Iif KAVAN. There were errors in BAUNAGA's errata for 55609 and 55709, and the 
correction for 42583 was not given. Errors on p. 17, duplicating p. 16, not considered.) 

jACOBI 2, (dt). 
contains the same errors as BtJJtCDARDT 1 [ds) 

Numben Iadlas 

pqe I aqumeat for n..s pqe I aqumeat for n..s 

61 449 219 374 364 116 677 35 368 308 
62 457 453 325 320 139 757 565 168 468 
64 463 134 2 29 222 25 14 8 6 
82 557 503 427 437 224 169 33 41 71 

225 243 12 206 208 228 361 122 43 93 
228 361 131 169 165 228 361 216 87 78 
234 841 192 233 223 228 361 353 144 174 

232 729 196 204 304 
193 929 Col. I 91 90 234 841 353 394 694 
193 929 Col. I 92 91 
193 929 Col. I 93 92 

{ 61 61 
237 961 Col. N 61 62 

Value (p- 1) 
63 461 t- 1  2' 21 Cancel this correction in Jacobi's corrigenda 

76 523 t- 1  3 · 87 Jl · 29 
77 523 t- 1  3 · 87 31 · 29 

219 997 t- 1  2• 21 

jACOBI 3., 3a, partly corrected in 3a, Ut] . 
Table I of (o, 6) 

,eod I• 2357 ; 3253; 3469; 3529; 5693 ; 
imlu4 of 2457; 2253; 3459; 2529; 5093; 

Omillioaa, Table I 
I .. 6 
197 1 14 

2713 3 52 
6997 39 74 

1 1173 97 42 

CorripDda of ... 6 
I .. 6 

5261 19 70 
8609 47 80 

[ 151 1 

245 571 109 190 109 

(C17NNINGIWI 42, p. 59, and V ANDIVU) 

Table U of (A, B) 

,ttJd 3631 ;  6427;  imlu4 qf 
2631 ; 6433; 

OmlaUou, Table U 
I A 

883 4 
6427 80 

1 1311 106 

CorripDda of  A, B 

B 

17 
3 
5 

I A B 
6481 41 40 

(C17NNINGIWI 41, p. 132-133) 
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KAvAN l�t lrKRAITCHIIC. 3, [ia] ERRATA 

KAvAN lt, ls. 
page 32, N - 15280 for 24 · 3 · 191 ,eo4 24 · S · 191 
page 39, argument left band column, for 1800 ,eo4 1870 

o. c. P. MILLU) 

KRAITCHIIC. 2, (o). 
page 6, ,._ 29 for X ,eo4 1, 15, 33, 13, 15, • • • , 15, 13, 33, 15, 1 

KR.AITCHIIC. 3, (�]. 
page 214, N - 199, for p- 197 ,eo4 127 
page 215, N-293, col. 37, for 23 ,eo4 230. 

3, [it] . 
pages 188-189 

N for s - re&d s - N for s- re&d s-
73 167 157 601 49 (/J 
89 191 91 641 193 191 

233 21 11  745 21 11 
265 233 253 841 167 157 
385 243 193 1001 21 1 1  
489 21 11 

pap " N for re&d 
193 17 9 1- 3 1- 6 
195 31 s �� - 8 IJ - 1 1  
195 31 s 1- 11  1- 8 
199 47 6 1- 10 1 - 1 1  
199 47 34 1 - 19 1-22 

[ia]. 

D for re&d D for re&d 
+ 38 59 53 + 157 107 109 
- 38 1 16 1 17 - 157 471 529 
- 42 ss 53 + 165 112 1 13 
- 42 159 157 :.... 166 473 477 
+ fiJ ss 53 - 173 655 309 
- 86 89 87 +174 203 61 
- 102 147 145 - 181 359 357 
- 103 67 79 - 181 491 461 
- 103 177 179 - 181 719 721 
- 105 57 67 - 185 661 253 
- 106 73 71 +190 119 197 
- 107 191 193 +191 173 175 
- 109 333 103 +191 271 275 
- 1 10 39 49 +193 ISS 129 
- 1 10 207 217 - 193 541 155 
- 113 397 171 - 193 617 231 
+ 122 195 199 +194 41 47 
- 138 163 1(/J - 194 453 455 
- 141 413 415 - 197 191 199 
+146 77 1 19 +199 309 257 
- 146 77 303 - 199 309 257 
- 149 367 365 - 199 imert 371 
+ 151 183 189 
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EBATA K:RAITCmJt 4, [ds] 

KRAITCmlt 3 Ua]-continued 
Correct Tables for D• ± 182 

D• +ta o- -ta 

7281J ± 1 9 1S 19 25 3J 728n+ 1 3 9 1 1  23 25 
37 41 43 51 55 59 27 31 33 37 41 47 
61 69 71 73 81 83 61 67 69 73 75 79 
85 87 89 93 97 101 81 85 89 93 95 97 

103 107 109 1 13 115 121 99 101 109 l l l  1 13 121 
135 141 145 149 151 155 123 127 131 139 141 145 
157 159 171 173 179 181 149 157 163 167 173 181 
187 197 199 201 211 225 183 191 197 201 207 215 
227 233 235 237 239 241 219 223 225 233 237 241 
253 265 269 285 289 297 243 251 253 255 263 265 
307 311 317 319 333 335 267 269 271 275 279 283 
337 341 347 353 359 361 285 289 291 295 297 303 

317 323 327 331 333 337 
339 341 353 355 361 363 
369 379 381 383 393 407 
409 415 417 419 421 423 
435 447 451 467 471 479 
489 493 499 SOl 515 517 
519 523 529 535 541 543 
549 551 557 563 569 573 
575 577 591 593 599 603 
613 621 625 641 645 657 
669 671 673 675 677 683 
685 699 709 711  713 723 

(D. H. l.EJomR, Am. Math. So., Bull. v. 35, p. 866-867) 

KRAITCWit 4, (dt). 

pages 55-58, 61 

art. - delete illlat art. - delete illlat 
129 3 2003 5347 132 7 2593 
129 3 2383 7867 133 10 2593 6337 
129 3 5153 9043 133 10 6793 
129 3 9413 133 1 1  1511 
129 3 9967 133 1 1  8231 
130 s 1753 2083 133 12 7841 
130 5 5167 2383 133 13 7841 
130 s 5347 5153 133 13 8231 
130 5 6793 133 17 1559 8089 
130 s 7867 133 17 8191 
130 s 9043 133 19 1559 
130 s 9413 133 19 5711  
130 s 9967 133 23 1511 
131 6 6337 5167 133 29 571 1 
132 7 8089 1753 133 29 8191 
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IUArrcm::rc. 4, [dt] ED.ATA 

4, [dt]-conlinued 
primes misprinted 

art. far ned 
128 3213 3203 
129 6251 6151 
129 6877 f/J77 
135 2093 2099 
135 8763 8663 

(CuNNINGJWI and WOODALL, Musmter MMl., v. 54, 1924, p. 181) 

4, [dt]. 
pages 131-145 

, for ,. r.d p  , for ,. ned ,.  , for ,.  ned ,.  
9257 2 3 16633 5 15 24181 6 17 

103(/J 11  13  16921 13 17 25261 6 7 
10487 2 -2 1f/J27 3 6 25309 15 13 
10631 2 - 2  17209 7 14 25321 1 1  19 
10639 2 -2 17293 6 7 25759 10 - 10 
1 1251 7 13 17401 7 1 1  26083 3 7 
1 1491 - 7  7 18049 7 13 26161 7 13 
12007 3 13 18121 7 23 26317 35 6 
12703 -3 3 18233 5 3 26431 - 10 3 
12973 6 14 18307 7 1 1  26641 2 7 
13841 3 6 18397 5 6 26681 3 6 
14281 13 19 19081 7 17 26701 6 22 
14407 7 19 19477 5 6 27031 - 5  6 
14449 1 1  22 19843 - 7  19 27109 30 7 
15277 5 6 20011  3 12 27241 13 17 
15601 7 23 21283 3 1 1  27281 3 6 
15679 - 7  1 1  21787 -7 23 27409 11  13 
16061 7 12 22279 2 3 27427 10 - 10 
16111  - 5  7 23609 3 6 27457 5 7 
16249 1 1  17  24007 7 17  

(CtnomiGJWI and WOODALL, Musmter MMi., v .  54, 1924, p .  185) 

4, [d,]. 
pages 63-65 
art. , for s reed s for t ned t  for mod ned mod 

138 577 107 105 
138 797 5(/J 563 
139 457 449 
139 449 457 
140 blank 3 blank 3 blank 2 
140 5(/J 568 284 
140 7f/J 241 141 
140 893 883 892 882 

(CtnomiGJWI and WOODALL, Musmter Malll. ,  v. 54, 1924, p. 183) 
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EBATA 

4, [dt�onlinuetl 
pages 131-145 

, 
947 

1609 
9257 

10487 
10631 
10639 
18451 
18859 
22279 
24943 
26641 
27551 
29671 
31649 
31849 

, 
797 

15()()1 

4, [dt]. 
page 219 

few 
2 
4 
1 
1 
1 
1 

15 
2 
1 
1 
1 

10 
1 

16 
1 

few 
2 
4 

K.lwTcmx 4, [da] 

y of bue 2  

n..s , few n..s , for n..s 

1 34519 1 6 65543 1 2 
8 34543 1 2 68099 2 1 
2 34897 2 16 71503 1 2 
2 35671 1 2 74143 1 2 
2 36847 1 2 74729 4 8 
2 36929 1 2 77041 1 2 

25 37529 1 2 78259 2 1 
1 42187 1 3 80239 1 2 
2 49033 1 2 90019 6 3 
2 50951 1 2 93871 7 70 
2 53609 1 2 97849 1 2 

so 58679 1 2 98543 1 2 
2 61057 1 2 99839 1 2 

32 61631 1 2 99871 1 2 
2 63671 2 10 250867 2 1 

255071 1 2 

y' of bue  10 

nd t for nd t few nd 
4 21739 2 3 25667 1 2 

40 22343 2 1 25759 1 2 
(ComiJNGBAM AND WOODALL, JIUmtftll' JltJIII., v. 54, 1924, p. 184) 

N•293, col. 37, jor 23 reo4 230  
N•509, col. 47, jor 270 ,eo4 207. 

4, [da]. 
pages 59-64 

art. ..... • few n..s 
134 2 2 1999 1993 
134 2 2 3773 3793 
134 2 2 blank 4583 
134 2 2 5279 omit 
134 2 3 7669 7fl/9 
134 2 3 9723 9739 
134 2 6 1993 1999 
134 2 14 6957 6959 
134 2 17  1427 1429 
134 2 56 6557 6553 
136 10 2 7273 7243 
137 10 6 7551 7351 
137 10 6 7573 omit 
137 10 12 blank 7573 
137 10 76 4673 4637 

(CtoomfGBAM and WOODALL, Jlus"'f"' JltJIII., v. 54, 1924, p. 182) 
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KJ.AITCHIJt 4, (e,) 
4, [e,]. 

piCe 
20 
24 
24 
24 
25 

4, [ft]. 

• 
163 
163 
177 
253 

page 10, art. 23, jfN 961 rl4d 963 

4, [ft] • 
pages 131-191 

for 1 ned #  for 1 
17623 17923 c 1 16537 
27289 27299 c 1 18047 
65331 65831 c 126069 
68097 68099 c 136643 
69041 69941 c 138153 
74141 74143 C 147797 
78257 78259 c 150167 
80241 80251 c 153429 
92957 92857 c 169443 

100557 100559 171837 
103383 103387 172083 
104797 104707 K. 174479 
106183 106181 174973 
106263 106273 176387 
106657 106957 K. 176679 
1 13443 1 13453 179063 

177 

ned #  
1 16437 K. 
1 18043 
126079 
136649 
138157 
147793 
150169 
153929 K. 
169343 K. 
171937 K. 
172093 
174469 
174673 K. 
176389 
176699 
179083 

for 
160287 
160287 
174081 

85009 
12097 

for 1 ned #  
179489 179989 K. 
183253 183259 
1921 1 1  192611  K. 
192669 192667 
194747 194749 
201213 201233 
204527 204557 
204713 204719 
205011 205111 K. 
209577 209579 
210961 210967 K. 
211019 211039 
211613 21 1619 
215151 215153 
221901 221909 
224949 224947 
227847 227947 

ned 
150287 
150287 
184081 
blank 
12037 

for 1 
234381 
234899 
240171 
258723 
262101 
262251 
263757 
274343 
280551 
281 133 
283511 
284687 
286559 
290969 
292891 
295557 

Eai.\TA 

ned #  
234383 
234893 
240173 
258733 
262103 
262253 
263759 
274349 
280561 
281153 
283501 K. 
284689 
286589 
290999 
292841 
295553 

(CUNNINGHAM and WOODALL, Jlusmt• JltJli., v. 54, 1924, p. 184, and K.um:Bnc 7, p. 182) 

4, [f,] .  
page 15, art. 30, ifflercllonfl entries 21 15 and 2414. 
page 11,  ,,,, 1736, 2646, 2960. 

Table II 
for P ned 

128441 125441 
414259 414209 
498629 498689 
938353 932353 

ins•l P-3911681 
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EllllATA 

4, [ia]. 

D for read D 
+211 287 289 +230 
-217 319 317 - 233 
-218 533 535 -241 
+222 99 95 - 241 
- 222 483 485 - 241 
- 226 375 373 - 246 
- 226 385 395 - 247 
-226 387 397 - 249 
+227 241 261 - 249 
- 229 197 199 

4, [h). 
page 49, A - 61 , D-4, for -39, 4 read -39, 5. 
page 50, A • 76, D- 1,for 57769 read 57799 (S. A. Joffe). 

4, Us] .  

4, [o]. 

pap 
192 
193 
193 
197 

, 
15361 

890881 
918529 

imerl 391 1681 

for 11 
15 

234 
115  

page 88, 11• 29, for X read 1 , 15 ,  33, 13 ,  15, • • • , 15, 13, 33, 15, 1 .  

KRAITCmlt 6, [ds). 
page 233, add entry i • 115, 11 • 20, j•4 

6, [es]. 
page 224, i• 1 15, 11 - 20,jor 379 read prime 

6, [ill· 
page 159, 1 • 59, 11 • 23, for x • 14 read x• 15 
page 159, p- 59, 11 •44, for x - 14 read x• 17  

6, Ua]. 
page 242, line 1, column 4, /or s - 541 read s • 841 

6, [m]. 
... read 
19 2, 1 , 3 
45 1, 2, 2 

296 4, 1, 7 
498 3, 6, 22 
514 1 , 2, 22 
590 3, 2, 4 
649 2, 9, 1 ,  2, 3, 1 , 1 , 2, 1 ,  4, 1 , 16, 6, 3, 4 (29 termes) 
700 2, 5, 2, 1 , l , 1 ,  1 , 12  (15 termes) 
725 1 , 12, 2 
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KRAITCHilt 6, [cia) 

I« 
23 

915 
607 
fiJ7 
731 
387 
105 
197 
301 

read 
30 

1 79 
215 
385 

read 

33 
925 
357 
fiJ3 
733 
389 
449 
695 
799 

(K.urrcmx 7, p. 182) 

Guide to Tables in the Theory of Numbers

Copyright National Academy of Sciences. All rights reserved.

http://www.nap.edu/18678


lUAITCHIJt 7, [biJ 

6, [m].-con#nued 
A read 

813 1, 1 , 18 
994 1, 1, 8 
539 4, 1 , 1, 1  
808 2, 2, 1 , 5, 1 , 1 , 1 , 1 , 13 (17 termea) 
814 1 , 1, 7, 1 , 1, 1 , 5, 18, 1, 5, 2, 1, 1 , 4 (27 termes) 
927 2, 4, 5, 3 
939 1, 1 , 1 , 4, 20 (9 termea) 
1 16 1 , 3, 2, 1, 4 
369 4, 1 , 3, 2, 7, 4 (11  termes) 
415 2, 1 , 2, 4, 6, 1 ,  1, 3 
999 1 , 1 , 1, 1 , 5, 6, 1 , 5, 2 (17 termea) 

lUAITCHIJt 7, (bs). 
page 153, column {1'+1)/2, t• 19, for 233 reod 433 

7, [e,]. 
pap llDe 

84 1J•67 
for 

19370721 

EllllATA 

(ltaAncan 7, p. 182-183) 

read 
193707721 

86, 87 94, 114, 150 inlel'cM1f(e primitive factors 
88 n•S6 3153 5153 
88 n• l20 1851 • • •  521  394783681 . 46908728641 
95 1f • 41 tkleU entry 

96 4 • 26 
al- l 
a - 1  

2641 8641 

97 4• 18 last 61 601 

97 4•24 
aU- 1  

13467047 134367047 
a - 1  

97 4•42 
au- 1  

5942675703 5942675707 
a- 1 

97 4•44 
a•- 1  

13 19 
a'- 1  

97 4•61 
a•- 1  

603870199 903870199 
a'- 1  

98 a•S2 152987077 152787077 
99 4 • 75 first 10922367593 109 . 22367593 
99 a • 85 first 193 163 
99 a • 40  338839937 7879999 

100 4 • 23 
a•+l 

2711117  271 · 1 1 17  
ai+l 

lOS a • S8 
a11+1 

41 · 941 41941 
a1+1 

lOS a•68 
al+l 

106177 196117 
a1+1 

537 5237 106 4• 19 
106 4• 19 35533211573 35533 . 21 1573 
127 60 8 106117 1961 17 
137 s • 79 N %•81 
140 s• 19 M 537 5237 
143 4• 10 M 341 · 334661 541 · 534661 
144 y • l l  iruerl 51329 
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ER1lATA Klt.uTCBIK 9-LEGENDRE 11, Ull 

7, [et] .-continfled 
pqe 
145 
146 
147 
149 
149 
153 

7, [o]. 

a- 6 
s-40 
s- 12 
middle of page 
a- 1 

N 
M 

for 
207544361 
338839937 

1377 

n..a 
20754361 
7879999 

2377 
s- 1,  2, 3 a- 1,  2, 3 

99151 991651 
tint 233 433 1- 19 

(B.EEGER, Nkww Archie/ '· Wiskt�IIIU, s. 2, v. 16, no. 4, 1930, p. 42;) 

page 2, ,._41, /or Y- 1, 1, 1, 4, • · • read 1, 1, 2, 4, · · · 
page 3, ,._91, /or Y- 1, 1, 5, 9, 17, 30, 40, 69, · • · read 1, 1, 5, 9, 17, 30, 44, 69, · · · 

KJLuTCmK 9. 
DO. 

38 
52 
71 

for -.1 
760765 • . • 760965 • • •  
549767 • • • 549797 • • •  
160242 • • • 166242 • . •  

(B.EEG:U, M�iea, Cluj, v. 8, 1934, p. 212) 

LEGENDRE 1h [i,]. 

form 
11-29111 

11-38111 

ll-61r 

for 
3 

-.1 
7 

23 21 
129 131 

see below 

103 107 

for 
89 

1 13 

149 
257 

7 

-.1 
61 

101 

153 
237 
115  

11+101r 305 309 
ll- 77r 53 137 313 317 

255 171 321 325 
329 333 

ll-61r read 122,.± 1, 3, 5, 9, 13, 15, 19, 25, 27, 39, 41, 45, 47, 49, 57. 
(D. N. UBMEll, Am. Math. So., Bull., v. 8, 1902, p. 401-402) 

1h [jl]. 

N -.1 N -.1 
133 s- 2588599 718 s- 8933399183036079503 
214 s- 695359189925 722 s-22619537 

,-47533775646 y- 841812 
236 s- 561799 753 y- 11243313484 
301 ,_ 3391 13108232 771 s- 2989136930 
307 s- 88529282 y- 107651 137 
331 s- 2785589801443970 801 s- 500002000001 
343 s- 130576328 y- 17666702000 

y- 7050459 806 s-6166395 
344 ,- 561 809 s-433852026040 
355 y- 50676 ,- 15253424933 
365 s-3458 833 s-9478657 
397 s- 20478302982 851 s- 8418574 

,- 1027776565 856 s-695359189925 
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LEGENDllE 1s, UJ]-1a, 1., [ia) ERRATA 

1., UJ.-cominued 
N Nd N nad 

526 s-84056091546952933775 ,_ 23766887823 
y-3665019757324295532 865 s-348345108 

532 s- 2588599 871 s- 19442812076 
613 s-481673579088618 y- 658794555 
619 s- 51 7213510553282930 878 s-9314703 

,_ 207885661805487 39 y-314356 
629 s- 7850 886 ,_ 260148796464024194850378 
655 s- 737709209 944 s- 561799 

y- 28824684 965 s- 14942 
664 y-66007821 y-481 
673 s-48813455293932 995 s-8835999 694 s-38782105445014642382885 1001 s- 1060905 

y- 1472148590903997672114 
(D. H. I..JtmmR 1 1 ,  p. 548-549) 

LEGENDRE 1s, (i,). 

f011D 
1'-29#' 

for 
3 

23 21 
129 131 

103 
99 

see below 

107 
69 

fOI'ID for 
,.+ 77u1 89 
,.+ 77.. 1 13 
,.+ 77-' 1 13 
,.+ 77.. 1 19 
,.+ 77-' 149 
,.+ 77.. 257 
,.+ 78-' 102 
,.+ 91-' 7 
,.+ 101-' 305 
'+101v1 313 

S3 137 ,.+ 101•1 321 
255 171  ,.+101-' 329 

1'-61-' relld 122"± 1, 3, S, 9, 13, 15, 19, 25, 27, 39, 41; 45, 47, 49, 57 

nad 
61 

101 
1 17  
153 
159 
237 
103 
115 
309 
317 
325 
333 

(D. N. LEmmR, Am. Math. So., Bllll., v. 8, 1902, p. 401-402) 

LEGENDRE 1a, 14 (i,). 

f011D for nad f011D for Nd 
,.- 14-' Slx S6z 
P-34-' 123 127 
1'-38-' 23 21 ,.+ 61-' 215 
,.-38-' 129 131 
,.-S1v1 13 31 ,.+ 77-' 1 19 159 
,.-61-' see I.EoENDU 1 t  

,.+ 77-' 297 237 
1'-62-' 103 107 ,.+ 91-' 7 us 

,.- 73-' 99 69 ,.+101-' 305 309 
,.+101v1 313 317 

,.- 77v1 53 137 ,.+101-' 321 325 
,.-77·• 255 171 '+101-' 329 333 

(D. N. LEmmR, Am. Math. So., Bllll., v. 8, 1902, p. 401-402) 
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ED.ATA 

N 
94 

1 16 
149 
271 
308 
479 
629 

s-2143295 
s-9801 
y-9305 
s- 1 15974983600 
s- 351 
y- 136591 
s- 7850 

D. H. LEIIKElt 4. 
friDH "- 233, 241 to nest higher c:lasaifications. 

D. H. LEHKElt 5. 
jOI' A.(,.) r«Ml A.(,.+5) 

D. N. LEHKElt 2. 
PIP 
1 1  
14 
99 

D. N. LEHKElt 31. 

col. 
13 
30 
70 

llDe 
1 

55 
heading 

N 
667 
749 
751 
809 
823 

1001 

LEBKElt 4-LUCAS 3 

y-4147668 
s- 1084616384895 
s- 7293318466794882424418960 
s -433852026040 
s-235170474903644006168 
s- 1060905 

for 
8151 

51 
224 

(D. H. LltiDIER 1 1, p. 550) 

Mel 
8051 

47 
724 

In D. N. l.uJmR 3t about 1200 errors of this edition have been corrected. 
(]. D. ELDu) 

LEVANEN 2. 
D- -77, /01' 297 r«Ml 237 

LUCAS 2. 
table of PIP col. IDe of . few -4 
Y, Z 165 y 23 • • • -7-21 • • •  -7-41 

165 z 1 1  11+31 11+01 
165 z 21 1 1+1+11 11 - 1+ 11 
165 z 19 11+ 1 - 1 - 21 11+0- 1+11 

Y,, z, 168 z. 7 11+11 11 - 11  
168 z. 23 I · · · 1+71 I · · ·  1 - 71 
168 y, 33 [ • • •  -32 - 191 I · · ·  -32 -591 
168 y, 29 [ 1+ 15+33+15+ • • • 1 1+15+33+13+15+ • • • 
168 y, 41 [ 1+21+57+ • • •  [1+21+67+ • • • 
168 z. :} IIIUrciiMtce the linea of "-41 and 69 168 z, 

(CtJNNINOBAK 42, p. 65) 

LUCAS 3. 
table of PIP coL IIDe of .  for Mel 
Y, Z  6 y 22 +sa,- +1 1sa,a 

6 y 33 - 19sa,a+ -s9sa,a-
6 y 29 +15� +13� 

(CinooNoBAK 42, p. 65) 
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MEUUIELD 1-POULET 2 

MEUUIELD 1 .  
page 10, fi-3,/M' 17096 • • • , re4il 17476 • • • . 

OsnoGJtADSJtY 1 .  

Ell:RATA 

DWDben IDdics . 
t &rJWDeDt 

127 105 
1 16 

137 108 
181 78 
193 155 

PAGLIE:RO 1. 
dflele 100 004 539 

POLETTI 2, (e.). 
Dumber 

667 
1771 
2563 
5239 
5243 
8483 
9299 
MOl 

12299 
13181 
17303 
18193 
18271 
19339 
20293 
25009 

2, [fl] • 

for 
23 · 39  
7 · 11 · 13 
1 1 · 223 
13' · 21 
7' · 207 
7 · 499 
15 · 5·17 
7 · 17 · 19 
7' · 51 
7' · 69  
111 · 13 
7 · 23 · 313 
11' · 251 
82 · 233 
7 · 13 · 123 
29 · 281 

for 
107 
31 
88 
M 

173 

*II 
108 
71 
87 
64 

174 

*II 
23 · 29 
7 · 11 · 23 
1 1 · 233 
13' · 31 
7' · 107 
17 · 499 
17 · 5·17 
7 · 17 · 79 
7' ·  251 
7' · 269 
11' · 13 
7 · 23 · 113 
1 1' · 151 
83 · 233 
7 · 13 · 223 
89 · 281 

t 
71 

83 
167 
173 
181 

Dumber 
26243 
26527 
29729 
30667 
33943 
34561 
34621 
35329 
37939 
42511 
42601 
43423 
44671 
46699 
48739 
49067 

� I« *II 
7 9867 9967 

19 44903 44.909 
31 82863 82963 
63 186833 186883 
97 100 000 961 100 000 963 

arpmmt 

16  
26 
25 
57 
57 
16 
26 

for 
7 · 23163 
41 · 467 
7 · 13 · 137 
7 · 13 · 137 
7 · 13 · 173 
1 1 · 19 · 107 
83 · 389  
7' · 103 
13 · 3449 
7 · 6063  
12 · 29 · 1 13 
171 · 251 
1 1 · 31 · 141 
41 · 67 · 17 
47 · 17 · 61 
139 · 343  

97-98 dflele 1��2271, 4291, 4909, 7129, 8709, 8793, 9891, 10011 
98 iMerl lOO 010 017 

101 dflele 10'�46617, 50307, 55293, 70327, 86809, M219 
101 iMerl 10'�2149, 47989, 53053, Msal 

I« *II 
15 22 
22 15 
8 80 

128 28 
72 92 

165 172 
172 165 
0ACOBI 2, p. 243) 

(Buon) 

*II 
7 · 23 · 163 
41 · 647 
7 · 31 · 137 
7 · 13 · 337 
7 · 13 · 373 
17 · 19 · 107 
89 · 389 
7' · 103 
1 1 · 3449 
7 · fH13 
13 · 29 · 1 13 
173 · 251 
1 1 · 31 · 131 
17 · 41 · 67 
17 · 47 · 61 
139 · 353 

(Buon, Boll. di Mal. (CoNTI), v. 21, 1925, p. lxv-hvi &Dd S. A. ]onz) 

PoULET 2. 
� 11M D I« *II 
15 2 2' · 3' · 5 . . .  2' · 3' · 5  • • •  
68 1 1  from bottom (3 · 5 • 15299) (2 · 5 · 15299) 
70 6 3412776 3212776 
70 laat comet entry is 290504024 (2' · 17 · 41 · 53 ·  983) 
72 5 from bottom, 50th term should be 1635524 result incorrect 

(POULBT 3, p. 187-188) 
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EllllATA 

PoULET 4t. 
pqe U..e col 
77 31 9 
78 35 5 

49 10 
79 2 8 
81 28 1 

44 3 
82 3 3 
83 1, 2 
83 16 5 

16 6 

POULET 4a. 

page 51, imerl *56052361 631. 

RAKANUJAN 11. 
page 360, imerl 293 318 625 600 

REUSCBLE 1 ,  (d1] .  

1 ,  [ds]. 

, 
3221 
3251 
3301 
3361 
3739 
3881 
4099 
4231 
4729 
4969 

pages <&2-46 
, bue 
179 7 
193 6 
311 2 
311  3 
311 5 
311 10 
313 2 
367 7 
409 6 
457 7 
463 7 
503 5 
523 2 

-.i •-

178 

155 
155 
155 
155 
156 
61 
17 

1 14 
154 
502 

10 
6 
6 

22 
7 

13 
2 
3 

17 
11 

• 

2 

6 
24 
4 
3 

1 

[ 163 1  

far 
831045 
976587 

409 
4178 

953683 
887421 

39016841 

-.1 
831405 
976487 

109 
4177 

953673 
877421 

39016741 
imerl 

739073 
578 

*56052361 631 
729073 

, 
523 
739 
757 
821 
821 
821 
919 
939 
947 
997 
997 
997 

577 
(POULET 4.) 

(Bnou) 

(R.ul.uroJAN 1s, p. 339) 

mbprinted prima ..,_ 42�1 
for , -.1 

5457 3457 
3901 3907 
7923 7927 

1 1491 (bia) 1 1497 
12511 (bia) 12541 
12801 12809 
b� 14731 

(WDTBEDI 4, p. 153) 

bue • 
3 58 9 
6 369 2 
7 189 4 
5 410 
6 410 
7 410 
7 1 
3 369 
3 2 
2 332 
5 332 
6 332 
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REusCHLE 1, [de] ERJlATA 

1, [dt]-conlinuetl 
base 2 

� • • , • • � .. 
1487 743 2 3169 1584 4099 4098 1 
1613 52 31 3191 55 58 4139 4138 
1747 1 3221 644 5 4271 305 
2053 2052 3251 650 5 4339 1446 
2161 1080 3259 1086 4391 2195 
2293 2292 3301 660 5 4597 1532 
2473 618 3739 534 7 4663 777 
2677 2676 3881 388 10 4751 475 10 
2753 1376 3919 1959 4831 2415 
3079 1539 4051 81 4993 624 

base 10 

, • • , • • � • • 
1 163 581 7129 594 12119 6059 2 
2687 2686 7561 1890 4 12149 12148 
3301 3300 7823 7822 1 12289 384 32 
3347 1673 7923 not prime 12301 2460 5 
3671 367 10 7927 7926 1 12421 12420 
3697 1232 8387 599 14 12637 3159 
3797 949 8521 710 12 12721 2120 
3851 770 5 8681 868 10 12791 6359 
4139 4138 8689 2172 4 12853 459 28 
4157 2078 8893 2223 13151 1315 10 
4391 2195 8929 144 62 13487 13486 
4397 314 14 9151 1525 13553 1936 7 
4637 61 76 9277 4638 13627 6813 
5647 1882 9613 267 36 13687 4562 
5779 5778 1 9661 1380 13697 13696 
6133 1533 10343 10342 13729 3432 
6299 94 67 10433 10432 13757 362 38 
6359 3179 10597 5298 14081 1760 8 
6373 1062 11047 1 1046 14221 2844 5 
6379 2126 1 1 1 13 3704 14533 519 28 
6421 2140 1 1 173 5586 14551 485 30 
6491 1298 5 1 1423 11422 1 14731 14730 1 
6529 1088 6 1 1491 766 15 14741 14740 1 
6581 1316 5 1 1801 2950 4 14827 2471 6 
6761 1690 4 1 1839 5919 14929 1866 8 
6763 161 42 12043 2007 6 14983 4994 
6899 6898 12071 355 34 
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E:uATA REUSCBLE 1 ,  [e.]-1, Usl 

1 ,  (e.]. 
pages 42�1 
Errata occur in factors of (t- 1) for t• 

101 2539 3989 7687 9049 10651 11827 12853 
601 2617 4231 7723 9257 10831 1 1887 12923 
937 2777 4397 7927 9277 10903 1 1933 12959 
977 2969 4409 7937 9349 10939 11953 13553 

1597 3259 5647 8039 9781 1 1071 12097 13687 
1879 3547 5897 8447 9901 1 1383 12113 14149 
1973 3697 6379 8461 10039 11549 12289 14593 
2029 3719 6389 8563 10093 11597 12487 14713 
2237 3739 6581 8747 10151 1 1677 12539 14731 
2309 3793 6763 8893 10369 1 1681 12553 14779 
2347 3797 6823 8969 10343 11719 12613 
2503 3877 7669 8971 10427 11813 12757 

(CtJNNINGIWI 40, p. 151-153) 

1 , Us]. 
pages 23-32 

corrlaenda in t Wert omllliou c«rrceDda Ia L, Jl 
for read t A B t A B t L Jl 

17136 17137 883 4 17  25453 95 74 139 23 1 
25183 25189 11311 106 5 25747 160 7 397 34 4 

5579 25579 12553 101 28 27631 166 5 1 123 35 1 1  
26459 26479 12739 8 65 32353 175 24 2377 79 11  
30763 30703 12967 1 10 17  33037 65 98 2713 103 3 
51051 31051 12973 65 54 34519 38 lOS 4003 107 13 
32553 32353 12979 76 49 35437 65 102 4339 128 6 
40659 40759 13477 107 26 37699 68 105 5437 146 4 
49277 49279 13537 113 16 39181 191 30 5503 148 2 

19891 104 55 43201 1 120 
20443 100 59 44563 200 39 omission 
21499 68 75 883 47 7 

corriaenda Ill A, B 

t A B t A B t A B 
313 11  8 18427 100 53 27691 104 75 

501 1  56 25 18481 127 28 29059 128 65 
5653 19 42 18553 35 76 29179 152 45 
8293 91 2 19423 130 29 30529 23 100 
8707 92 9 19477 35 78 35257 53 104 
9871 38 53 20071 86 65 37363 20 1 1 1  

10957 47 54 21391 146 5 37507 160 63 
12211 56 55 22651 76 75 38449 193 20 
12823 106 23 23557 37 86 45307 212 11  
16561 127 12 25147 140 43 45361 193 52 
18301 7 78 26317 145 42 

pages 26, 31,  tmtll the non-primes 6433 and 41197 
pages 26, 27, ins�rl asterisk after t• 8167, 8317 
pages 29-32, tmtU the primes 16561, 18301, 18481, 23557, 35257, 45307, 45361 
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REUSCHI.E 3 

1, [j,]--continuetl 
pages 32-41 
Primes misprinted-Table IVa, page 34; /or 3459 rea4 3469 

Table IVb, page 40;/or 29893 rea4 23893 

ERKATA 

Primes wrongly inserted-Table IVb, pages 39, 40; Ofltil 12697, 16981, 19381, 21 101 with 
their 11, b as  (10/.fl)s- - 1  
Table IVc, page 41 ; Ofltil 16649 with its c, d, as (10/p),- - 1  

Asterisks omitted or superfluous-
Table IVa, b, pages 33-41, iruerl one • after .fl- 733, 2213, 2477, 2677, 2729, 3169, 3373, 

6997, 1 1 1 17, 14293, 14929, 17317, 20357, 21613, 21649, 22277, 23293, 24733 
Table IVa, pages 34-38, iMerl two •• after .fl- 2161, 12289 
Tables IVa, b, pages 33-40, Offtil the • after .fl- 1213, 2437, 16649, 22093 
Table IVa, pages 34-38, DfJJil one • after .fl-2129, 6761, 7561, 8521, 8689, 1 1801, 12329 
Table IVc, page 41, iMerl one • after .fl- 14081, 15601, 15641, 15761, 17489, 17729, 19489, 

24809, 24889 
Table IVc, page 41, DfJtil the • after .fl- 13729, 14321, 15361, 16249, 17209, 17449, 18329, 

19289, 20681, 23561 

Tables IVa, b, pages 32-41 Table IVa, pages 32-38 Table IVc, page 41 
omillloDa corripmda In •• 6 axrl&eDda In c, tl axri&eDda In c, tl 

, • 6 , • 6 , c tl , tl 
197 1 14 4421 6S 14 17 3 2 

1 1 173 97 42 14009 us 28 1777 25 24 14009 69 68 
12269 13 1 10 15361 31 120 4177 55 24 14081 117  14 
12301 99 so 16249 43 120 6553 55 42 14369 111  32 
12373 103 42 17317 129 26 6653 14929 121 12 
12973 83 78 18289 135 8 7481 57 46 17489 99 62 
15493 97 78 19489 105 92 8969 63 so 17729 1 1 1  52 
16253 37 122 21613 147 2 1 1057 105 4 19001 123 44 
17077 1 19 54 23197 101 1 14 1 1 1 13 49 66 19489 133 30 
17117  91 94 23561 131 80 1 1329 31 72 23929 139 48 
17929 125 48 24281 155 16 12049 41 72 
18517 1 19 66 12097 107 18 omission 
21493 87 1 18 12161 63 64 22129 77 90 
22129 15 148 12281 27 76 

(CUNNJNOJW( 41, p. 134-135) 

REUSCHLE 3. 
pqe A, • table , for -.1 auth. 

2 s I 691 a- +220 +320 
8 1 1  I 199 a'- - 69 - 60  
8 1 1  I 199 ,r•- - 73 - 78 
8 11  I 331 a'- + 55 + 85 
8 1 1  I 661 aa- -214 -204 

193 15 I 881 .fl- 881 811 
199 21 I 463 w•- - 44 - 14 
226 39 I 541 .fl- 541 547 (in 3 placea) 
239 45 I 631 J&- + 71  +121 
239 45 I 631 ,.,at- +223 - 11 
273 57 I 457 �- - 7 - 6 
273 57 I 457 J&- +230 -227 
28S 63 I 379 c.P- - 132 - 112 
285 63 I 757 c.P- +202 -202 
285 63 I 631 .,. _ _ 26 - 24  
285 63 I 757 Jll- -203 - 183 
285 63 I 883 JA- + 18 -355 

[ 166 1 

Guide to Tables in the Theory of Numbers

Copyright National Academy of Sciences. All rights reserved.

http://www.nap.edu/18678


EJUlATA ROBERTS 1-SAllKA 1 

REUSCHLE 3--ctmtinued 
pep � ·  table , for -" aath. 

446 16 I 1 13 w- - 43 - 48  
450 32 I 257 w- + 85 + 15 
461 128 I 641 w�•- -275 -305 
461 128 I 769 w"- - 138  - 38 
476 24 I 601 fil- -306 +295 
495 40 I 641 wl'- +324 -317 
513 48 I 97 wl'- - 10 - 11 
513 48 I 337 w�- - 174 + 163 
513 48 I 337 fil- + 57 + 38 
513 48 I 337 w•- - 154 - 153 
533 56 I 673 wr - - 83 - 85  Cu.u; 
635 96 I 577 w��- - 197 - 196 
643 100 I 701 w�•- -353 +348 
643 100 I 601 wr- - 46 - 26 
643 100 I 601 ,.._ +341 +241 

pep ll, • table , for -" aath. 
3 5 I 601 5-al+la' 5-al+la' TANNER 
3 5 I 751 12+2a+Sat+9czl 12+2a+8czl+9czl TANNER 
3 5 I 821 4+4a-4czl+3al 1 +4a+4czl+3al TANNER 
3 5 I 881 4-Scx+Stzt 4-Sai+Stzt TANNER 
5 7 I 491 at+Jat CariUl this entry BICDlORE, 

WESTDH 
5 7 I 547 2 -a+lal+lal ai+Jal BICDlORE, 

WBSTERN 
37 29 v 6-ht 8+tll WESTDH 

106 43 >.-43 [at top) >.-67 
108 67 VI Tab. VI. Tab. VIII. 
108 67 VI p-2, 7, 1 1 , 3 1  p-2, 7 ,  1 1 ,  13 ,  3 1  
176 25 I 401 f(a) - t -al-a' f(a) - 1 -al+a' WEBTDN 
187 49 >.-89 [at top) >.-49 
249 51 [line 4) 107 · 409 103 · 409  WESTON 
282 57 VI, l w'+w- 14-0 w'-w- 14-0 
487 28 m Ill- 2w'+4-0 t./-Jw'+4-0 
511  44 VI Tab. VI. [line 2) Tab. IV. 
511  44 IV, l  p-40m-5, +7 p-44m-5, +7 
546 56 IV, 4 t./-49-0 111+4·9-0 
621 68 �J-68 [at top) IJ-88 
628 76 �t - 76 [at top) ,_88 

(CUNNINGBAII 42, p. 61�2) 

ROBERTS 1 .  
page 107, �t- 1553, col. 2�t+l,for 1 7  read 15 
in denominators, afkr 9 read (3, 3). 
page 108, �t- 1777, col. 2�t+ l, for 61 read 4.J 
in denominators, afkr 27 read 2, (1, 1). 

(CONNINGBAII 42, p. 66) 

SANG 1 . 
page 760, add entries 

576 943 1 105 
744 817 1 105 

SAllKA 1. 
All entries contain last figure errors. 
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SCHULZE 1-SBANKS 1, 3 

SCHULZE 1. 
for 

6° 43' 58' 
12 1 4 
12 40 so 
13 25 10 
15 11 24 
16 16 24 
17 28 35 
17 56 44 
21 13 38 
21 33 55 
23 45 22 
24 32 14 
25 35 25 
26 59 25 
33 23 54 
35 2 44 

-.s 
6° 43' 59' 

12 1 5 
12 40 49 
13 25 1 1  
15  1 1  21  
16 15  37 
17 29 32 
17 56 43 
21 14 22 
21 34 7 
23 46 38 
24 31 46 
25 36 31  
26 59 29 
33 23 55 
35 3 4 

for 

.. 
lZ0 1 '  4' 
13 41 8 
30 30 37 
42 44 28 
60 30 46  
70 30 28 
71 40 31 

perp. 
78 

h7P· 

308 

for taa too 
0, 2608691 
0, 2941179 
0,3076938 
0 ,3157363 
0 ,5909001 

SBANJtS 1 ,  3. 

, 
4517  
5779 
6311 
6917 

10193 
10753 
14437 
19423 
19553 

for ' 
2670 
9199 

11137 
1 1559 
12539 

E 
2258 
5778 
3155 
3458 
1456 
512 

7218 
6474 

19552 

23 
203 

476 

183 
929 

-.s 
0 , 2608696 
0, 2941176 
0,3076923 
0 , 3157895 
0 , 5909091 

-.s 
2671 
6199 

15137 
15559 
18539 

t 
19777 
19841 
20071 
20143 
20353 
20359 
21277 
21821 
22013 

E 
6592 

64 
3345 

20142 
6784 

10179 
1 182 

21820 
5503 

EltllATA 

for nad 
38° 21'  28' 38° 21'  29' 
so 41 33 
55 6 2 
61 10 29 
61 55 57 
64 56 32 
68 45 39 
70 39 21 
72 56 16 
74 48 38 
75 45 54 
78 12 44 
79 8 so 
79 35 56 
81 
81 

.... 

317 

12 2 
49 43 

for laD too 

so 41 32 
55 6 20 
61 9 30 
61 55 39 
64 56 33 
68 45 38 
70 37 21 
72 56 18 
74 48 39 
75 45 0 
78 1 1  16 
79 7 10 
79 36 40 
81 12 9 
81 49 44  

nad 

perp. bJP. bu . 
76 

317 308 
33 

207 
193 
949 

468 

-.s 
0 ,6086965 0,6086957 
0, 6956526 0, 6956522 
0, 7058823 0 , 7058824 
0, 7619047 0, 7619048 
0 ,9523809 0,9523810 

(BuTSCBMEIDn 1, p. 100) 

'-t , 
631 1  
6917 

19553 
22013 
22963 

'-t t  
25999 
28949 
29243 
29387 

t 
22963 
23041 
23599 
24443 
25667 
25759 
25999 
27427 
27739 

E t E 
1 1481 28663 9554 
1152 28687 28686 
437 28751 575 

12221 28843 759 
12833 28949 28948 
12879 29243 14621 
12999 29387 2099 
13713 29443 14721 
27738 29527 1554 

(CUNNINGJWI 40, p. 153) 
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ERRATA 

SOKKEll 11t 1t. 
in K(v'Jl) 

r
) 

.P 
for (3, 1 -Y-m .P 

(3, l+v'=3f) J 

VON STEllNEClt 1.  

page 969 
• for 

106553 -28 
106554 -29 
106555 -30 
106556 -30 
106557 -31  
106558 -30 

VON STEllNEClt 3. 
�t•32822for 4 rea4 3 

SYLVESTEll 1 •• 

• for -.1 
9 - 1  + 1 

10 + 1 - 1  
14 +211 -211 
18 +1  - 1  
19 1011' -2011' 
22 +1  -1  
22 -311 +311 

SYLVESTEll 2., 2t. 
�t•688for S36 rea4 336. 

TANNEll 2. 

So:aomll 1., 1rTEBAY 1 

�} reatl (1) 1 1 

-.1 
-26 
-27 
-28 
-28 
-29 
-28 

(H. H. Mm:s:ELL) 

• for read 
106561 -28 -30 
106562 -27 -29 
106563 -26 -28 
106564 -26 -28 
106565 -25 -27 
106566 -26 -28 

(voN Sn:am:a 2, p. 1058) 

(DICUON 9, p. 125) 

• for -.1 
23 36111 36u' 
25 -SN +S.. 
29 28111 28111 
30 ��·-911'+ . . .  +1 u4+r-4111-411+1 
31 -411 - 811 
33 - 1  +1 
36 9u' 9,a 

(D. H. LEBKE:R, ,t,.flals of Jlalll., s. 2, v. 31, 1930, p. 436) 

(GLAISRE:R 27, p. vii) 

page 257, in reciprocal factor of p- 2161 , for qa• 14, rea4 24 
page 258, the prime 3371 is missing. lmerl line 

t X Y JXY llmplelt primary a 
. . 

3371 127 23 2 3, 1, 1, 2, 6 0, 5, 4, 2, 8 6, 8, 46, 15, 16 55 

TEBAY 1 .  

page 1 1 1 ,/or 34, 143, 145, 1716 rea4 24, 143, 145, 1716 

page 1 12, for 330, 644, 725, 107226 reatl 333, 644, 725, 107226 
also change order of entry. 

page 1 12, for area 863 550 rea4 934 800 

page 1 13, for 21, 61 , 65, 420 rea4 14, 61, 65, 420 
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TEEGE 1-WmTPORD 1 

TEEGE 1 .  
in �t-41,  coefficient of zl in ' •  jqr 1 riM 2 
in lf-97, coefficient of s' in s, fqr 40 rl4d 44 

N 

27293 
33293 
41779 
55403 
55517 
57103 

facton 
7 · 7 · 557 
13 · 13 · 197 
41 · 1019 
17 · 3259 
7 · 7 · 11 · 103 
11 · 3359 

N 

8m3 
90983 
93137 
95017 
95623 

Eau.TA 

facton 

7 · 17 · 17 · 41 
37 · 2459 
1 1 · 8467 
13 · 7309 
1 1 · 8693 

(CtoomfOIWI 41, p. 27) 

1., 1,, [ft]. 
deUU 173279, '"""' 177347 
(CIIDNAc 1 ;  correction of the c:orresponding table in Vega'a lAt�f�cM 

Tajel�t, v. 2, Leipzig, 1797, reprinted in VEGA 1 tt 1,.) 

VE:unrosov 1 .  

WEJtTBEIK 2 .  

32, 19, 1 :  29, 26, 1 
49, 28, 3 :  41 ,  37, 6 

reid 

32, 19, 1 :  29, 26, 1 1  
49, 28, 3 :  41, 37, 36 

'"""' 44, 12, 2 :  38, 36, 8 

deUU asterisk on 1- 1213, 1993, 2437 t 2729 
tfU•I asteriak on 1-2731, 2887 

(WDTIIEDI 4, p. 157) 

pllllj , ,_ ,. 
316 1013 2 

1021 7 
318 2161 14 

2593 10 
319 2999 7 

WEJtTBEIK 4. 
pqe , ,_ ,. 
154 3181 1 1  

3191 17 
3631 21 

155 3967 13 
411 1  1 7  
4657 5 
4751 37 

WmnoRD 1 [m]. 
A 

1733 The 6th partial quotient should be 3 and not 2. 

reid 

3 
10 
23 
7 

17 

reid 

7 
1 1  
15 
6 

12 
15 
19 

1822 The 23d partial quotient and denominator of the 23d complete quotient are missing. 
They are 1 and 54 reapec:tively. 

1852 The 29th partial quotient should be 20 and not 16. 
1963 The entry here should be: 
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E.UTA WIEPEUCH 1 

WmuoB.D 1-conlintled 
44 3 3 1 2 3 2 29 9 1 ' (3) 

27 22 51 29 23 38 3 9 66 17 (26) 

1549 ,- 12223 09542 82674 74959 34242 68334 63805-
08818 07626 31786 81966 09867 28279 63220 

1566 ,- 308792110 
1615 ,- 81732 
1669 , _ 572 84717 32803 87374 12405 68998 80229 34138 39259 82496 64.340 

WIEPEUCH 1 .  

pqe 75 

232 • • •  239 
240 • • •  250 
264 • • •  271 
272 • • •  282 
291 . • •  303 
� • • •  314 
323 • • •  335 
336 • • •  346 
355 • • •  367 
368 • • •  378 
387 • • •  399 
400 • • • 410 

for 

17 • • •  24 
8 • • •  18 

18 • • •  25 
9 • • .  19 
3 . . •  15 

10 • • •  20 
' • • •  16 

11 • • •  21 
5 • . .  17 

12 • . •  22 
6 . • •  18 

13 • • •  23 

[ 171 ] 

(D. H. l.JtBIID 11, p. 548, 550) 

... 
232 • . •  238 
239 • • •  250 
264 • • •  270 
271 . • .  282 
291 . • •  302 
303 • • •  314 
323 . • •  JJ4 
335 • • •  346 
355 • • .  366 
367 • • •  378 
387 • • •  398 
399 • • •  410 

17 • • •  23 
6 • • .  17 

18 • • •  24 
7 • • •  18 
3 • • •  14 
8 • • •  19 
4 • • .  15 
8 • • •  20 
5 • • .  16 

10 . • •  21 
6 • • .  17 

11 . • •  22 
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INDEX 

Abundant numben 5, 8 
Algebraic numben 75-77 

fields 28, 35, 75-77 
Aliquot aeries 6 
Alliaume 36, 85 
Amicable numbers, 5, 8 
Anderson 83, 85 
Anjema 9, 25, 85 
Arccotangent identities 34, 6S 
Archibald S, 29, 85 
Arndt 57, 58, 72, 85, 127 
Asymptotic formulas 9, 40, 41, 45, 78 
Aurifeuille 34, 74 

Backlund 7, 85 
Bahler 61, 85 
Baker 83, 86 
Bang 63, 86 
Barbette, 11 ,  86 
Barinaga 151 
Barlow 25, 86, 127 
Base 12 
Basis 68, 76 
Beeger 10, 16, 21, 33, 36, 38, 39, 46, 86, 127, 

134, 135, 139, 159, 162, 163 
Bell, E. T. 70, 87 
Bell, J. L. SO, 87 
Bellavitis 12, 76, 87 
BeDDett, A. A. 52, 53, 64, 87 
BeDDett, G. T. 76, 87 
Bernoulli numben 10, 36, 50 

polynomials 10 
Bertelsen 40 
Berwick 21, 72, 87 
Bickmore 30, SS, 60, 66, 77, 87, 127, 128, 167 
Biddle 51, 87 
Bilevich 76, 96 
Billing 64, 88 . 
Binary cubic forms 72 

quadratic forms 8, 48, s�. 68-74 
scale of notation 12, 37 

Binomial coefficients 11 ,  36 
congruence 7, 12-24, 37 
equation 28, 69, 72-74 

Bisconcini 62, 88 
Borilov 71, 88, 128 
Bork 15, 88, 128 
Brahmagupta 58 
Bretschneider 61, 82, 88, 128, 168 
British Ass. Tables 97, 103, 106, US 
Brunner 63, 88 

Burckhardt 15, 26, 27, 88, 128, 129, 133, 1S1 
Buttel 19, 52, 89 

Cahen 13, 14, 18, 25, 54, SS, 70, 89, 129-131 
Cantor 79, 80, 89 
Carey 73, 89 
Carmichael S, 6, 89, 131 
Carr, 26, 89 
Cauchy 7, 73, 89, 90 
Cayley 2, ss, 57, 66, 67, f:IJ, 70, 72, 78, 79, 90, 

131, 132 
Ceslro 41 
Chandler 82, 90, 128 
Characters generic 70, 71, 75 

higher 22, 23, 59 
quadratic 17, 47, 48, 51-54 

Charve 72, 91 
Chebyshev 13, 18, 40, 41, 53, 54, 71, 91, 130, 

132, 133 
Chemac 26, 91, 133, 170 
Chowla 42, 91 
Class number 59, 63, 70, 75 
Computing machines 13, 18, 48-51, 57 
Comrie 133, 141 
Congruences, binomial 7, 12-24; 37 

linear 49, SO 
higher non-binomial 62, 63 
quadratic �54, 66 

Continued fractions ss-ss, 65-68 
Cooper 70, 91 
Corput 62, 91, 92 
Creak 14-16, 20, 33, 94, 95, 136, 166, 167 
Crelle 7, 13, 20, 49, 92, 133 
Cubic Diophantine equations � 

fields 35, 68, 76 
forms 64, 72 

CuUen 46, 94 
Cunningham 10, 12-16, 18-23, 27-34, 36, 38, 

39, 43-S2, S4-S6, S8-62, 64, 6S, 74, 80, 92-
95, 127, 128, 132-138, 141, 145, 149, 151, 
154-156, 161, 165-170 

Cyclotomic fields 77 
polynomials 28, f:IJ, 72-74 

Cyclotomy 28, 59, 62, 63, f:IJ, 72-74, 77 

Darling 79, 95 
Due 26, 27, 81, 95, 136, 137 
Daus 67, 68, 76, 95 
Davis, H. T. 43, 96 
Davis, W. 39, 96, 137 
Decimals, periodic 11, 12, 15, 30 
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INDEX 

Degen 55, 66, 96, 138 
Delone 64, 72, 76, 96 
�t 14, 15, 23, 96, 138 
Dic:bon 2, 5, 6, 8, 24, 44, 63, 71, 72, 81-83, 

96-98, 139, 169 
Dines 46, 98, 139 
Diophantine equatioDS, cubic 63-65 

linear 49-SO 
quadratic �2, 66 
quartic 65 

Dirichlet 73 
Divisora, linear 53, 54 

number of 8-9 
sum of 8-9 

Durfee 27, 41, 42, 98, 139 

Eella 62, 98 
Eisenstein 71, 72, 98 
Elder 48, 54, 11 1 ,  161 
Elliptic functioDS 8, 71 
Eecott 5, 24, 98 
Euler 5, 8, 9, 13, 31, 33, 43, 45, 46, SO, 55, 70, 

78, 79, 98, 99, 139 
Euler's totient function • (If) 6, 7, 13, 16, 20, 

28, 73 
Exclusion 51 

' 

Exponent 11 ,  13, 1�17, 31, 59 

Factor tables 24-39 
Factorization methods 47, 48, 68, 70, 71 
Factors of 2- ± 1 28-31 

10"± 1  28, 30 
G" ± 1 28, 30-33 
G" ± b- 28, 34, 35, 43, 44 
Lucas functioDS 35, 36 
other binomials 36 
special numbers 36-37 

Faddeev 64, 99 
Farey series 8 
Fermat's last theorem 10, 21, 22 

numbers 28, 59, 72 
quotient 10 
theorem, convene of 23, 24 

Fibonacci series 10, 17, 28, 35 
Fields, algebraic 28, 35, 7�77 

cubic 35, 68, 76 
cyclotomic 77 
quadratic 57, 69, 75, 76 
quartic 76, 77 

F'JgUrate numbera 1 1  
Fitz-Patriclt 98 
Flechsenhaar 63, 99 
Forms, binary cubic 72 

binary quadratic 8, 48, 53-60, 68-74 
linear 47, 49, SO, 53, 54 
quaternary quadratic 72 
quartic 65 
ternary quadratic 71, 72 

Frolov 52, 99 
Functions, elliptic 8, 71 

modular 71, 78 
numerical 6-11, 25 
symmetric 10, 77 

Garbe 83, 99 
Gaule 11 ,  12, 17, 22, 32, 34, 41, S0-53, 68, 69, 

70, 72-74, 75, 79, 99, 100, 139-141 
G&ardin 21, 23, 30, 33, 46, 47, so, 55, 63, 100, 

101 
Gifford 24-26, 48, 101, 1 15, 133, 141 
Gigli 79, 101 
G�, J. 26, 27, 37, 40, 42, 101, 142 
Glaisher, J. W. L. 6-10, 12, 16, 25, 33, 40-44, 

68, 69, 76, 101-103, 131, 139, 142, 169 
Goldbach's Problem 79-80 
Goldberg 14, 26, 103, 142-145 
Goldschmidt 41 
Golubev 27, 103 
Goodwyn 8, 12, 16, 103 
Gouet 23, 94, 103 
Gouwens 74, 103, 145 
Gram, 9, 40, 43, 103 
Grave 13, 18, 26, 74, 80, 104, 146 
Gupta 78, 79, 82, 83, 104 

Haberzetle 83, 104 
Hadloclt 71, 104 
Hall lO, 35, 104 
Halsted 61, 62, 104, 146, 169 
Hardy 43, 45, 78, 79, 82, 104, lOS, 146 
Baussner 10, 16, 80, 105, 147-149 
Heulet 18, 123 
Henderson 24 
Hertzer 15, 105, 128, 149 
Hessian 71 
Highly composite numbers 8 
Holden 74, 105 
Hollerith cards 48, SO 
Hoppenot 21, 27, 33, 39, 42, 44, 105, 108 
Hotlel 12, 18, 105, 109 
Husquin 41, 42, 106 

Ideals 67, 75 
Idoneals 46, 48, 60, 70 
Indeterminate equatioDII 49-SO, 54-66 
Index 12, 17-20, 75, 76 
Inda of perfection 5 
Ince 56, 57, 67, 75, 106 
Inghirami 26, 106, 150, 151 
Inverse totient 6 
Inversion function " (If) 7, 9, 10, 28, 72 
Ivanov 34 

Jacobi 13-15, 18, 19, 21, 52, 59, 63, 67, 81, 106, 
151, 162 

Joffe 62, 107, 162 
Joncourt 11, 107 
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INDEX 

Jones 71, 107, 128, 139 
Kausler 11 ,  107 
Kavh 25, 107, 145, 151, 152 
Karin, Mrs. 150 
Keealer 15, 107 
Ko, 81, 107 
Korkin 14, 19, 107 
Kraitchik 6, 8, 10, 14, 1�17, 19, 22, 23, 27-37, 

39, 42-47, 49-57, 60, 61, 63, 66, 70, 72, 74, 
108, 152-159 

Krishnaswami 61, 108 
Kulik 13, 14, 19, 26, 27, 37, 48, 50-52, 59, 64, 

109 
Kummer 77 

Lagrange 57, 67 
Laisant 10, 109 
Landry 29, 109 
Lawther 22, 109 
Lebesgue 12, 18, 26, 37, 109 
Lebon 36, 109 
Legendre 40, 41, 43, 47, 53-55, f:IJ, 71, 110, 

159-161 
Legendre's aymbol 17, 43, 44, 47, 51-54, 63 
Lehmer, D. H. 10, 24, 29, 35, 36, 46, 48, 51, 

53, 55, 56, 73, 78, 82, 109-111,  132, 138, 
146, 153, 160, 161, 1f:IJ, 171 

Lehmer, D. N. 27, 37, 40, 44, 47, 48, 52, 54, 
109, 1 1 1 ,  129, 136, 137, 142, 159-161 

Lehmer, E. T. 10, 52, 82, 1 10, 1 11  
Lenhart 64, 1 1 1  
Levll.nen 19, 54,  1 1 1 ,  161 
Uvy 120 
Lidonne 26, 1 1 1  
Linear congruence& 49, SO 

Diophantine equationa 49, SO 
divisor& 53, 54 
forma 47, 49, SO, 53, 54 

Littlewood 43, 82, 104 
Lodge 24, 25, 37, 48, 1 13, 1 15, 133, 141 
Logarithms 37 
Logarithmic integrals 40, 45 
Lucaa 6, 10, 17, 29, 33, 35, 54, 74, 112, 161 
Lucaa' functiona 28, 35 

MacMahon 78, 112 
Markov 71, 112 
Martin 61, 62, 1 12, 146, 1f:IJ 
Maser 100, 110 
Mason 5, 6, 89, 112 
Maaaarini 91 
Mathews 48, 70, 72, 74, 112 
Mltiea 22, 1 13 
Mauch 82, 113 
Mechanical computing 13, 48-51, 57 
Meiaael 40 
Mei!aner 10, 16, 21, 1 13, 127 
Merrifield 43, 1 13, 162 

Meraenne number& 28, 29 
Mertens 7, 9, 113 
Miller 6, 37, 113, 135, 136, 152 
Mitchell 1f:IJ 
Mitra 24, 1 13 
MISbiua inversion function 7, 9, 10, 28, 72 
ModuJar functiona 71, 78 
Moreau 7, 1 13 
Moritz 10, 1 13 
Multiply amicable numbers 5, 8 

perfect numbers 5, 8 

Nagell 56, 113 
N"aellen 56, 58, 59, 67, 1 14 
Niewiadollllki 22, 1 14 
Norm 28, 35, 75, 76 
Number&, abundant 5 8 

algebraic 7�77 
amicable 5, 8 
Bernoulli 10, 36, so 
Fermat 28, 59, 72 
figurate 11  
highly compoaite 8 
Meraenne 28, 29 
multiply amicable 5, 8 
multiply perfect 5, 8 
perfect 5 
polygonal 83 
aociable 6 
triangular 1 1  

Number of divisors 8, 9 
Numerical functiona 6-11. 25 

Oettinger 58, 64, 65, 114 
Oatrogradaky 13, 18, 1 14, 162 

Pagliero 39, 114, 162 
Pall 71, 107 
Paradine 62, 114 
Partial fractiona 11  
Partitiona 77-79 
Partitiona, quadratic 23, 44, 45, 59, 60, 79 
Pell equation 32, 35, 54-59, 66, 67 
Perfect number& 5 
Periodic decimals 11, 12, 15, 30 
Perott, 7, 1 14 
Perron 55, 67, 1 14, 1 15 
Petera 24, 25, 36, 48, 115, 133, 141 
Petzval 109 
PWai 82, 1 15 
Pierce 35 
Pipping 80, 1 15, 149 
Pocklington 74, 115 
Poletti 26, 38-40, 43, 44, 46, 47, 115, 1 16, 162 
Polygon, regular 72 
Polygonal number& 83 
Polynomials, Bernoulli 10 

cyclotomic 28, f:IJ, 72-74 
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P0111e 14, 19, 116 
Poulet S, 6, 10, 24, 35, 48, 116, 1 17, 139, 162, 

163 
Poullet-DeUale 100 
Power residue 12, 13, 22, 23 
Powers of a primitive root 17-19, 75, 76 
Primality tests 48 
Prime pairs 42-44 
Primes, distribution of 40-43, 46 

identification of 48 
lists of 37-39 
of special form 43-47 

Primitive root 1 1-19, 22, 52, 76 

Quadratic characters 17, 47, 48, 51-54 
congruences 50-54, 66 
Diophantine equations 54-62, 66 
fields 57' (f}, 75, 76 
forms 8, 48, SJ-60, 68-74 
partitions 23, 44, 45, 59, 60, 79 
residues 43, 44, 47, 48, 52, 53, 59 

Quartic Diophantine equations 65 
fields 76, 77 
forms 65 

Quaternary quadratic forms 72 

Ramanujan 8, 78, 79, lOS, 117, 146, 163 
Ranlt of apparition 17 
Reciprocity, Law of 52 
RecurriDg aeries 10, 17, 35, 36, 56, 61 
Reid 76, 117 
Residue, higher 12,  13 ,  22, 23, 59 

quadratic 43, 44, 47, 48, S2, S3, S9 
Residue-indez 11 ,  13, 15-17, 23 
R.euJcble 13-16, 20, 23, 29, 30, 32, 59, 62, 72, 

73, 77, 117, 163-167 
Richmond 65, 117  
Riemann 40, 41 
Riemann hypothesis 9 
Roberta 67, 117, 118, 167 
Robinson SO, 118 
Roeenberg 95 
Rou 7G-72, 118 

Sang 61, 62, 1 18, 167 
Saorgio 61, 1 18 
Sapolsky see Zapolskall 
Sarma 7, 1 18, 167 
Schady 52, 118 
Schaftstein 75, 118 
Schapira 91 
Scherlr. 44, 80, 1 18 
Schulze 61 , 1 18, 168 
Seeber 71, 118 
SeelhoB 48, 70, 1 19 
Seeling 56, 66, 67, 1 19 
Selling 71, 72 
Shah 80, 1 19 

Shanks 15, 30, 1 19, 128, 168 
Shook 82, 1 19 
Sieve process 26, 27, 31, 46 
Simerb 62, 119 
Simony 37,  119 
Sociable numben 6, 8 
Sominslr.il 76, 96 
Sommer 75, 120, 1(1} 
Sparks 82, 120 
Square endinca 48, 52 
Stickel 43, 80, 120 
Stager 25, 40, 120 
Stein 36, 115 
Stencils 26, 27, 47, 48, SO, 53 
Sterneclr. 7, 9, 81, 120, 121, 1(1} 
Stieltjes 22, 121 
Struve 59 
Sturani 38, 39, 46, 116 
Suchanek 37, 121 
Sugar 82, 121 
Sum of divisors S, 8, 9 

of products of consecutive integers 10 
of powers 10 

SuryanarayaDa 70, 121 
Sutton 43, 121 
Sylvester 6, 7, 72, 73, 121, 1(1} 
Symmetric functions 10, 77 

Tait 79, 122 
Tanner 60, 73, 77, 122, 167, 1(1} 
Tchebychd see Chebyshev 
Tebay 61, 62, 122, 1(1} 
Teege 74, 122, 170 
Ternary quadratic forms 71, 72 
Ternouth 24, 25, 48, US, 133, 141 
Terry 52, 122 
Nbault 52, 122 
von Thielmann 67, 122 
Totient 6, 7, 13, 16, 20, 28, 73 
Townes 72, 122 
Travers S, 122 
Triangular numbers 11  
Triangles, rational 60-62 

right 60-62 
Tachebyach&w see Chebyshev 
Twin primes 42-44 

Umeda 79, 122 
Units 57, 75, 76 
Uapenslr.y 18, 123 

ValroB 22, 123 
Vandiver 36, 123, 151 
Vega 26, 38, 123, 170 
Verebriilsov 65, 123, 170 
Voronol 76, 123 

Waring's problem 81-83 
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Watlon 79, 123 
Weimeich 80, 123 
Werebi'UIOW see Verebmuov 

INDEX 

Woepcke �. 124 
Wolfe 64, 124 

Wertheim 14, 18, 49, 52, 54, 55, 123, 124, 163, 
Woodall 14-16, 22, 23, 27-31, 36, 38, 39, 47, 

94-95, 125, 134-137, 145, 154-156 
170 

Western, A. E. 37, 42, 45, 81, 124 
Western, 0. 60, 77, 87, 167 
Whitford 55, 57, 66, 124, 170, 171 
Wieferich 82, 124, 171 
Willon 80, 119 
Wallon's quotient 10 

Wright 70, 125 

Yang 82, 125 

Zapolsbfi 76, 125 
Zornow 59, 81, 125 
Zuckerman 82, 125 
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